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Why study AC"?

Simple, natural computational model,
has some of the most impressive results
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Constant depth circuits (AC)

Quantum
supremacy?

Learning

[AS04, Amb07, ACR+10, BM 10,
Reil0, Bell2, RS I3, RT 9]

KO504,

1MN93, Jac02, BES03, OS03,

S04, LMSS07, AMY 1 6,

DRG 17
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Learning low degree polynomials

Z aSHxl- > 0
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learn the coefficients a
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Threshold degree

f: X — {0,1} P(x): X — R,

|IS|<100 eSS

P “sign represents’ f
=1 < Pkx) <0,
fx)=0 < Pkx) > 0.

Or, simply
(—1)YWPx) > 0.



Threshold degree

f:X = {01}

Definition.
deg.(f) = min{degp :
px) - (=1YW > 0 forall x € X} .
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Threshold degree

Example: the AND function
AND(11111) = 1,AND(11011) =0,

< AND(x, y)
® ®
@ O \ > ¥
P
(—DANPO  (n =172 —x; —x)— =+ —x) > 0

deg,(AND(x)) = 1.
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Example: the MAJORITY function

MAJ(x) = 1 if there are more 1s in x than Os

MAJ(11100) =1,

“5 MAJ(10100) = 0

deg,.(MAJ) =1,

(— HMAIW) . (g _ in) > 0.
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Threshold degree

Example: the XOR function

XOR(x) = 1 if there are odd 1sin x

XOR(11100) = 1,
“5 XOR(10100) = 0
(~DXR® = TT (1 -2x).
=1

Fact.
deg, (XOR,) =n.



Threshold degree

7:10,1}" - {0,1}

Fact.
deg,(f) <n.
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Learning more complicated function

learn the coefficients a
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fiXxY— {01}

Definition.
k. (f) = min{rkM : M(x,y) - (=1)/%) > 0
forall (x,y) € XX Y}.

Fact: 1 <rk.(f) <2".
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Example:

Sign rank

1 1 1 1 2 4 8
1 10 2 4 8 16
M, =
1 0 of Y714 8 16 32
0 0 0 8 16 32 64
- - - +
My=1- - + 4

- + + +



Sign rank

More generally,

1 1
1 0
Mk _ : O O | l‘k(Mk) — k
1 1 0 0 0
1 0 O 0 0
1
M = 2 X(1 2 .« 21) =1+ 1), rk(M)) < 2.
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Classic problem ||

Problem.
s there F € AC" such that 1k, (F) = exp(Q(n))?

reference ‘ sign rank ‘ depth

Razborov-Sherstov 08 exp(Q(n'?)) 3

Bun-Thaler |8

This work

This work

N pti mal
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Our result

|. AC" has the maximal complexity!

2. Rule out learning AC" via all known
approaches.

3. Strongest communication lower bound

in ACY.

[Paturi, Simon 86]
UPP(F) = log,(rk (F)) = 1.

Corollary.
UPP(AC?) = Q(n").
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Hardness ambplification

Given f:{0,1}" — {0,1}, deg . (f) =n'"¢

Then F = f degi(F) — NI_H—LI

/T\\

Thereom (Sherstov)
deg,(f°g) = deg,(f)deg,(g).

Jeoglx) == f(g(x)), g(xy), ..., g(x,))
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What to compose?

Given f:{0,1}" — {0,1}, deg . (f) =n'"¢

N //\\
-/ e

y € {0,1}" [Minsky, Papert 69]
deg,(MP,) > m.
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Compression: input transformation

f




Compression: input transformation

f

OR,

OR&’ ¢oo

0/ 00
0 0

B

0 0

0 00 0 0 0O

0
0
0 0/0 0

Restrict
{0,119 |,
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Block composition followed by compression

AND

m

ZAN

OR , - OR ,

A/

Encoding

[Minsky-Papert 69]
deg,(MP, ) = Q(m).

[Bun-Thaler | 8]
deg, (MP, sz) = Q(m).

After compression Q(n17?)




Block composition followed by compression

[Minsky-Papert 69] _
m eg.(MP, )

AN s

OR , - OR , deg. (MP sz) = Q(m).

\\ / / After compres'_‘fz(n 1/2)

Encoding deg..(F) =( ) )/

(n 1/ 3)
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Threshold degree of compose function

Given f:{0,1}" — {0,1}, deg . (f) =n'"¢

(foMP,)|_,

F= f
// \\ degi(mf,) >nl=.m

Now,
1 ve 6@




Threshold degree of compose function

Given f:{0,1}" — {0,1}, deg . (f) =n'"¢

F= f
/ / \\ deg+(\M.R) > nl=¢.m

y € {0,1}V “Should this hold?”’
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Dual characterization

f: X - {0,1}

Exits some “witness” y with domain X

. ¥ has the same sign as (— 1)/

> <~ . . . .
deg:(f) = d (if polynomial p sign represents f; it
L.P. sign represents Y as well.)

2. ¥ has no low degree components

(8 Y = XXy Xy)
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Transferring mass

fo MP fo MPm ‘SH

0

Transfer mass
-

Undetectable by low
degree polynomial!

~/

A\ A\

(0,11’ (0,1} _,
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How do we transfer mass:
Corrector function

n
I [Razborov, Sherstov 0/]

17’1

|. vanishes in the middle.

2. has no components of
degree < d.

On
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Previous work [BT |7]:
Transfer mass to the origin

Overwhelms the origin!

Origin : (
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Lift threshold degree to sign rank

threshold degree

Fact. ([Forster 01] + [Sherstov 08])
Given deg,( £270@y = ¢
Then, there is F' that has rk (F) = exp(L2(d)) .

Sign rank



Lift threshold degree to sign rank

“Smooth”
threshold degree

Fact. ([Forster 01] + [Sherstov 08])
Given deg,( £270@y = ¢
Then, there is F' that has rk (F) = exp(L2(d)) .

Sign rank
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Smooth threshold degree

fiX = {01}, X=1{0.1)"

Definition.

deg. (f,y) =

max {ort (U - (— 1 \ L p(x) > L}
' _smooth dual O)é ect




Smooth threshold degree

fiX = {01}, X=1{0.1)"

Definition.

Fact. Forany non constant f: X — {0,1},
deg.(f,1/2) > 1.



Hardness ampl. of smooth threshold degree

Given f:X— {0,1}, deg.(f.y) =n'"¢.
Then F= f deg, (F,yexp(—O(N'~T+))
/[ '\ = GOV 7).

ACP

x,y € {0,1}




Hardness ampl. of smooth threshold degree

Given f:X— {0,1}, deg.(f.y) =n'"¢.

Then F= f deg. (F,yexp(— O(N'~T+°))

/T\\ = QNV'TF)

AND,, « OR* o G

x,y € {0,1}"
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Why we are not done?

Our dual is not for deg,(fe AND,, c OR*  G);

Highly non-smooth

dual of

dual of fo MPX]|_, fo AND_ o OR* o G
m 0

0

No weight!

{O,l,...,mz}nm|sg {0,1}9[6log(n+1)1



Why we are not done?

Our dual is not for deg,(fe AND,, c OR*  G);

Highly non-smooth

dual of

dual of fo MPX]|_, fo AND_ o OR* o G
m 0

0 No weight on

0 0

(0,1,...,0)"™ | _,

o O 000 O 0o o
o O 000 0O 0o o
o O 00 0 0 0 o
o000 0 0o
(= B[ = [ = B[ <= R = J{ = Ja{ =)
o O 00 0 0O 0o o




Our approach: local smoothness

v X = R,

Definition.
W is K-locally-smooth it

w(x)
w(y)

forany x,y € supp(y) .

< K=l




Local smoothness is powerful

. X = R, locally-smooth,
X={0,1,..M}"]|_,

X E NN\SQ

0
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— R, locally-smooth,




Local smoothness is powerful

. X = R, locally-smooth,

X=1{0,1,..M}"|_, Pack X with balls of radius O(d)
= NN‘SQ 9B = collection of “correctors”
9 ¢, labeled by the lightest

point.

B = w+ (~ 1Y
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The ideal dual object

ideal dual of ideal dual of
foANDmoORg foANDmoORgoG
0
e ——
N o {0,1}0161ogn+)

AF

(uniform
| ~—Unrealistic



Toward the ideal dual object

ideal dual of
dual of fe MPJ|_, fe AND, o OR*
0
——-
Shift weight
(0,1,...,m2}"™|_, N <o

¥ A*



Toward the ideal dual object

dual of fo MP¥ ‘se Y y-smooth dual object of f

7 ¥ =Y wA,

= ) W) —r(-1DD)A,
+y Z (—1)@DA,

{0919°°°9m2}nm |S9



Toward the ideal dual object

dual of fo MP¥ ‘se Y y-smooth dual object of f
7 W= ) w(A,
= ), @) — y= DA,

locally smooth
(0,1,...,m*}"™ | _,



K

>

Toward the ideal dual object

0 0
|. Apply Theorem 2 at
each point in N**|_, .,
2. Take the convex
combination
= ~
YA y/\F
orth(A* — A) > d,
. A*-(=D" >0,
- ¥ vwh | .
™ | A*] > (nmK)~ D A*],
xeN |39 -
A < 2||All4.
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Finishing the proof on hardness ampl.

Y = whatever + yA, dual of fo MP¥ | <

|. Construct y(nmK)~%“9_smooth dual of

feo AND_ o OR;< w.rt. A%
¥ = whatever + % Z A*(x) - Ax.

xEN”mlse

2. Convert ¥ to a y(nmK)~%“_smooth dua
of fo AND,, e OR% ¢ G .

3.* Construct locally-smooth dual object of
MP:* {0,1 }9[6 log(n+1)]
o



Open problems

Problem 1.

deg, (AC?) > —2
B 2020

Problem 2.

ik, (ACY) > exp< ?

2020 )

Problem 3.

n
deg, (AC) > 2
gip(AC) 2 553

Thank you!



