10

11

12

13

14

15

16

17

18

19

20

21

22

23

24

25

26

27

28

29

30

31

32

33

34

35

36

37

38

39

40

41

42

43

44

Randomized and Quantum Lifting for One-Way
Conservative NOF Model

Haoyu Wang &2
The Pennsylvania State University, State College, USA

Pei Wu &2
The Pennsylvania State University, State College, USA

——— Abstract

We consider lifting theorems that transfer lower bounds for two-party communication problems to
multiparty communication problems. In particular, following the deterministic Number-on-Forehead
(NOF) lifting framework of Yang and Zhang, we study randomized and quantum one-way NOF
lifting for composed problems F(z,x) = f(z, G(x)).

We work in a one-way NOF model in which only the last player’s view is restricted. The other
players have their usual NOF views and communicate as usual, but the last player sees only the
gadget output G(x), not the gadget input x. This type of restricted view has appeared in the
NOF literature under the term conservative. Our main contribution is a pair of lifting theorems for
this model. In the randomized setting, we show that lifting follows when each preimage Gil(v)7
the set of gadget inputs with output v, looks pseudorandom to cylinder intersections. In the
quantum setting, lifting follows when each preimage looks pseudorandom to generalized cylinder
intersections. Equivalently, conservative protocols for F(z,x) = f(z,G(x)) can be converted into
two-party one-way protocols for f(z,v) with comparable cost, with the error loss controlled by the
corresponding pseudorandomness parameters. Thus, this restriction isolates a setting in which both
randomized and quantum one-way NOF lifting can be proved by a direct simulation argument.

We prove the required pseudorandomness properties for the generalized inner product gadget over
finite fields, using the multiparty character-sum bounds of Yang and Zhang, and for random gadgets,
which give non-explicit lifting. As applications, Boolean Hidden Matching yields a randomized-
versus-quantum separation in the conservative NOF model, and lifting INDEX gives randomized
and quantum conservative NOF lower bounds for O(logn) players.
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1 Introduction

Lifting theorems are a central technique of converting lower bounds in simpler or more
structured models into explicit communication lower bounds. In two-party communication
this perspective is now robust, beginning with Raz—McKenzie [18] and continuing through
randomized lifting theorems such as Gods-Pitassi-Watson [11], PNF lifting [9], and variants
based on low-discrepancy gadgets, rectangle/junta structure, approximate degree, and
sunflower decompositions [19, 10, 5, 15]. For the more powerful number-on-forehead (NOF)
model, comparable lifting results are still largely missing. This gap is especially striking in
the one-way setting, where Yang and Zhang recently proved deterministic lifting theorems
using the generalized inner product gadget [21]. We study the next natural cases: randomized
and quantum one-way lifting.
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Conservative lifting

This frontier matters because one-way NOF lower bounds sit close to major circuit lower-
bound questions. Classical connections show that sufficiently strong NOF lower bounds in the
superlogarithmic-player regime would imply consequences such as ACC lower bounds [12,17],
while strong one-way lower bounds for problems such as pointer jumping are tied to Boolean
size-depth tradeoffs [4, 20]. The NOF model has long served as a benchmark for lower-
bound techniques [1, 14], and one-way lower bounds have also influenced pseudorandomness,
cryptography, and streaming [7, 3, 13]. At the same time, direct lower-bound methods in
one-way NOF remain limited. Thus a strong explicit lifting theorem in this regime would not
bypass the explicit-hard-function barrier; it would meet that barrier head-on by producing
exactly the kind of explicit hard NOF problems that current methods struggle to prove
directly. This is what makes one-way NOF lifting both important and delicate.

Given an outer one-way problem f(z,v) and a gadget G : X1 X --- x X — V, write
x = (x1,...,X;) and define

F(z,x) = f(z2,G(x)).

Throughout the introduction, the underlying two-party one-way problem has Alice holding
z and Bob holding v. Alice sends a message to Bob, who computes f(z,v). In the lifted
NOF problem, there are k£ nonterminal senders Pj,..., P, and a terminal player Charlie.
Player P; sees z and x_; (all gadget inputs except x;), and messages are sent in the order
P, — -+ = P; — Charlie. In the full model, Charlie sees the residual NOF view (x1,...,Xx).
Communication cost means the final transcript length in the randomized model and the total
message length in the quantum model.

The easy direction is immediate: any ordinary two-party one-way protocol for f gives
a one-way NOF protocol for F', by having the last sender compute Alice’s message from
z and send it to Charlie, and having Charlie use the gadget value v = G(x) to perform
Bob’s decision. A full lifting theorem would prove the converse: every efficient one-way NOF
protocol for F' could be converted into an efficient ordinary two-party one-way protocol for
f, where Alice has z and Bob has v. The obstacle is that in the full model Charlie retains
more information than the gadget value v = G(x). This overlap of information may allow
communication strategies that are not captured by a two-party simulation using only v.

A terminal-conservative model.

We study a terminal-conservative version of one-way NOF. The players Py, ..., Py keep their
usual NOF visibility and still communicate in order, but the terminal player Charlie sees
only the gadget output

vi=G(X1,...,Xp).

In particular, Charlie has no residual NOF view of the gadget inputs.

Thus the model is not intended as a replacement for the full one-way NOF model. It
is an intermediate benchmark that isolates the terminal obstruction, namely the difference
between Charlie seeing the entire NOF view x and seeing only the gadget value G(x). This
is a minimal terminal restriction: only Charlie’s NOF view is limited, while the prefix of
the protocol remains fully NOF. Conservative viewpoints have appeared before in one-way
multiparty lower bounds and their applications, for instance in work on pointer jumping,
pseudorandomness, and streaming algorithms [6, 4, 20, 7, 13]. Here the role of conservativity
is different. For the discussion below, let x’ denote a uniformly random gadget input. Once
Charlie’s view is replaced by the single value v, the lifting problem becomes a clean question
about how much the information reaching Charlie changes when we condition on the fiber
event G(x') = v. In the randomized setting this is a question about the transcript distribution
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that reaches Charlie; in the quantum setting it is a question about the final message state
that reaches Charlie.

2 Main results

We prove that in the terminal-conservative model described above, the randomized and
quantum lifting theorems do hold. That is, every sufficiently efficient conservative protocol
for a lift F'(z,x) = f(z,G(x)) can be converted into an ordinary two-party one-way protocol
for f(z,v), with error loss controlled by the corresponding mixing property of the gadget. In
lower-bound form, our theorems have the shape

RZM™(F) 2 RA5(f)  and  QX™(F) = Q2s(f),

provided the gadget-induced extra error loss is at most d. All quantum results assume no

prior entanglement.

The main contribution of this paper is to identify a pseudorandomness condition that
makes one-way lifting go through once Charlie’s NOF view becomes conservative, and to
prove randomized and quantum lifting theorems from this condition. For v € V, call G~1(v)
a fiber of G. Informally, we show the following:

1. If every fiber of G is pseudorandom against cylinder intersections, then randomized
protocols for F' lift to ordinary one-way randomized protocols for f.

2. If every fiber of G is pseudorandom against generalized cylinder intersections, then
quantum protocols for F' lift to ordinary one-way quantum protocols for f, and the
two-party message length is the final message length of the NOF protocol.

Both hypotheses hold for the generalized inner product (GIP) gadget with suitable block

length, and they hold non-explicitly for random gadgets in a much larger player regime. We

will elaborate on these results.

We view our results as accomplishing a natural intermediate goal. They do not resolve
full one-way NOF lifting, but they isolate the terminal obstruction above and show that,
once this obstruction is removed, the remaining one-way NOF chain can still be handled.
With the explicit generalized inner product gadget, the resulting lower bounds apply in
the familiar logarithmic-player regime with k¥ = O(logn) nonterminal senders for standard
instantiations. With non-explicit random gadgets, the same lifting theorems give benchmark
lower bounds for superlogarithmically many senders.

2.1 Randomized lifting
The generalized inner product is defined by

r k

GIPS’T(XM . ,Xk) = Z Hxi’t (mod q)

t=1i=1
Our randomized lifting theorem reads

» Theorem 1 (Randomized lifting via GIP (informal Theorem 16)). Given k > 2, let ¢ > 2k
be prime. Let Z be an arbitrary finite set. For any f: Z xF, — {0,1} and F = f o GIPg’fQ

where > 2% 1og, oy, (2R?+s(f)q/§> , we have RZ7"(F) > R 5(f).

For the most natural regime where k < ¢, the gadget input of I has length O(2¥ - (log|Z| +
log q)). For standard outer problems such as the index function, choosing the GIP parameters

73:3
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Conservative lifting

so that the loss is constant gives polynomial communication lower bounds while keeping
the total lifted input length polynomial, as long as the number of nonterminal senders
satisfies k = O(logn), where n denotes the resulting total input length. This is the familiar
logarithmic-player regime caused by the 2¥ dependence in the GIP block length.

» Theorem 2 (Explicit O(logn)-player lower bound). For any k, there is a family of functions
Fy, such that for the (k + 1)-player communication game

n
R () = Q) (7) .
(F) K2k
We also take Boolean Hidden Matching as the outer function. Its one-way quantum-classical
separation is inherited in the conservative model.

» Theorem 3 (A quantum-classical separation (informal)). For any k > 2, there is a family of
functions Fy, for (k + 1)-player conservative NOF model, such that

cons ,cons O n
Qs(F) = Ollogn), Ry <F>29(«/,€2k)-

For full one-way NOF communication, Yang and Zhang recently established an exponential
separation for a search problem [22], whereas our separation is for a decision problem.

The proof principle is terminal mixing. Fix the outer input z, the public randomness, and
a complete communication transcript t. The set of gadget inputs x that produce ¢ is a cylinder
intersection; we call it the transcript cell of t. For a value v, the fiber G~1(v) is the set of
gadget inputs consistent with v. If every fiber looks nearly uniform to cylinder-intersection
tests, then conditioning on G(x’) = v barely changes the distribution of transcript cells. The
desired mixing statement is that, for every transcript cell S and every value v,

Prlx' € S| G(x') =v] = Pr[x’ € 9].

In words, conditioning on the fiber should barely change the distribution of the transcript cell.
This is the basic fiber-mizing phenomenon. In the full model, however, transcript mixing is
not enough: Charlie still sees his NOF view of the gadget input, so knowing the transcript and
v does not determine what additional information he retains about the location of x inside
the fiber G~1(v). Even perfect transcript mixing therefore need not control Charlie’s total
information. The same terminal obstruction persists in the quantum case, where Charlie’s
decision is made from the final received state together with his remaining input.

A key notion in the randomized analysis is fiber discrepancy. For a gadget G : X — V), it
is the largest possible bias

[Pr[x’ € S| G(x') =v] — Pr[x’ € 9]

over all gadget values v and all cylinder intersections S C X. Thus fiber discrepancy is
exactly the quantitative form of the fiber-mixing condition for transcript cells, because every
deterministic one-way transcript cell is a cylinder intersection. If G has fiber discrepancy Ag
and F' = fo(, then a C-bit public-coin conservative protocol for F' yields a C-bit public-coin
ordinary one-way protocol for f with additive error loss at most 2¢ Ag. Equivalently,

R7M(F) 2 R5(f)

whenever 2R=+s(/)A; < §. The factor 2€ is the natural loss for a black-box simulation that
uses only a uniform fiber-discrepancy bound and then sums over transcript cells: after fixing
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}=¢ each transcript cell

is a cylinder intersection, and summing over all cells gives total-variation loss < 2¢A¢. This

the outer input and the public randomness, the transcript lies in {0, 1

is precisely the fiber-mixing principle above: after conditioning on G(x’) = v, the terminal
transcript distribution is close to the unconditional one, so the ordinary one-way simulation
can reproduce Charlie’s randomized view using only the outer value v.

This black-box loss of the factor 2¢ is nevertheless harmless for the explicit GIP gadget
in the intended parameter range, because its fiber discrepancy is exponentially small in the
gadget block length. For a prime ¢ and block length r, the generalized inner product gadget
is

r k
GIPE (x1,...,x1) =Y [Jzjue€Fyy  x; €.

t=1 j=1

For G = GIP((;;), adapting the character-sum estimate of Yang—Zhang [21, Lemma 3.2], one

k— k—
can show Ag < 4q (lf/q)T/2 " Thus the loss term is on the order of 20Ag <2% (k/q)T/2 B
If the outer problem requires C'= R 5(f) bits, then fixed loss d is achieved by taking, up to
constants,

- 2¥(C +1og(q/9))
log(q/k)

2.2  Quantum lifting

Our quantum lifting theorem is as follows.

» Theorem 4 (Quantum one-way lifting via GIP (informal)). Given k > 2, let ¢ > 2k be
prime. Let Z be a finite set. For any f: Z x Fy — {0,1}, and F = fo GIP’;,. where

T Z 2k logq/(k—l) (22Q:H5(f)+2q/5) , we have

Q™ (F) = Q5 (f)-

The parameters in the quantum lifting theorem are similar to those of our randomized lifting
theorem. Thus the quantum lifting and randomized lifting behave similarly using the GIP
gadget. We can think of the gadget input of F of length O(2*-(log |Z| +1og q)), for the natural
regime k < ¢. For the index function, analogous to Theorem 2, choosing the GIP parameters
so that the fiber discrepancy loss is constant gives polynomial quantum communication lower
bounds in the terminal-conservative model for k¥ = O(logn) nonterminal senders, again with
n denoting the resulting total input length.

The quantum analogue replaces fiber mixing by final-state mizing. For fixed outer input
z and gadget value v, let 0, x denote the final message state on gadget input x, let

Ozv = IEx”wUnixv [Uz7x”]7 0, = Ex’NUniX [Uz,x’}-

The ordinary one-way simulation has Alice send the unconditional state o,, while Bob

uses v to perform Charlie’s terminal measurement. The analysis therefore bounds, for the

corresponding output-1 POVM element Mél),

Tr <M51)(02 — O‘Z)U)) ‘ .

Thus the quantum theorem is again a terminal-mixing theorem; only the object being mixed
changes from a transcript distribution to a density matrix.
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The pseudorandom measure for this state-mixing statement is the fiber discrepancy
against the generalized cylinder intersection Ag. It measures how much conditioning on a
fiber can bias tests of the form

[Toix-),  lail <1,

where each factor ¢; : X_; — C is a bounded cylinder function visible to one sender in the
one-way chain. These are precisely the tests generated by the quantum expansion of the
final message state. If Ag is small and a conservative one-way quantum protocol for F' uses
message lengths ¢y, ..., cg, then the protocol yields an ordinary one-way quantum protocol
for f that uses only the final ¢; qubits, with additive loss

2¢pr II
2 CDeAG7 Cprezcl—’—"'—’—ck?*l'

The factor 22¢vr is the dimension loss from expanding the prefix message spaces; the terminal
message itself is not expanded, which is why the conclusion is a final-message lower bound.
We prove that GIP((IITT) fools the generalized cylinder intersections appearing in the quantum

theorem. In particular,
k r/2k1
asu(y)

2.3 Random gadgets as a non-explicit benchmark

Finally, we analyze uniformly random gadgets as a non-explicit benchmark. Here the gadget
is a random function
Gm : [m]F — Ty,

where all values are chosen independently and uniformly. The parameter ¢ is the outer
alphabet size, and [logm/] is the per-player gadget input length. For comparison, GIPé’fr) has
the same outer alphabet size ¢, per-player domain size m = q”, and per-player gadget input
length [rlogg]. The random-gadget analysis is a standard random-function discrepancy
calculation against the same cylinder and generalized cylinder classes that appear in the
lifting theorems, in the spirit of the usual analysis of random NOF functions. Its role is
therefore not to provide a new explicit lower-bound method, but to calibrate the framework
and expose which parameter losses come from the currently available explicit gadgets.

Suppressing constant error and failure parameters, the comparison is simple. For random-
ized protocols with communication budget b, a random gadget has sufficiently small fiber
discrepancy once

m 2 q2%(k +logq).

For quantum protocols with prefix budget ¢,y < b, a random gadget has sufficiently small
fiber discrepancy against generalized cylinder intersections, and hence sufficiently small
state-mixing error, once

m > q2% (k(b+logk) +logq).

Equivalently, the quantum benchmark has per-player input length
logm = O(log g+ b+ logk).
By contrast, the explicit GIP quantum instantiation requires roughly

w1 2b+logg
log(q/(k — 1))

r
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to achieve the same fixed loss. Thus the explicit and random gadgets play complementary
roles. The GIP gadget gives explicit lifting theorems, but its block length grows like 2%
which naturally limits polynomial-size instantiations to & = O(logn) nonterminal senders.
Random gadgets show that this limitation is not inherent to the terminal-conservative lifting
argument: non-explicitly, the same argument works without an exponential dependence
on k in the per-player input length. For instance, using the index function as the outer
problem, the random-gadget benchmark gives unconditional randomized and quantum total-
communication lower bounds of order Q(y/n) with k& = Q(y/n) = w(logn) nonterminal
senders, where here n denotes the total lifted input length.

» Theorem 5 (Implicit polynomial-player lower bound). For any k > 2, there is a family of
functions Fy, such that for the (k + 1)-player communication game

~/n
R*},COHS(F]C) — Q (7) .
k
Derandomizing this benchmark would require explicit gadgets with very strong NOF-type
pseudorandomness, a task comparable in spirit to proving strong explicit NOF lower bounds
rather than a routine extension of the present work.

3 Preliminaries

We use the following conventions throughout the paper. For an integer m, write [m] =
{1,...,m}. Unless otherwise indicated, logarithms are base two. All sets are finite. For a
finite set A, we write Uniy for the uniform distribution on A. For distributions P, @ on the
same finite set, their total variation distance is

TV(P,Q) = 5 3 IP(w) - Q).

All randomized protocols are public-coin protocols. All quantum protocols are without prior
entanglement; local ancillas are allowed and are not counted as communication. All error
guarantees are worst-case, restricted to promised inputs when a promise is present. We use

O(-),Q(-) to hide polylogarithmic factors.

3.1 Lifted problems and gadget notation

Fix k > 2. In this paper k denotes the number of gadget coordinates, or equivalently the
number of nonterminal NOF senders; including the terminal player, Charlie, the protocol
has k£ + 1 players. Let

X = Xl X oo X Xk

be the gadget input space. We write
X = (Xla v axk) € X7 X_j = (X17 ey X1, X1y e 7xk)7

and

X—i = HX]

J#i
Thus x_; is the number-on-the-forehead view of the gadget input available to the ith
nonterminal sender.
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Let G : X — V be a surjective gadget. For v € V, its fiber is
X, =G '(v)={x€ X :Gx) =v}.

Surjectivity is only a notational convenience: it ensures that every X, is nonempty. Given
an outer Boolean function f: Z x V — {0, 1}, its lift by G is

F:ZxX—{0,1}, F(z,x):= f(2,G(x)).

For partial functions or promise relations, the lifted promise is obtained by requiring (z, G(x))
to be a promised outer input. Correctness is then required only on this lifted promise.

3.2 Randomized one-way protocols

We use the standard bit-protocol convention: after fixing the public coins, the current
transcript determines whether communication stops and, if not, who writes the next bit. A
player’s message is the possibly empty block of consecutive bits assigned to that player by
this rule. Thus message lengths may vary, but the end of a message conveys no information
beyond the bits written.

» Definition 6 (Conservative one-way blackboard NOF protocol). A conservative one-way
blackboard protocol for F' = f o G has nonterminal players Py, ..., Py, and a terminal player,
Charlie. The nonterminal players speak once in the order

P, — Py — -+ — P, — Charlie.

Communication takes place on a public blackboard. The blackboard content after round i is
denoted by T;, with 79 equal to the empty string. The protocol has a public randomness space
R, message maps

M;:ZxX_; xR x{0,1}* = {0,1}* (i € [K]),
and a decoder
DEC:V xR x{0,1}* — {0,1}.
On input (z,x) and public coins r € R, player P; sees z,x_;,r, and the current transcript
Ti—1, writes
m; = M;(z,%_i,7,Ti—1),
and the new transcript is 7; := 1,_1m;. The terminal player sees only (v := G(x),r,7x), and

outputs DEC(v,r, 7). The cost of the protocol is max . ), |Tk|.

The adjective “conservative” refers only to the terminal player Charlie: the nonterminal
players retain their usual NOF views, while the terminal player does not see any residual
NOF view of the gadget inputs beyond G(x).

» Definition 7 (Two-party one-way randomized protocol). Let f : ZxV — {0,1}. A public-coin
two-party one-way protocol for f consists of a public randomness space R, a deterministic

message map
A:Z xR — {01},

and a deterministic decoder
B:VxRx{0,1}* —{0,1}.

On input (z,v) and public coins r, Alice sends A(z,r) and Bob outputs B(v,r, A(z,7)). The
cost is max, , |A(z,r)|.
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104 For n € [0,1], let R,”(f) denote the minimum cost of a public-coin two-party one-way
15 protocol for f with worst-case error at most 7. Let R? cons () denote the corresponding
16 minimum cost in the conservative one-way blackboard NOF model. The same notation
17 is used for partial Boolean functions, with the error guarantee required only on promised
108 inputs.

w 3.3 Cylinder intersections and fiber discrepancy

20 B Definition 8 (Cylinder and cylinder intersection). A set C; C X is an i-cylinder if membership
w0 in C; does not depend on the ith coordinate. Equivalently, C; is the preimage of a subset of
200 X_; under the projection X — X _;.

203 A cylinder intersection is a set of the form Cy N --- N Cy, where C; is an i-cylinder for
e every i € [k]. We write CI(X) for the family of cylinder intersections in X.

205 Cylinder intersections are the basic combinatorial objects behind randomized NOF lifting.
206 After the public randomness and the outer input z are fixed, every deterministic transcript
207 cell of a conservative blackboard protocol is a cylinder intersection: the condition that P;
208 writes a prescribed message depends only on x_; and on the previous transcript.

» Definition 9 (Fiber discrepancy against cylinder intersections). Let G : X — V be surjective.
The fiber discrepancy of G against cylinder intersections is

Ag :=sup sup Pr [x'eS— Pr [x'ed].
vEV SeCI(X) |X"~Unix, x/~Unix
200 Thus Ag measures how well each fiber X, looks like the whole gadget domain X to every

a0 NOF transcript cell. This is the pseudorandomness notion used in the randomized lifting
a1 theorem.

a2 3.4 Finite-field gadgets and Fourier correlation

For the explicit gadget instantiations we work over a prime field F,. We fix a nontrivial
additive character x : F, — C; for example, after identifying F, with Z/qZ, one may take
x(t) = exp(2mit/q). We use the orthogonality identity

1 > xlat) =1[t =0].
q acl,

For x; = (zi1,...,%ir) € IFZ, define the generalized inner product gadget

r k
GIPE;TT) (X1, .., Xp) 1= Z Hx” S

t=1i=1

» Definition 10 (Fourier correlation). Let G : X — F, be a gadget. Its Fourier correlation
against cylinder intersections is

FCorr(G) := sup  sup  [Exnvmiy [1[X € S]x(aG(x))]|.
aery SECI(X)

213 For the GIP gadget, an adaptation of the character-sum argument in the proof of Yang—
ae Zhang’s Lemma 3.2 [21] bounds this quantity by 74 (g, 7). Fourier inversion then converts
215 this correlation bound into a bound on the fiber discrepancy Ag.
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3.5 Quantum one-way protocols

» Definition 11 (Conservative one-way quantum protocol). A conservative one-way quantum
protocol for F = f o G has nonterminal players Py, ..., P, and terminal player Charlie.
Let cq, ..., ci be the message lengths and set d; := 2. The incoming register to Py is the
one-dimensional register Ho, and the outgoing register of P; is H; = C% .
For each i € [k] and each local view (z,x_;), player P; applies a completely positive
trace-preserving map
A=) D(H_y) = D).

The players act in the order
P, —» P, —» ... — P, — Charlie.

The terminal player sees only v := G(x) and the final message register Hy, and oulputs a bit
using a binary measurement depending on v. The cost is c1 + -+ - + ci.

For a fixed protocol and input (z,x), we write o, x for the final message state received
by the terminal player. We also use the average states

Ozv i= ]Ex”""UniXU [Uz,x//]» 0, = Ex/Unix [Uz,x/]~
These are the fiber-conditioned and unconditional final-message states, respectively.

» Definition 12 (Two-party one-way quantum protocol). Let f: Z xV — {0,1}. A cost-C
two-party one-way quantum protocol for f consists of a density operator o, on a C-qubit
register for each z € Z, and a binary POVM M, = {Méo),Mél)} for each v € V. Alice
sends o, and Bob applies M,,.

For n € [0,1], let Q;”(f) denote the minimum cost of a two-party one-way quantum
protocol for f with worst-case error at most 7. Let Q,>°°"*(F) denote the minimum total
cost of a conservative one-way quantum protocol for F' with worst-case error at most 7. The
same notation is used for partial Boolean functions, with the error guarantee required only
on promised inputs.

3.6 Generalized cylinder intersections

The quantum lifting theorem uses a second pseudorandomness notion. It tests the fibers of
the gadget against bounded products of NOF-local functions, which are exactly the tests
produced by expanding the prefix of a conservative quantum protocol.

» Definition 13 (Fiber discrepancy against generalized cylinder intersections). Let G: X — V
be surjective. The fiber discrepancy of G against the generalized cylinder intersections is

k K
AL = sup sup 11 (bi(xl_'i)] — Ex/nUnix [H ¢z‘(X/_i)] | :
veY ¢i:X_;—C i=1 i=1

|#:|<1 for every i€ k]

Ex”NUnix,v

» Definition 14 (Product Fourier correlation). For a gadget G : X — F,, define

PCorr(G) := sup sup
OLEF; ¢i: X_;—C
|¢:|<1 for every i€[k]

IEx/NUnix

k
X(QG(X’)) H ¢1(XL1)‘| | .

Product Fourier correlation is used only for gadgets with output alphabet ;. As in the
randomized setting, Fourier inversion converts small PCorr(G) into small A,
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3.7 Matrix units

Whenever a message register is identified with C?, we fix an orthonormal basis e1, ..., eq

and write Eqp 1= |eq)(ep| for the corresponding matrix units, where 1 < a,b < d. When
. . (4) . . }

several message registers are present, we write E,; for the matrix unit in the ¢th message

register. The first subscript is the row index and the second subscript is the column index,

SO Tr(Eq(ﬁ?E&)) = 0y,q0u,5. For the one-dimensional incoming register before the first sender,

we set dp = 1 and use the single matrix unit Eﬁ)).

3.8 Benchmark outer problems

For a prime ¢, the index function is
INDEX, : {0,1}fs x F, — {0,1},  INDEX,(z,v) := z(v).
We use the standard Nayak’s random-access-code lower bound: for every 0 < n < 1/2 [16],

Q,"(INDEX,) > (1 — H(n))q,

where H(n) := —nlogyn — (1 — n)logy(1 — n) is the binary entropy function, with H(0) = 0.

We also use the standard Boolean Hidden Matching partial function BHM,, as a calibration
example. Alice receives u € {0,1}2"; Bob receives a perfect matching M on [2n] and a
string w € {0,1}", promised that either w. = u; & u; for every edge e = (¢,j) € M, or
we = u; ®u; @1 for every edge e = (4, j) € M. The desired output is the corresponding case
bit. We use the known bounds [2, §],

Q?/3(BHM,L) = O(logn), Rﬁg(BHMn) = Q(v/n),
with constant changes in the error parameter absorbed by standard amplification.

In the following section, we give the details of the randomized lifting theorem for the
GIP gadget. The quantum lifting theorem and the remaining proofs appear in subsequent
sections.

4 Randomized lifting

Our randomized lifting theorem works by composing a two-party function f and a k-party
function g to obtain a (k + 1)-party function f o g as the following definition.

» Definition 15 (lifted function). Fiz integer k > 2 and prime q. Let N be an arbitrary finite
set. For any Boolean function f: F, x F, — {0,1} and a function g : N* — F,, we define
the lifted function fog as

(fog): N x F, — {0,1}, (fog)(x1,...,Xk,2) := f(g(xl,...,xk),z).
We call f the outer function and g the gadget function.

By choosing the generalized inner product function as the gadget function, the randomized
lifting theorem transfers the communication lower bound of the outer function to that of the
lifted function as follows.
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» Theorem 16. Let 0 <e <1 and 0 < <1—c¢ be constants. Let the gadget be GIP’;’T :
(Fg)k — F,, where k > 2 and q is the smallest prime in [4k,8k] *. If r > 2% log(q?/d) , for
any outer function f:F, x Fy — {0,1}, we have

R_7°™(f o GIPE ) > R45(f).

» Remark 17. It suffices to take r = [2¥1og(¢?/0)]. Thus the input length of the gadget
function is
x;| = [rlogq] = ©(2"log?q) , Vi € [K].

Theorem 16 builds on the following key lifting lemma, which shows a (k 4 1)-party
conservative one-way protocol for the lifed function f o g can be simulated by a two-party
one-way protocol for the outer function f. The additive loss in the error is controlled by the
fiber discrepancy of the gadget function.

» Lemma 18 (Key lifting lemma). Let g: N* — F, be a surjective gadget function with fiber
discrepancy Ag. For any outer function f: Fy x Fg — {0,1}, if f o g has a (k + 1)-party
conservative one-way protocol with cost < C and error < ¢, then f has a two-party one-way
protocol with cost < C' and error < e + 20 . Ay

The proof of Lemma 18 is postponed to Section 4.1. To control the fiber discrepancy A,
Lemma 19 bounds fiber discrepancy in terms of Fourier correlation, and Lemma 20 bounds
the Fourier correlation of GIP];’,,.

» Lemma 19. Given a surjective gadget function g : N¥ — Fy, if FCorr(g) < v and ¢y < 1/2,
the fiber discrepancy Ag < 4q.

The proof of Lemma 19 is postponed to Section 4.2.

» Lemma 20. The Fourier correlation of GIP’;’T satisfies FCOH"(GIP’;_’T) < (k/q)r/zk—l .

The proof of Lemma 20 is adapted from Yang-Zhang’s Lemma 3.2 [21]; we include the
details in the appendix for completeness.
With these three lemmas in hand, we can prove Theorem 16 now.

Proof of Theorem 16. For any public-coin conservative one-way protocol II for f o GIP’;W
which has cost C' and worst-case error ¢, we prove that C' > R 5(f) as follows.

Let G := GIP];’T. For contradiction, suppose C' < R} 5(f). By Lemma 18, there exists a
public-coin two-party one-way protocol I’ for f with cost C' and worst-case error € + 2 Ag.

Let yx(q,r) = (k/q)T/Qkil. We have ¢ - v;(q,7) < % < 1/2. Since G is surjective,
Lemma 20 and Lemma 19 imply that Ag < 4q (g, 7). Therefore the error of II' satisfies

e+29Ag <e+29 dgy(qr) <e+ 2R?+5(f)+2q”yk(q,7“) <e+9.

The last inequality follows from r > 2¥log(¢?/d). Indeed, since q > 4k,

1)\ 2log(a®/9) s\2
< ()-8

Moreover, R 5(f) < [logq| <logq+ 1, and hence

. s\*
2Rt (N2 4, (q,7) < 8¢2 <q2> <.

So IT" has worst-case error € + ¢ and cost C' < R 5(f), which is impossible. <

! By the Bertrand-Chebyshev theorem, there exists a prime in [4k, 8K].
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4.1 Proof of Key Lifting Lemma

In this section, we complete the proof of Lemma 18. At first, we need the following technical
lemma which shows all transcript cells are cylinder intersections.

For each one-way conservative NOF protocol on f o g, the transcript 7 is determined
by the inputs (x1,X2, - ,%x;) € N¥, z € F, and the public randomness p. After fixing z
and p, the transcript map 77, : N¥ — {0,1}=¢ is a deterministic function of the inputs
(x1,X2,- - ,Xg), where C is the cost of the protocol.

» Lemma 21. For each one-way conservative NOF protocol of cost C on fog:F, x N¥ —
{0,1}, given input z € F, and public randomness p, let T, ,: N* — {0,1}=C be the transcript
map. Then for every transcript T, Tz_”,]t(T) is a cylinder intersection of N*.

Proof. Fix a transcript 7. If Tz’,[} () is empty, the claim is immediate. Otherwise, by
the bit-protocol convention, p and 7 uniquely determine the messages my, ..., mg and the
intermediate transcripts 79,71, ..., 7%, where 19 = (, 7, = 7, and 7; = 7;,_1m;. For each
i1 € [k], let M; be the message map of player P; in the protocol. For each i € [k], define

C; = {x e Nk . Mi(z,%X_i,p,Ti—1) = ml}

So C; is an i-cylinder.

We prove T, (1) = C1 N --- N Cy, as follows. On the one hand, if x € T }(7), then the
protocol is deterministic once the input (z,x) and randomness p are fixed, and it produces
the messages my, ..., my and the transcripts 71, ..., 7;. Therefore x € C; for each i € [k].

On the other hand, if x € C; N---N Cf, we prove by induction that the protocol on input
(z,x) and randomness p produces myq,...,m; and 71, ...,7; during the first ¢ rounds. The

case i = 1 is immediate from the definition of C;. Assume the claim holds up to round i — 1.

Then player P; sees the current transcript 7;,_;. Because x € C;, the next message must be

m; by definition. Hence the next transcript is 7; = 7,_1m;. This completes the induction.

Taking i = k gives 7 = 7, so x € T, }(7). <
Now we prove the key lifting lemma.

Proof of Lemma 18. Fix a conservative one-way NOF protocol Il on fog: N¥xF, — {0,1}
with cost C' and error e. We construct a two-party one-way protocol II' on f : F, xF, — {0,1}
by simulating II; it has cost C and error € + 2¢A,. Let T := {0, 1}=C.

Let p denote the public randomness. All probabilities and expectations over p below are
taken with respect to its distribution. Let R be the space of public randomness. Given input
zcF,and pe R, let T ,: N* — T be the transcript map of II.

Protocol: In the two-party one-way model, Alice receives z € F, and Bob receives
v € F,. Alice sends a message to Bob, who outputs f(v,z). First, sample p according to the
distribution of public randomness of II. Using additional independent public randomness,
Alice samples x’ ~ Uni[N*] and computes the transcript 7 := T, ,(x’) according to II. Then
Alice sends 7 to Bob. On input v, Bob outputs DEC(v, p, 7) using the decoder of II.

Analysis: It is clear that the cost of II' is |7] < C. We bound the error probability
of IT" as follows. Given (z,v) € F, x Fg, let p,, be the distribution of (p, T, ,(x")) for
x” ~ Uni[N*|,], and let v, be the distribution of (p, T, ,(x’)) for x’ ~ Uni[N*]. In both
cases, the gadget input is independent of p. Define the error event

E,v:={(p,7) € R x T : DEC(v,p,7) # f(v,2)}.

Step 1: We show that p,v(E,v) equals the error of II averaged over the fiber set

NF¥|,. Recall that N*¥|, = {x € N¥ : g(x) = v}. For any x € N¥|,, (f o g)(x,2) = f(v,z).
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Given (x,p) € N¥|, x R, the protocol II produces the transcript 7, ,(x) and outputs
DEC(v, p, T,,(x)). Therefore II errs on (x,z, p) if and only if (p, T, ,(x)) € E, v.
Because II has worst-case error ¢, for any (x,z) € N¥|, x F,,

Pr[II errs on (x,z)] < e.
p

Thus by averaging over x” ~ Uni[N*|,], we have

fzv(Eqyy) = Pr [l errs on (x”,2)] <e.
p,x!

Step 2: Under I, v,(E,+) equals the error probability on input (z,v). On public
randomness (p,x’), Alice sends T ,(x’) to Bob, and Bob outputs DEC(v, p, T, ,(x’)). Hence
IV errs if and only if (p, T,,,(x")) € E, . Therefore v,(E, ) = Pr,x [II errs on (z,v)].

Step 3: We now bound the total variation distance between p, . and v,. By Lemma 21,
Tzfpl (7) is a cylinder intersection in N*. Thus by the definition of fiber discrepancy (Defini-
tion 9), we have for any (p,7) € R x T,

" - N o
I OO R B R O R
Therefore the total variation distance between i, and v, satisfies:
1 mno_ no_
TV bz va) = iEp EZT xuNUEir[NkIV] [T = 7] = x/NIEﬁ[NI«] [Taplac) =]
1
< §|T|Ag
<29A,.

Consequently,
Pr [H’ errs on (z,v)] =Vp(Epv) < ptov(Ern) + TV (g, V) < €+ 2C. Ay

It holds for arbitrary (z,v) € F, x F,, so II' has worst-case error at most ¢ +2° - A,. <

4.2 From Fourier correlation to fiber discrepancy

In this section, we prove Lemma 19, which relates the fiber discrepancy to the Fourier
correlation.

Proof of Lemma 19. Fix v € F, and a cylinder intersection S € CI[N*]. Let x’ ~ Uni[N*],
set v/ := g(x’), and let
py = Pr[v/ =v].

By taking the cylinder intersection N* € CI[N*] and the definition of FCorr(g), we have

[Elx(av)]| <~
for every o € F*.
By character orthogonality,
1
1V =v] = p Z x(a(v' =v)).
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After taking expectations on both sides, we obtain

Therefore

andeZ%—’y>0.

Py = é 4 é 3 X(—av) E[x(av')].

a€Ry
1 1 g—1
‘SZ:ERQWN|<WS%
q| = q ~, q
a€cly

Again by character orthogonality,
Pr[x’ € §,v/ =v] =E[1[x' € §]1[v/ = V]|

Prix' € S] 1
=———"

- Z x(—av)E[1[x" € S] x(av')].

q
aGF;

Multiplying the expression for p, above by Pr[x’ € S] gives

Pr[x' € 5] py

- PSS LS M) Pl € S]Elx(av)]

aEFé

Subtracting the preceding two displays gives

1
Prjx' € S,v/ =v] —Pr[x' € S] - py = — Z x(—av) -

q
aEF;

Since |x(—av)| =1 for every a € F, the triangle inequality gives

73:15

(E [1[x € 8] x(av')] — Pr[x’ € 8] E[X(av’)]).

|Prix’ € S,v/ =v] - Pr[x’ € 5] - py| < é Z ‘E[l[x' € Sl x(av')] = Pr[x’ € ] E[X(av’)]’.

aGF;

For every a € ¥, applying the definition of FCorr(g) to the fixed cylinder intersection S

gives

[E[1[x" € S]x(av')]| <.

Moreover, since 0 < Pr[x’ € S] < 1, the estimate |E[y(av’)]| < v established above gives
|Pr[x’ € S]E[x(av')]| < Pr[x" € S]y < 7.

Thus, by the triangle inequality, for every o € F*,
|E[1[x" € S]x(av')] = Pr[x’ € S]E[x(av')]| < 2.

Since F contains ¢ — 1 elements, substituting this bound into the preceding display gives

|Prix’ €
Hence

Pr [x" eS| —
x/'~Uni[NF¥|y]

Since ¢y < 3, we have
proves the claim.

-1
S,v' =v] = Pr[x' € 5] py| qu-Zng'y.

Pr [x'eS]|=Prx' €eS|v =v]-Pr[x' €9
x’~Uni[NF¥]

|Pr[x’ € S,v/ =v] — Pr[x’ € 5] - py|
Dv

< 2
1—qy

12:% < 4¢qy. Taking the supremum over v € F, and S € CI[N*]

<

MFCS 2026
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5 Quantum lifting

In this section, we prove our quantum lifting theorem as follows.

» Theorem 22. Let 0 < e < 1 and 0 < § < 1 — ¢ be constants. Let the gadget be
GIP’;T : (Fg)k — F,, where k > 2 and q is the smallest prime in [4k,8k]. If r > 2¥1og(q?/9),
for any outer function f: Fq x F, — {0,1}, we have

Q" (f 0 GIPG,) = Qs (f)-

» Remark 23. It suffices to take r = [2¥1og(¢?/0)]. Thus the input length of the gadget
function is
xi| = [rlogq] = ©(2"log®q) , Vi € [K].

Before proving Theorem 22, we need the following key lifting lemma that translates
(k + 1)-party quantum one-way conservative NOF protocol into two-party quantum one-way
protocol, and charges the extra error by the fiber discrepancy of gadget function.

» Lemma 24 (Key lifting lemma). Let g: N* — F, be a surjective gadget function with fiber
discrepancy Ag. For any outer function f: Fy x Fy — {0,1}, if fog has a (k+ 1)-party
quantum one-way conservative protocol with message lengths c1,...,cx and error < e, f has
a two-party quantum one-way protocol with cost < ¢ and error < & 4 461+ k-1 . Agl.

The main idea behind Lemma 24 is to decompose the terminal acceptance probability into
bounded product tests, which can be controlled by Agn. The proof is deferred to Section 5.1.

It remains to bound the fiber discrepancy Ag. The next two lemmas do so by relating it
to product Fourier correlation and then bounding this correlation on GIP;T.

» Lemma 25. Given a surjective gadget function g: N* — F,, if the product Fourier
correlation PCorr(g) <~ and qy < 1/2, the fiber discrepancy satisfies A_l(;[ < 4qr.

» Lemma 26. The product Fourier correlation ofGIP’(;T satisfies PCorr(GIP’;,T) < (k/q)r/zk—l '

Lemmas 25 and 26 are analogous to Lemmas 19 and 20 in the randomized lifting argument.
Fourier inversion is identical, while the GIP estimate replaces indicator tests by bounded
product tests. The proofs are deferred to the appendix.

Proof of Theorem 22. Let G := GIP](;’T. Consider any one-way conservative quantum
protocol II for f oG with cost C' and worst-case error at most . We prove that C' > Q7 5(f).
Suppose, for contradiction, that C' < Q7 5(f). Let c1,. .., cx be the message lengths of II
and Zle ¢ = C. Let vi(q,7) := (k/q)kai1 . Since ¢ > 4k and r > 2¥log(¢?/d), we have
qvk(g,7) <1/q < 1/2. Because GIP];’
Af < dqyi(g, 7).
By Lemma 24, II yields a two-party one-way quantum protocol I’ for f with cost at most

» is surjective, by Lemma 25 and Lemma 26, we have

¢, and error at most
€+ 461+"'+C’“*1Ag <e 4Tt gy (q,r) < e+ QZQ:”(”“Q%(% r) <e+9.

The last inequality follows from r > 2¥log(¢?/d) and ¢ > 4k, which give

1 2log(q*/9) s\4
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Since Q7 5(f) < [logq], we have

. L (6 \*
22Q35(N+2¢, (¢,1) < 1643 (q2> <.

Thus II" has cost at most cx < Q7 5(f) and error at most ¢ + d, contradicting the
definition of Q7 5(f). <

5.1 Proof of Key Lifting Lemma

In this section, we prove Lemma 24. At first, we expand each completely positive trace-
preserving (CPTP) map in the matrix-unit bases of its input and output spaces, denoted
by E}lrl‘) and E°J*, respectively. The following lemma shows that every coefficient in this
expansion has magnitude at most 1.

» Lemma 27. Let A: C*' — C'** be CPTP. For each a,b € [t], write A(E™) =
S S Aed.ab B Then [Mea.ap| < 1 for every a,b € [t] and c,d € [t].

Fix a one-way conservative quantum protocol with message lengths c1, ..., ci. Let Hy be
the register sent by Py to Charlie, and let ok , be its state on input (x,z). Using Lemma 27,
the next lemma expresses the terminal acceptance probability as a sum of bounded product
tests, which can be controlled by Agn.

» Lemma 28. For every input z € Fy and operator 0 X M =X Iy, , there exist an integer
L < 4ert-te—1 gnd functions ¢; j: N*~1 — C such that for every input x € N*¥,

where |¢; ;| <1 for every i € [k],j € [L].

With these two lemmas in hand, we can finish the proof of Lemma 24. The proof of
Lemma 27 and Lemma 28 are put into the rest of this section.

Proof of Lemma 24. Fix a one-way conservative quantum protocol II for fog with message
lengths c1, ..., c; and worst-case error at most e. For each (x,z) € N¥ x Fy, let ok, denote
the final message state received by the terminal player Charlie.

Construct a two-party one-way quantum protocol II' for f as follows. On input z € Fy,
Alice samples x’ ~ Uni[N*], simulates I on (x/,z), and sends Bob the final message state
Ox' z- Bquivalently, Alice sends the mixed state Ex/ unijn#)[0x/ z]. On input v € F,, Bob
applies the same binary measurement that Charlie would use in II on gadget value v. The
message sent by Alice is the last message register of II, so the cost of IT' is at most cy.

Next, we analyze the error probability of II'. Fix (v,z) € Fy xF,. Let M, = {M‘(,O), M‘(,l)}
be Bob’s binary POVM. Recall that N¥|, := {x € N*¥ : g(x) = v}. Define the averaged
states

Ov,z ‘= Ex”NUni[Nk\v] [Ux”,z]7 Oz ‘= IEx’~Uni[N’C] [Ux’,z]'
For every x € N*|,, we have (f o g)(x,2z) = f(v,z). By the worst-case error guarantee, the
original protocol I has average error at most ¢ on the fiber N*|,. Therefore:
1. if f(v,2z) =1, Tr(M\(,l)av,z) >1—¢
2. if f(v,z) =0, Tr(Mél)av,z) <e.
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We now compare the error of II' on (z, v) with the corresponding quantity for oy ,.
If f(v,z) = 1, then the error of II' on (z,v) is 1 — Tr(Mél)az). So we obtain
1-Tr(MMa,) =1 - Te(MPoy ) + Tr(MM (0v,, — 04))

<e+ Tr(Mél)(av,z — az))‘ .

If f(v,z) =0, the error of II' on (z,v) is Tr(M‘(,l)az)7 and similarly,

Tr(MMo,) = Te(MPoy,) + Tr (MM (0, — 0v.4))
<e+ ‘Tr(M‘(,l)(awz - az))‘ .

So in both cases, it remains to bound ‘TI‘(M\(,U(O'V’Z - Uz))’ .
By Lemma 28, the map x Tr(M‘(,l)oxJ) admits a decomposition

L k

Tr(M\(zl)O'x,z) = Z H (bi,j (X—i)7

j=1i=1

where L < 4% t%-1 and |¢; ;| < 1. For every j € [L], Definition 13 gives

k
[T

i=1

II
<All

k
By cUni[N*|y) lH ¢i,j(xﬁi)1 — By Uni[N¥]

i=1

Therefore, by the definitions of the averaged states and the triangle inequality,

Te (M (0.0 — 02))| < LAY < 49 o AlL
Thus the derived two-party protocol I’ has worst-case error at most

cit-tcp—1 AIL
e+4 A,

Now we finish the proof of Lemma 27 and Lemma 28.

Proof of Lemma 27. Fix a,b € [t]. The output matrix units form a basis, so the expansion is
unique and, for every ¢, d € [t'], Aca,ap = (A(E(ilrl’)))cd. Choose a Kraus representation A(T) =
> K, TK} satistying >, KX K, = I;. Since E% = e e;, we have Acag.ap = D (Ks)e,a(Ks)d,p-
Thus, by Cauchy—Schwarz,

1/2 1/2
|)\cd,ab| < <Z |(Ks)c7a|2> <Z (Ks)d7b|2> .

S

Moreover,

u=1l s

Z |(KS)C,¢1|2 < ZZ |(K8)u7a|2 = <€aa (Z K:Ks> ea> =1,

and the same argument gives Y _[(K)a|* < 1. Hence |Aca,ap] < 1. <
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Proof of Lemma 28. Fix the input z € F, and an operator 0 < M < I. Set dy := 1 and
d; :== 2% for every i € [k]. For each i € [k] and local view (z,x_;), let

A(‘vafi) . (Cdi—l Xdi_1 N CdiXdi

be the channel applied by P;.

Let (A(z e k))* denote the Hilbert-Schmidt adjoint. Pull M back through the last sender:

Az, % k) (A(z’x*’“))*(M).

Since A k) g completely positive and trace preserving, its adjoint is unital and positive.

Hence
0= Am(z,x—k) = 1ay A (2, x—k)[lop < 1.

The operator Ay (z,x_j) acts on the (k — 1)st message register and depends on the input
only through x_p.
Using the matrix units, expand for each i € [k — 1]:

d; d;

AP (D) Z 3OS OAD (e B,

c=1d=1

By Lemma 27, |)\Cd (2 x_l)’ <1.
Let o5, be the state after the first & — 1 senders. Iterating the above matrix-unit
expansions gives

k—1

< _ (1) ) (k—1)

%z = Z (H )\aq‘,bq‘,,aq‘,—lbi—l(z’x’)> Eak 1bg—17
a1,bi,..,ak—1,bpg—1 \i=1

where (ag,bp) = (1,1).
Write

U
U

k—1 Qk—1
Ay (z,x_f) = (2, x_ i) EFY),

u=1 v=1

Since ||Anr(z,%—k)|lop < 1, each entry satisfies
o (2, %) = [(e 1, A (2, x)el V)| < 1.

Since

Oy _A(zx k)(0.< )7

X,Z
the definition of the adjoint gives

Tr(Mox,,) = Tr(An(2z,X_1)ox,).
Substituting the two expansions and using

Tr (Ei(L]f)_l)E((z,;_l)) = 5v,a5u,b7

we get

k—1
Tr(MO—xyz) = Z (H )‘((zz,i)bi,ailbil(zvx—i)> abk—lak—l(z’x—k)'

a1,b1,...;ak—1,b—1 \t=1
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Since z is fixed, each summand is a product of k functions: for i € [k — 1], the ith factor
depends only on x_;, and the last factor depends only on x_. All factors have magnitude
at most 1. The number of index choices is

k-1
L= ][] d; =4t tee,
i=1
Index these summands by j € [L] and take their corresponding matrix entries as the functions
¢;;- This gives the desired representation. |

6 Applications

In this section, we present two applications of our lifting theorems to two benchmark outer
functions: the Boolean hidden matching function and the index function.

» Theorem 29 (Lifted Boolean Hidden Matching). Let BHM be the outer function f. For
every sufficiently large total input length n and every k > 2 in the ranges below, there are
partial (k + 1)-party functions F:= BHM o G on n input bits such that
Q5" (F) = O(log n).

Using the G := GIP gadget, one obtains Rl_;éCOHS(FGIp) > 5(1 /) » whereas using G as a
random gadget gives, with high probability, R;:’;O“S(and) > Q(\/%) .

Consequently, this application gives a polynomial-versus-logarithmic, hence exponential,
separation in the GIP construction only when k = O(logn). For the random gadget, the
same separation holds throughout the polynomial sender regime k < n'~%1)

Proof. Let BHMy be Boolean Hidden Matching with Alice’s input z € {0,1}". We use the
standard one-way bounds, valid for constant error 2/5,

R~ (BHMy) = Q(VN), Q7 (BHMy) = O(log N);

see, e.g., [2, 8].

The number of possible Bob inputs in BHMy is 20V IesN),

Choose a prime ¢ large
enough to encode Bob’s input alphabet into F, and also satisfying ¢ > (2k)?. Thus

logg = ©(Nlog N + logk).

We write BHM y also for the resulting encoded promise function {0,1}" x F, — {0,1}. The
composed function is defined on the inverse image of the BHM promise. We use Theorems 16
and 32 in this promise form, which is obtained by restricting the usual lifting simulation to
the promised outer inputs.

First consider the GIP gadget. Take the GIP parameters as in Theorem 16, with constant
error slack. Since ¢ > (2k)?, the factor log ¢/ log(q/2k) is constant, and the per-sender gadget
block length is O(2¥N).

Theorem 16 gives

Ry75°™ (BHMy o GIP) > Ry)5(BHMy) = Q(VN).

Choosing the largest even NN for which the total input length N + & - 6(2’“N ) is at most n
gives N = @( 7 ) , as long as k2% < n/polylogn. Hence

k2k
—,cons of | 1
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Now consider the random gadget. Apply Theorem 32 with failure probability, say, n~
Since R2_/)5(BHM ~) < N, the required random-gadget alphabet can be chosen so that each

sender has input length 5(N ). Therefore, with probability at least 1 — n~!? over the choice
of the random gadget G,

Ry (BHMy o G) > R;)5(BHMy) = Q(VN).
Choosing the largest even N for which N + k - 6(N) < n gives N = é(%) , provided
k < n/polylogn. Thus, with high probability,

cons o n
R, (BHM 0 G) > Q(\/D .

It remains to note the quantum upper bound. In the lifted conservative protocol, the
terminal player sees the gadget output and hence can compute the encoded Bob input of
BHMy. Any nonterminal sender sees Alice’s input z and sends the O(log N)-qubit message
from the standard quantum BHM protocol. The terminal player then completes Bob’s
measurement. Hence, for both gadgets,

Q5" (BHM 0 G) < O(log N) < O(log ).

Finally, the displayed lower bounds are polynomial in n precisely in the corresponding
parameter ranges. For the GIP gadget this requires k2F < n!=%(1)
k = O(logn). For the random gadget it only requires k < n'=%)  Since the quantum cost
is O(logn), these regimes give the claimed polynomial-versus-logarithmic, hence exponential,
separations. <

, which in particular forces

» Theorem 30 (Lifted INDEX). For sufficiently large n and k > 2, there are (k + 1)-party
total functions F with total input length n obtained by composing the INDEX function with a
gadget G.

(i) Using the gadget GIP, namely

Faip(z,21, ..., ax) i= INDEX (2, GIPY) (21, ..., ),

one obtains Rl_/’écons(FGIP) > ﬁ(ﬁ) )

(i) Using a uniformly random gadget G := G,,,, namely

Frond(z,21,...,x) := INDEX(z, Gm(z1,. .. ,xk)),

R%,cons

one obtains, with high probability over the choice of G, 13 (Frand) > ﬁ(%) )
Consequently, this INDEX application gives polynomial randomized lower bounds in the
GIP construction only when k = O(logn). For the random gadget, polynomial randomized
lower bounds hold throughout the polynomial sender regime k < n'~%(1) . Here Q hides
polylogarithmic factors in n.

Proof. Let INDy : {0, 1} x [N] — {0, 1} be the one-way INDEX function, INDy(2,4) = z;.
We use the standard bound Ry7;(INDy) = Q(N) for public-coin one-way randomized
protocols; see, e.g., [14]. We will choose N as a function of the final input length n.

First consider the GIP gadget. Choose a prime ¢ = ©(max{N, k?}), and fix a map
7 : Fg — [N] whose restriction to some subset of [, is a bijection onto [N]. Define the
encoded total outer function

fn(z,a) == 2r(a), ze{0,1}", a €T,

10
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Since IND is a restriction of fx, we have Rl_/)B(fN) = Q(N). Applying Theorem 16 with
constant error slack gives

Ry (fn 0 GIP) > Q(N).

Moreover, because ¢ > k2, the GIP block length per sender is |x;| = 5(2’“]\7), where the O
hides polylogarithmic factors in n. Thus the total lifted input length is N + & - 6(2’“N ).
Choosing the largest N for which this quantity is at most n, and then padding by dummy bits if
necessary, gives N = é(#) in the nontrivial GIP regime k2* < n/polylogn. Consequently,

—,cons of "
Ry (Fare) = 95
Now consider the random gadget. Choose a prime ¢ = O(N) and define the same encoded
total outer function fy : {0,1}" x F, — {0,1}. Apply Theorem 32 with constant error

slack and failure probability, say, n™'%. Since RyJ;(fn) = Q(N) and Ryj;(fn) < N, the

random gadget can be chosen so that each sender has block length |x;| = O(N). Hence, with

—10

probability at least 1 —n~="" over the choice of G,,,

Ry7E™ (fr 0 Gm) = QUN).
The total input length is now N +k - 5(N ). Choosing t~he largest N for which this is at most
n, and padding by dummy bits if necessary, gives N = @(%) in the nontrivial random-gadget
regime k < n/polylogn. Therefore, with high probability,

ns ofm
Rl_/)éco (Frand) Z Q(E) .
Finally, the GIP lower bound is polynomial in n only when k2% < n!'=%() which forces
k = O(logn). In contrast, the random-gadget lower bound is polynomial throughout the
regime k < n'~()_ The functions are total because the encoded INDEX function is defined
on all of IFy, and both gadgets are total. |
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A  Fourier correlation of the GIP gadget

Proof of Lemma 20. Throughout the proof, x1,...,x are independent and uniformly dis-
tributed over Fy, and each y; is an independent copy of x;. Fix a cylinder intersection

S € CI[(F;)*] and an element a € F. Write S = 51 N---N Sk, where cach S; is an i-cylinder.

Define
k r k
I'o(S) :==Ex, .. x, H 1[(x1,...,X) € Sﬂx(aZ H&',t)} .

i=1 t=1i=1
Since

E

(x1,...xx) € 8] =[] 1(x1, ..., xx) € S,

i=1
it is enough to prove that [T (S)| < (k/q)™/2" " for every a € F and every S € CI[(F;)*].

First, we square ', (S) and expand with respect to x;. Because Sy is a k-cylinder, the
indicator 1[(x1,...,xx) € Sk| is independent of x;. Hence

k—1 r k—1
Ex, lH 1[(x1,...,Xg) € Si]X<O£ZXk,t H Xi,t)]
i=1 t=1 i=1

Expanding the square introduces an independent copy yi of xx; the new phase is

T k—1
X (04 Z(Xk,t — Yk.t) H Xi,t) .
t=1 i=1

In the next step, the factor coming from Sy_; is independent of x;_1, so the same
argument can be applied to x;_1. Repeating this computation for x,xx_1, ..., X2 introduces
independent copies yi,Vi_1,--.,y2 and yields

T k
X <0‘ Z X1t H(Xi7t - Yi,t)>‘| ’ .

If there exists t € [r] such that HLQ (xit — ¥it) # 0, then the inner expectation over

2
|FQ(S)|2 S ]Exl,...,x

k—1

k—1
La(S)* " < Exapoxiyayn |Exi

x1,+ € IF, vanishes by character orthogonality. Therefore the inner expectation can be nonzero
only if ]_[f:2(xi7t —yiz) =0 for every t € [r]. Hence

T (S))* " < Pr

k
vt € [r], H(xi,t —Yit) = 0] .

=2

For a fixed t € [r], the event Hf:z(xi,t —yit) = 0 means that x;, = y; for at least one
i €{2,...,k}. By the union bound,

k
Pr [H(Xi,t —Yit) = 01 <

1=2

NS
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Because the variables corresponding to different coordinates ¢ € [r] are independent,
k—

IT(S)2" < (k/q)". Since S and « are arbitrary, taking the supremum proves the

lemma. <

B Product Fourier correlation of the GIP gadget

Proof of Lemma 25. Fix v € F, and functions ¢;: N¥~! — C with |¢;| < 1 for every i € [k].

Define

Then |®| < 1. Let x’ ~ Uni[N*] and v’ := g(x’). Write py := Pr[v' = v]. Taking all ¢; = 1
in the definition of PCorr(g) gives |E[x(av’)]| < v for every a € F).

By Fourier inversion, 1[v/ = v] = % Zaqu x(a(v' = v)). Taking expectations gives

1 1
pv=-+= Y x(—av)E[x(av)].
9 aGF;
Therefore ) ) .
q-—
pe ‘ <1 S ERev) < Lty <
q|~ q &~ q
€F
In particular,
1 1-—
DPv Z - —7= al > 0
q q
Again by Fourier inversion,
/
E[®(x)1[V =v]] = E[2(x)] + = x(—av)E[®(x")x(av')]
q aEF;
Also,
E[®(x
Bl () py = SoC) L LS CaviE@()IEN (V)]
q q aEF;
Subtracting the two displays yields
1
E[@(x)1[v = V]| ~E[@(x)]py = = > x(—av) (E[2(x)x(av)] - E[®(x)]E[x(av')]).
aGF;

For every a € F, the definition of PCorr(g) gives

’E[@(x’)x(av/)] | <.

Moreover,
[E[2(x)]] < E[|o(x)]] < 1,

and hence
[E[®(x")|E[x(av)]] < 7.

Since |x(—av)| = 1, the triangle inequality gives

[E[@(x)1[v' = v]] - E[®(x)]pv| < ! > 2y= q%l 2y < 2.
aEF;
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i € [k]. Throughout the proof, x1, ...
Set £ :=k — 1, and write x; = (z;1,. ..,
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Hence

EscrmtmiN4]o] [R(X")] = Exrmmipns) [2(x)]| = [E[@(x)

- |]E[<I> x')
< 2qy '
1 —qy
Since ¢y < 1/2,
207 < 4gy.
1—gqy

lemma.

x;r). Let

(0) 1)

For every i € [{], let x; ’ and x;
x(_wk) = (ngl)’ . ,xéw’f)).
Define
I ¢ (x“) IT o
we{0,1}* wef0,1}*
|w| even |w| odd

Then O is independent of x;, and |0 < 1.
For every t € [r], define

A= ¥ (c1e Hfg(w@) H

Taking the supremum over v € F, and all functions ¢;: N¥~! — C with |¢;| < 1 proves the

<

Proof of Lemma 26. Fix o € F) and functions ¢;: (F})*~1 — C with [¢;] < 1 for every
, X, are independent and uniformly distributed over [y .

be independent copies of x;. For w € {0, 1}, write

(w)

0 1
() =)

we{0,1}¢ =1
Since x(u) = x(—u),
[ (o) I
wef0,1}* i wef0,1}*
lw| even |w| odd

<azxktnx< 1>> X<a§xk,t/1t>.

At the ith step, write the current expression using the product R;(u) of the copies and

[Eu [Ri(w)Ex, Bi(u, x)]|* < Eq [|Ri(w)|*] -

Because |©] < 1, applying this inequality successively for i =1,...

ID|* <

.....

O Ex, x <a Z xk,tAt>

t=1

E @ 50 % 50

conjugates of ¢;, and let B; denote the remaining integrand. Here u denotes the remaining
outer variables. Since R; is independent of x; and |R;| < 1, Cauchy—Schwarz gives

E, [|ExiBi(u,xi)|2} <

E, {|]ExiBi(u, xi)ﬂ .

, 4 gives

Ex, X (a Z xk,tAt> ’ .

t=1

< ]Ex§0>7x§1>,m7xéo)7x21>
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(0) (1)

For fixed copies x; ’,x;”’, character orthogonality gives

T

Exkx<a2xk’tAt> = HEZM [x(azp Ar)] = H 1[A; = 0]
t=1 t=1

t=1

For fixed ¢ € [r], the differences acg?t) - mg}t) are independent and uniform over F,. Therefore

Pr[A, =0]=1— (11)2.

q

The events A; = 0 are independent over ¢ € [r]. Hence

)

¢
Finally, 1 — (1 — %) < g < %. Taking the 2¢th root and recalling that £ = k — 1, we obtain

k—1
k /2
|D| < () :
q

Since a and the functions ¢; were arbitrary, taking the supremum proves the lemma. |

C Randomized and quantum lifting with random gadgets

In this section, we replace the explicit gadget GIP;’? by a random gadget. Now take X; =
.- = X = [m] and X = [m]*, so that each input point is written as x = (x1,...,x;) € X
andx_; € X_; = Hj# X, Vi € [k]. Each player now receives [logm] bits of gadget input.

A random gadget is a function G,,: [m]¥ — F, chosen by assigning the values G,,(x)
independently and uniformly in F, for all x € [m]".

The following theorem shows that a random gadget has small fiber discrepancy against
cylinder intersections and generalized cylinder intersections.

» Theorem 31. Given k > 2, let ¢ > 2 be prime, and let 0 < ( < 1 be constant. Choose
G [m)F — F, uniformly at random. Then the following estimates on fiber discrepancy
1. Fiber discrepancy against cylinder intersections. Define

10q _ 4q 1/2
Br,qm = (Smk (kmk 'm2+1n C)) .

2
m* > 8¢In ?q and Br,gm <1,

If

with probability at least 1—C, every fiber of Gy, is nonempty and Aq,, < B q,m- Moreover,
when m > q, this gives a simpler estimate

2
Ac, o<< Zn>

2. Fiber discrepancy against generalized cylinder intersections. Let 0 < 0 < 1. If

m satisfies

4q m*6? 256k 8¢
k> 12gln — > 2%kmP In =2 4 In =2
mEZ AN, g, SR I s,
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with probability at least 1 — (, every fiber of Gy, is nonempty and Agm < 0. Moreover, for
a sufficiently large universal constant Ko > 0, the hypothesis on m could be simplified as

q k q
> Ky — n—+In=).
m 0 o3 <k:l 7 1()

The proof of Theorem 31 is postponed to Section C.3. In Sections C.1 and C.2, we apply
the random gadget to randomized and quantum lifting and obtain sharper gadget-size bounds
than those for GIP.

C.1 Randomized lifting with a random gadget

In this section, we prove the following randomized lifting theorem using a random gadget.

» Theorem 32 (Random-gadget randomized lifting). Given k > 2, let ¢ > 2 be prime,
let Z be an arbitrary finite set. Let 0 < ( < 1. Let 0 < e <1 and0 < J <1—¢ be
constants. Let f: Z x F, — {0,1}. Choose G, : [m]¥ — F, uniformly at random, and define
F: Z x [m]F —{0,1} by F(z,x) := f(2,Gm(x)). There exists a universal constant K > 0
such that if

m > K q22Rs() 52 <k tln Z) :

with probability at least 1 — ( over the choice of G,
RZVOM(F) = R25().

Moreover, since R 5(f) < [log|Z[], it suffices to take m = {Kq22“°g|ZH5’2 (kz +1ln %)—‘ .
The input length |z| = [log|Z|], and |x;| = [logm] = O ¢(log|Z]| + log g + log(k + logq)),
Vi € [K].

Remark: comparison with GIP gadget. Theorem 32 has exactly the same lifting
interface as the GIP-based theorem, namely Theorem 16; only the gadget is changed. The
tradeoff is that G,, is non-explicit: its truth table consists of m* independent uniformly
random entries in IF,. The gain is that the per-player gadget size is now

[logm] = Oy, (log|Z| + log g + log(k +logq) ).

By contrast, the GIP-gadget lifting uses gadget size

log q
_ k
[rlogq] = Os <2 o (q/2F) (log | Z] + logq)> :

So the random gadget removes the exponential dependence on k from the gadget size.

We prove the randomized lifting theorem using a random gadget as follows.

Proof of Theorem 32. We prove the theorem with any universal constant K > 8. Assume

m > K q2%R4s ()52 (k +In Z) .

Since K > 8, 0 <1, and R 5(f) > 0, this implies m > 8¢ (k + In %) . In particular m > q.
We first verify the two hypotheses of the part (1) in Theorem 31.
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The first condition follows immediately:

2
mk2m28q<k+lng> 28qln?q,

where the last inequality uses k > 2 > In 2.
It remains to check that B 4m < 1. More precisely, we will prove the stronger bound

Bk,q,m S ) 2_R:+6 (f) .

By the definition of B ¢ m,

10q (kIn2 In(4q/C
ﬁlz,q,m = ( m + (mk/ ) :

3
Using mF >m, kln2 < k, and
m o ma<m? 4k
¢ ¢ ¢
we get

20q q
2 <2 (k+h).
Bk%m— 3m< + nC

Now applying the lower bound on m,

62(1771 < %522_2R:+5(f) < 529 2R 5 (f)

Therefore B g,m < §2 R4s(f) < 1. Thus both hypotheses of Theorem 31 (1) are satisfied.

Hence, with probability at least 1 — ¢, every fiber of Gy, is nonempty and Ag,, < Bi.q,m <
§2 R4 Fix a gadget G, satisfying this event.

Consider any public-coin one-way conservative protocol for F' with cost C' and worst-case
error at most €. We show that C'> R ;(f) as follows.

Suppose otherwise that C' < R 5(f). By Lemma 18, this protocol induces a public-coin
two-party one-way protocol for f with cost C' and worst-case error at most € + 2°Ag, .
Using the bound on Ag,, , we have

e+2CAg, <e+20627R() <o 44

This gives a two-party one-way protocol for f of cost C' < R 5(f) and error at most ¢ + 4,
contradicting the definition of R 5(f). <

C.2 Quantum lifting with a random gadget

In this section, we prove the following quantum lifting theorem using a random gadget.

» Theorem 33 (Random-gadget quantum lifting). Given k > 2, let ¢ > 2 be prime, let Z
be an arbitrary finite set. Let 0 < (<1, 0<e<1and0 < <1—c¢€ be constants. Let
1 ZxF, — {0,1}. Choose Gy, : Im|* — F, uniformly at random, and define F: Z x [m]* —
{0,1} by F(z,x) := f(2,Gm(x)). There exists a universal constant K > 0 such that if

5 2Q5 ()
m Z K24Q5+5(f) q6*2 <k1n m% + ln Z) ,
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with probability at least 1 — ¢ over the choice of G, Q7" (F) > Q7 5(f). Moreover, since
Z.5(f) < [log|Z]], it suffices to take

L922[log|Z]]
m = | K q2*MoelZll5—2 klni—i-lng .
0 ¢
The input length |z| = log|Z| and Vi € [k],

|x;| = [logm] = Os¢(log |Z| +log g + log(klnk + klog|Z| +1ng)).

C.2.0.1 Comparison with GIP.

The per-player gadget input length for a random gadget is
[logm] = O;¢(log|Z| +logq + log(kInk + klog|Z| +1nq)),
whereas for the GIP gadget it is

rlog ] = O (2%;% (log|Z] + 1og<q>>) |

Thus the random gadget removes the exponential dependence on k from the gadget size.

We prove the quantum lifting theorem using a random gadget as follows.

Proof of Theorem 33. Let Q := Q7 5(f) and ¢ := §272@, Then 0 < # < 1. Choose the
universal constant K in the theorem large enough so that the lower bound on m implies the
simplified sufficient condition in Theorem 31(2) with this value of . Hence, with probability
at least 1 — (, every fiber of G,,, is nonempty and

Ad <9=62779

Fix a gadget G,, satisfying this event.

Consider any quantum one-way conservative protocol for F' with total cost C' and worst-
case error at most €. Suppose, for contradiction, that C' < Q. Let ¢q,..., ¢, be its message
lengths and set cpre := 1+ -4 cp—1. Since all message lengths are nonnegative, ¢, < C < Q
and cpre < C < Q. By Lemma 24, this protocol yields a two-party one-way quantum protocol
for f with cost at most ¢, and worst-case error at most

€+ 226preAgm S e+ 226pre5 2*2@ <e+ J.

This contradicts the definition of (). Therefore every quantum one-way conservative protocol
for F with error at most € has total cost at least @, proving the theorem. |

C.3 Proof of Theorem 31

The two parts of Theorem 31 are proved in Lemmas 34 and 35. The simplified bound in
part (1) follows directly from the definition of Sy ¢,m: when m > ¢ and ¢ is fixed, the term
qIn(4q/¢)/m* is dominated by O(gk/m). We prove the part (1) first.

» Lemma 34 (Random gadgets have small fiber discrepancy). Fiz k > 2, let ¢ > 2 be prime,
let m > 2, and let 0 < ¢ < 1. Choose Gy, : [m]* — F, uniformly at random. Assume

2
¢

mF > 8¢In
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and define

10¢ . 4\ /*
Br,qm = (3mk (kmk "n2+1n C)) .

If Brgm < 1, then with probability at least 1 — ¢, every fiber of Gy, is nonempty and
AGm < ﬂk,q,np

Proof. We first control the fiber sizes. For each fixed v € F,, the random variable |G, (v)|
has distribution Bin(m”,1/¢). By the Chernoff bound,

k k
Pr [|Gm1(v) < T;Lq} < exp (—qu) .
Taking a union bound over all v € F, and using m* > 8¢1In(2¢/(), we get qexp (—%’—:) < %
Hence, with probability at least 1 — (/2,
, 1
Pr  [Gp(x')=v]>

x’NUni[m];c q

for every v € IFy. (1)

In particular, every fiber of GG, is nonempty on this event.
Now fix a cylinder intersection S € CI([m]*) and a value v € F,. Define

A(S,v) := ]Ex’NUni[m]k [(1[){’ eS| — Pr [y/ S S}) 1[Gm(X/) = U]] .

y’NUni[m]k

Since

Z (1[x eS]— Pr [ye S]) =0,

y’~Uni
x€[m]* [m]k
we may also write

mFA(S,v) = Z (1[x €S| — Pr[ ]k[y’ € S}) (1[Gm(x) =] — ) .

y’/~Uni
x€[m]k

The summands on the right-hand side are independent and have mean zero, because the
values G, (x) are independent and uniform in F,. Moreover, each summand has absolute
value at most 1.

For the variance term, we have

S E <1[xeS]— Pr [y’es]> <1[Gm(x)=v]—1)

x€[m]* Y Unime ¢
1 2
<= 1 - !
< Z ( [x € 9] ylwg’nri k[y € S])
x€[m]* (]
mk
=— Pr [XeS|1- Pr [x'e9]
q x’NUni[m]k x/NUni[m]k
mk‘
< —.
=g

Thus Bernstein’s inequality gives, for every 0 < 6 < 1,

(m*0/(2q))* )

0
Pr [lA(57v)| > 2(1] < 2exp <_2(mk/(4q) +mk0/(6q))
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Since 0 <1,
mF  mko 5mk
2 —+— | < —.
4q 6q 6q
Therefore
0 3m*62
| < — .
Pr [|A(S7 v)| > Qq} < Qexp( 10g ) (2)

We next take a union bound over all cylinder intersections. For each i € [k], an i-cylinder
is determined by an arbitrary subset of [m]*~!. Hence the number of cylinder intersections
in [m]* is at most 2km™~' " Applying the inequality (2) with 6 = B q,m is allowed by the
assumption Sy ¢m < 1. By the definition of Sy ¢ m,

k 52
M =kmF 1In2 +1In @
10q ¢

Therefore

- 3m* B2 1 4
okm* ! 0 2exp (f)kqm> — 2k g 2exp (."fmk1 In2—1In <q> = g
q

So, with probability at least 1 — /2,
|A(S,v)| < 5192,% for every S € CI([m]*) and every v € F,. (3)

Assume now that both events (1) and (3) hold. For every S € CI([m]*) and every v € F,

A(S,v)=  Pr  [Gp(x')=1] ( Pr x"eS - Pr [x'e€ S]) :
[m1k

x/ ni x!! ni_ x/ ni
~Unip, 1k ~U Gl ~U

Hence
|A(S, v)|
Prx’NUni[m]k [Gm (X’) — ’U]
Br,q.m/(2q)
< BEMI AT .
=g e

Taking the maximum over all S € CI([m]*) and all v € F, gives Ag,, < Bi.q.m- The two bad
events have total probability at most (, and the proof is complete. |

Pr x"eS— Pr [x €89

x'"~Uni _,_1 x/~Uni k
G (v) [m]

We prove the part (2) of Theorem 31 as follows.

» Lemma 35 (Random gadgets fool the generalized cylinder intersections). Fiz k > 2, let ¢ > 2
be prime, let m > 2, and let 0 < ¢ < 1. Choose Gy, : [m]* — F, uniformly at random. Let
0<0<1. Assume

4
mk212qln—q
¢
and o
m~ 256k 8q
> 2kmF In === 4+ In —.
102dg = 0 Ty TN

Then with probability at least 1 — (, every fiber of G, is nonempty and Agm < 0. Moreover,
these two hypotheses are implied by the simpler sufficient condition

q k q
> £ b 1
m > Ky 02 (k‘lne —|—1n<>

for a sufficiently large universal constant Ky > 0; for instance, one may take Ky = 21°.
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Proof. For each fixed v € F,, the random variable |G;,}(v)| has distribution Bin(m*,1/q).

By the Chernoff bound,

k k

m m
P — <2 - ).
r{ >2q}_ eXp( 12(1)

A union bound over v € F,; and the first hypothesis give 2gexp (—%2) < % Thus, with
probability at least 1 — (/2,

1 3
< Pr [Gax)=v <o f P )
2 = x’NUnri[m]k[ (x)=v] < % or every v € F, (4)

mk

G (0)] = v

In particular, every fiber of G,, is nonempty on this event.
Let P be the family of product-cylinder tests

Y(x) =[] dilx-0), ¢ : [[Iml =, |¢i| < 1.
i=1 j#i
For ¢ € P and v € F,, define
BW, U) = Ex’NUni[m]k |:('(/)(X/) - IEy’NUni[m]k w(yl>)1[Gm(X/) = U] .
If |B(v,v)| < 60/(2q) for every ¢ € P and every v € Fy, then on the event (4),

_ |B(,v)]
= Prom L[ =0 =

IEx”wUni 1 1/)(XN) - Ex’NUni[m]k /(/)(XI)

)
[m]k

Therefore it remains to prove this uniform bound on B(v,v).
Fix ¥ € P and v € F,. Since

> (¥60 ~ Bynvms, () =0,

x€[m]F

we have

1
B = T (409 ~ Byt 015) (1m0 =2l - 1).
x€[m]k
The summands on the right-hand side are independent and have mean zero. They are
bounded in modulus by 2, because |¢(x)| < 1 and )Ey/NUni[m]kw(y’)

total second moment is at most

LS 0~ Byt )

q x€[m]F

< 1. Moreover, their

2 4mk

For a complex number z, let z*® and z'™ denote its real and imaginary parts. Applying
Bernstein’s inequality to either (m”*B(z,v))™ or (m*B(1,v))™, with uniform bound 2 and
variance proxy 4m*/q, gives

o m"e (m*0/(8q))?
Pr [\(ka(wvv)) [ > 8q] = e (_2(4m’“/q+2m’€9/(24Q))> '
and
: im| . M0 (m*6/(89))
Pr [y<mk3(¢,v>> > &J = 2o (‘2(4mk/q+ 2mk9/<24q>>> '
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Since # < 1, the denominator is at most 9m* /q. Hence each of the two probabilities is at

most
mk62 mkg2
2exp | — <2exp | — .
576q 1024q

If | B(1,v)| > 6/(4q), then either |(m*B(y,v))™| > mT? or |(m*B(1,v))™| > mT’;G_ There-

fore

0 mFo?
Pr||B(y,v)| > —| <4 - . 5
|10l > 1] < aew (-0 6

We next make the estimate uniform over all product—cylinder2 tests. The unit disk in C has
a 0/(64k)-net, contained in the unit disk, of size at most (%ﬁk) . Approximating every value

k k—1
of every factor ¢; by this scalar net produces a finite family ' C P with |NV| < (25%’“)2 "o

For every ¢ € P, there is some h € N such that [t — hlls < &. Indeed, if the ith factor
is changed by at most 6/(64k), while all factors remain bounded by 1 in modulus, then
the product changes by at most /(64k) from that factor; summing over i € [k] gives the
displayed bound.

By (5), the second hypothesis, and a union bound over all h € N and all v € F,,

mke? ¢
dexp [ — <S
aVl exP( 1024q> =2

Hence, with probability at least 1 — (/2,
0
|B(h,v)| < 17 for every h € N and every v € F,. (6)

Assume that both events (4) and (6) hold. Fix arbitrary ¢ € P and v € Fy, and choose
h € N such that |[¢) — h||ec < 0/64. Let y’ be uniform over [m]*. Then

(B, v) = B(h,v)| = [Exmuui,, . [(0 = D)(K) = By (0 = A)(y) UG (X) = 1] |
< 2H¢_hHoo Pr [Gm(x/) :”]

x’NUni[m]k

36
< YR
~ 64q

where the last inequality uses (4). Therefore

0 30 0
B <|B(h B — B(h < — 4+ — < —.
As shown above, this implies Agm < 6. The two bad events have total probability at most (,
so the main claim follows.
It remains to verify the simplified sufficient condition on m. Assume

q k q
with KO = 215.
First, since § < 1,

mk2m2K0q<kan+lng>.
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Also, since ¢ > 2 and ¢ < 1,
4q q q ( k q)
In—=In-+mn4<3In=-<3(kln-+In=].
¢ ¢ ¢ 0 ¢

Thus A L
q q k
12¢qIn — < 36¢q (kln+ln> <m",
¢ g ¢

because Ky = 2'% > 36. This proves the first original hypothesis.
For the second original hypothesis, it is enough to prove
mb? 256k 8¢q

> 2%In 228 L
102d4g = 2K —g— 1

Indeed, multiplying this inequality by mF~! > 1 gives

mFe? 256k 8q 256k 8q
> 2kmF 1t n =—— F=1n = > 2kmP 1 In === 4+ In —.
1024g = m n ) +m n ¢ < m n ) + In ¢

Now k > 2 and 6 < 1 imply In(k/6) > In2, so

2
ln%k = lng +In 256 < 9111%.
Similarly,
8q q q
In—=In=-+In8<4In-=.
¢ ¢ ¢
Consequently,

26k . 8 k k
2klnT+ln?q < 18kln5+4lng <20 (klno—HnZ).

On the other hand, the simplified condition gives

mo>? K k q k q
moT ks tm?) =32 (kmE+ml).
1024q_1024< ne+nc> 3 < n9+ng>

Since 32 > 20, the second original hypothesis follows. This completes the proof.
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