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More Merlins = More power?

Product test [Harrow-Montanaro 0]
Given (copies of) pure state |y) € H; Q@ - @ H,is it a
product state, ie. [y) = ) ® |hs) ® - ) ?




More Merlins = More power?

Product test [Harrow-Montanaro |0]

WU E o ! Y ! - - !
N W - = & -




More Merlins = More power?

Product test [Harrow-Montanaro |0]

swap test




More Merlins = More power?

Theorem. (Harrow-Montanaro 10)

Suppose max [y, )Y |P=1-€e< 1,
product state ¢

Then |y) pass product test wp. < 1 — BO(e).

Cor. QMA, (k) C QMA, (2).

Pf. Let the 2 provers simulate k provers.
Apply one of the following test

® product test

® the verificationV on one proof



Blier-Tapp’s QMA(2) protocol for 3COL



Blier-Tapp’s QMA(2) protocol for 3COL

Merlin: (faithful)

1 n
ly) = — i) | ¢;)
NE

Y

a 3 coloring instance




Blier-Tapp’s QMA(2) protocol for 3COL

Merlin: (faithiul) Arthur: (receives |y), |y»))
| . .
y) = Z i) [ c;) check equality
ﬁ i=1 - make measurements

» If same vertex observed,
consistent color

» If adjacent vertices observed,
distinct colors

a 3 coloring instance



Blier-Tapp’s QMA(2) protocol for 3COL

Merlin: (faithiul) Arthur: (receives |y), |y»))
| . .
y) = Z i) [ c;) check equality
ﬁ i=1 - make measurements

» If same vertex observed,
consistent color

» If adjacent vertices observed,
distinct colors

a 3 coloring instance



Blier-Tapp’s QMA(2) protocol for 3COL

Merlin: (faithful) Arthur: (receives |y), |y5))
- check equalrty

Mmake measurements
» If same vertex observed,
consistent color

1 n
ly) = — i) | ¢;)
NE

» If adjacent vertices observed,
distinct colors

a 3 coloring instance



Blier-Tapp’s QMA(2) protocol for 3COL

Merlin: (faithful) Arthur: (receives |y), |y5))
- check equalrty

Mmake measurements
» If same vertex observed,
consistent color

1 n
ly) = — i) | ¢;)
NE

» If adjacent vertices observed,
distinct colors

S “all present”
a 3 coloring instance P



Blier-Tapp’s QMA(2) protocol for 3COL

Merlin: (faithful) Arthur: (receives |y), |y5))
- check equalrty

Mmake measurements
» If same vertex observed,
consistent color

1 n
ly) = — i) | ¢;)
NE

» If adjacent vertices observed,
distinct colors

“all present”

a 3 coloring instance

| already, |y) & Z a;|1)|c




Blier-Tapp’s QMA(2) protocol for 3COL

Merlin: (faithful) Arthur: (receives |y;), |ys))

I <. « check equalit
) =—) li)|c) quality
\/z i=1 * make measurements
» If same vertex observed,

consistent color

» If adjacent vertices observed,
distinct colors

“all present”

|, already, |y) & Z a;|i)|c;)

Theorem.
NP C QMA,,(2) with a
alvs. 1—1/poly(n) gap.




Blier-Tapp’s QMA(2) protocol for 3COL

Merlin: (faithful) Arthur: (receives |y;), |ys))

1 n
ly) = — 1) | ¢;)
NE

- check equalrty

 make measurements
» If same vertex observed,
consistent color

» If adjacent vertices observed,
distinct colors

“all present”

Theorem. | already, |y) ~ Z ;| i) c;)
NP C QMA,,(2) with a '

a [ vs. 1 —1/poly(n) gap.

.

not ideal




Blier-Tapp’s QMA(2) protocol for 3COL
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Roadmap: Global protocols for

> Small-set expansion problem
»  Unigue games problem
» Constraint satisfaction problem

with a constant gap.
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(Completeness) 4 a valid coloring™

benign Merlins will convince Arthur w.p. > ¢
(Soundness) “ A valid coloring’”

no adversarial Merlins can fool Arthur w.p. < s
the gap is ¢ — s = Q(1).
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Small-set expansion (SSE) problem

Def. Small-Set Expansion
d-regular graph G,

(yes): exists S, | S| < on,
ESSI

d|S]|

(no):forall §, | S| < on,
ES.S|

d|S|
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A QMAT™(2) protocol for SSE

Merlin: (faithful in yes case)

1
) = i
Y TS 2

Arthur: (receives many |y))

- check equalrty

- take a random M, apply it to |y);
compare M |y) with |y)

* sparsity test

E(S S)

Theorem 1.
SSE € QMAf;g(z), with

a €2(1) gap



Sparsity Test

Goal: test if |y) is a uniform superposition of an arbitrary
subset § of [n] (of size on for some given const 0.)

1
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Sparsity Test

Protocol:
1 .
Let |,l/l> =72 |l>
n

® Ask for many copies of (expected form)

| |
lw) = 1), |y = 7).
W) WZ> 7 D i)

icS \/”_ N iS

® Lstimate . )
a=(yly“)? o=(wlu)? p= " u*

ACCEPTifa~0, 6+ ~ 1



Sparsity Test

Lemma. If |y) passes sparsity test, | ) =~ a subset state

Pf. If (y|y“) =0 )
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Sparsity Test

Lemma. If |y) passes sparsity test, | ) =~ a subset state

—Hnon-negativity
Pf. IfQyly©) @
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Sparsity Test

Lemma. If |y) passes sparsity test, | ) =~ a subset state

—Hnon-negativity
Pf. If(w|y®) @

S
<)
By Cauchy-Schwarz,
> < 1] Cl 2 N

equality holds when |w) is the uniform superposition over S.



Roadmap: Global, coherent protocols for

» Small-set expansion problem
> Unique games problem
» Constraints satisfiability problem

with a constant gap.



Unique games

(d-regular graph) G, for each edge e,
bijection f,,) 1 & = 2.

val(G) = max K, eclly, , cwy=s)]



(c

Unique games

-regular graph) G, for each edge e,

eC'

0N fry) @ & — 2

val(G) = max K, yeqlly,  cwy=r)]

Def. (1 — n,7)-UG
(yes):val(G) > 1 —p
(no): val(G) <y
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Merlin: (faithful in yes case)

w) =) [v)£(v)

velG

Arthur: (receives copies of |y))

- check equality

» take a random M, e.g. (u,v) is an
edge in M.,

T, )1 8) = V)| frun ()
compare I . |w) and |y)

ASSUME |w) encodes a valid
assignment, then:

In the yes case, 7 . |w) = | y);
In the no case, 7 . |w) L |y)
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» take a random M, e.g. (u,v) is an
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- validity test
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A QMAT™(2) protocol for UG

Merlin: (faithful in yes case)

w) =) [v)£(v)

velG

Arthur: (receives copies of |y))

- check equality

» take a random M, e.g. (u,v) is an
edge in M.,

T ) [ €) = V) | fun(O))
compare I, |y) and |y)
- validity test

Theorem 2.
UG e QMAfgg(z), with a

(1) gap
Cor.
NP C QMA{ (2), with a

Q(1) gap
as (1/2,y)-UG is NP-hard



Validity Test

Assume: n variables x; € 2, where 2 Is of constant size
Goal: test if

1 n
ly) = — Z |i)|x). (some valid assignment)

Vo
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® Apply Fourier transform to the second register; and
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Validity Test

Protocol:

e Suppose |w) in addition with some |w*) can pass

sparsity test, furthermore (w|u)? & E.Thus,

1
ly) & [0) | x;) .
VTS (iZ

X)ES
Need to make sure all is are present

® Apply Fourier transform to the second register; and
measure It.

ACCEPT It the probabillity py of observe O
1

Po <
| 2|
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Validity Test

Lemma. If |y) passes sparsity test & validity test,
| ) & encode a valid assisnment.

1 .
Pf. Compare |i)|x;) vs. Zﬁll)lxl])

A J=1 A

Po="To7 Po

P | 2]



Validity Test

Lemma. If |y) passes sparsity test & validity test,
| ) & encode a valid assisnment.

1 .
Pf. Compare |i)|x;) vs. Zﬁll)lxl])

A ]:1 A

1 k

Po= 77 Po= TS
P | 2]

Thus, if |y) is far from being valid, then prob. of
observing O is > 1/|X|.
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with a constant gap.
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Classical, NP-complete problems

A k-constraint satisfaction problem (CSP):

Cl. .xl

G, 0\0 X

C,e® o X

constraints variables

)

Fach constraint Cl-(xil,xl-z, s X
e depends on k variables
® arbitrary predicate

® X; € 2, constant size alphabet

Question:
s there assisnment that

satisﬂe@mstraints?

distinguish whether
lor <€

PCP theorem.



NP-complete k-CSP

A general k-CSP (PCP theorem) C, o
C, o
PCP 1 vs. € )
NP-hard .
C,e®

constraints

variables
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QMAT™(2) protocol for k-CSP

Merlin: (faithful in yes case) C, o ® 4
1 I C2 ® ® x2
|y = — Z |G 1 Vivip-- Vi)
Vi -
C,e® o X
constraints variables

First, it's easy to verify the constraints,

| C) [ Vivy...v) [0) = | C) | vivy...vp) | C(vyvy...vp)).

Consistency?
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Regularization

Merlin: (farthful in yes case)

1 m
ly) = — Z |G [Vitvig--Vik)
m =

m ?

ol 1 ° C

m

Expander.
|, d-regular graph
2. expansion

Cl o ® xl
C2 ® ® x2
C,e® o X
constraints variables

EXxXpansion property ensures
INn the soundness case, a const.
fraction of constraints are not
satisfiable.
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Merlin: (farthful in yes case)
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Regularization

Ste= X+ XE

Merlin: (farthful in yes case)

1 m
ly) = | C)) |Vi,1Vi,2---V

ol 1 ° C

m

Expander.
|, d-regular graph
2. expansion

i,k>

variable j o

1 m
|y) = | C) | VitVia-- -Vi,k>



Regularization

Merlin: (faithful in yes case) M — % + M

1 m
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What about NEXP?

Merlin: (faitD/lful N yes case) M — % + M

1
ly) = | C;) | VitVia-- -Vi,k>

variable j 01 0j2
1 m
C Cn [y) = T 2 [C) [Vivig---Vir)
M =1

(from C; and v, we know the
variables and its value)

- \lﬁ RIS

Exponentially large T e,

- CSP, expanders (apply some permutation)
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What about NEXP?

Merlin: (farthful in yes case)
m

1
ly) = | C)) |Vi,1Vi,2-~Vik

Exponentially large

CSP, d
Expander expanders

|, d-regular graph
2. expansion

=—— D |C) ViV Vig)

(from C; and v, we know the
variables and its value)

1 .
= - Z Z |G 1) 1 x5
VI i jec Needs to be efficient
(apply some permutation)

Z 2 |CJ1(1)> |]> |‘xl]>

. jeC;
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Theorem. NEXP C QMA™(2) C NEXP.

Thank you!



