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Abstract7

We consider lifting theorems that transfer lower bounds for two-party communication problems to8

multiparty communication problems. In particular, following the deterministic Number-on-Forehead9

(NOF) lifting framework of Yang and Zhang, we study randomized and quantum one-way NOF10

lifting for composed problems F (z, x) = f(z, G(x)).11

We work in a one-way NOF model in which only the last player’s view is restricted. The other12

players have their usual NOF views and communicate as usual, but the last player sees only the13

gadget output G(x), not the gadget input x. This type of restricted view has appeared in the14

NOF literature under the term conservative. Our main contribution is a pair of lifting theorems for15

this model. In the randomized setting, we show that lifting follows when each preimage G−1(v),16

the set of gadget inputs with output v, looks pseudorandom to cylinder intersections. In the17

quantum setting, lifting follows when each preimage looks pseudorandom to generalized cylinder18

intersections. Equivalently, conservative protocols for F (z, x) = f(z, G(x)) can be converted into19

two-party one-way protocols for f(z, v) with comparable cost, with the error loss controlled by the20

corresponding pseudorandomness parameters. Thus, this restriction isolates a setting in which both21

randomized and quantum one-way NOF lifting can be proved by a direct simulation argument.22

We prove the required pseudorandomness properties for the generalized inner product gadget over23

finite fields, using the multiparty character-sum bounds of Yang and Zhang, and for random gadgets,24

which give non-explicit lifting. As applications, Boolean Hidden Matching yields a randomized-25

versus-quantum separation in the conservative NOF model, and lifting INDEX gives randomized26

and quantum conservative NOF lower bounds for O(log n) players.27
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1 Introduction34

Lifting theorems are a central technique of converting lower bounds in simpler or more35

structured models into explicit communication lower bounds. In two-party communication36

this perspective is now robust, beginning with Raz–McKenzie [18] and continuing through37

randomized lifting theorems such as Göös–Pitassi–Watson [11], PNP lifting [9], and variants38

based on low-discrepancy gadgets, rectangle/junta structure, approximate degree, and39

sunflower decompositions [19, 10, 5, 15]. For the more powerful number-on-forehead (NOF)40

model, comparable lifting results are still largely missing. This gap is especially striking in41

the one-way setting, where Yang and Zhang recently proved deterministic lifting theorems42

using the generalized inner product gadget [21]. We study the next natural cases: randomized43

and quantum one-way lifting.44
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73:2 Conservative lifting

This frontier matters because one-way NOF lower bounds sit close to major circuit lower-45

bound questions. Classical connections show that sufficiently strong NOF lower bounds in the46

superlogarithmic-player regime would imply consequences such as ACC0 lower bounds [12, 17],47

while strong one-way lower bounds for problems such as pointer jumping are tied to Boolean48

size-depth tradeoffs [4, 20]. The NOF model has long served as a benchmark for lower-49

bound techniques [1, 14], and one-way lower bounds have also influenced pseudorandomness,50

cryptography, and streaming [7, 3, 13]. At the same time, direct lower-bound methods in51

one-way NOF remain limited. Thus a strong explicit lifting theorem in this regime would not52

bypass the explicit-hard-function barrier; it would meet that barrier head-on by producing53

exactly the kind of explicit hard NOF problems that current methods struggle to prove54

directly. This is what makes one-way NOF lifting both important and delicate.55

Given an outer one-way problem f(z, v) and a gadget G : X1 × · · · × Xk → V, write
x = (x1, . . . ,xk) and define

F (z,x) = f (z,G(x)) .

Throughout the introduction, the underlying two-party one-way problem has Alice holding56

z and Bob holding v. Alice sends a message to Bob, who computes f(z, v). In the lifted57

NOF problem, there are k nonterminal senders P1, . . . , Pk and a terminal player Charlie.58

Player Pi sees z and x−i (all gadget inputs except xi), and messages are sent in the order59

P1 → · · · → Pk → Charlie. In the full model, Charlie sees the residual NOF view (x1, . . . ,xk).60

Communication cost means the final transcript length in the randomized model and the total61

message length in the quantum model.62

The easy direction is immediate: any ordinary two-party one-way protocol for f gives63

a one-way NOF protocol for F , by having the last sender compute Alice’s message from64

z and send it to Charlie, and having Charlie use the gadget value v = G(x) to perform65

Bob’s decision. A full lifting theorem would prove the converse: every efficient one-way NOF66

protocol for F could be converted into an efficient ordinary two-party one-way protocol for67

f , where Alice has z and Bob has v. The obstacle is that in the full model Charlie retains68

more information than the gadget value v = G(x). This overlap of information may allow69

communication strategies that are not captured by a two-party simulation using only v.70

A terminal-conservative model.71

We study a terminal-conservative version of one-way NOF. The players P1, . . . , Pk keep their
usual NOF visibility and still communicate in order, but the terminal player Charlie sees
only the gadget output

v := G(x1, . . . ,xk).

In particular, Charlie has no residual NOF view of the gadget inputs.72

Thus the model is not intended as a replacement for the full one-way NOF model. It73

is an intermediate benchmark that isolates the terminal obstruction, namely the difference74

between Charlie seeing the entire NOF view x and seeing only the gadget value G(x). This75

is a minimal terminal restriction: only Charlie’s NOF view is limited, while the prefix of76

the protocol remains fully NOF. Conservative viewpoints have appeared before in one-way77

multiparty lower bounds and their applications, for instance in work on pointer jumping,78

pseudorandomness, and streaming algorithms [6, 4, 20, 7, 13]. Here the role of conservativity79

is different. For the discussion below, let x′ denote a uniformly random gadget input. Once80

Charlie’s view is replaced by the single value v, the lifting problem becomes a clean question81

about how much the information reaching Charlie changes when we condition on the fiber82

event G(x′) = v. In the randomized setting this is a question about the transcript distribution83
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that reaches Charlie; in the quantum setting it is a question about the final message state84

that reaches Charlie.85

2 Main results86

We prove that in the terminal-conservative model described above, the randomized and
quantum lifting theorems do hold. That is, every sufficiently efficient conservative protocol
for a lift F (z,x) = f(z,G(x)) can be converted into an ordinary two-party one-way protocol
for f(z, v), with error loss controlled by the corresponding mixing property of the gadget. In
lower-bound form, our theorems have the shape

R→,cons
ε (F ) ≥ R→

ε+δ(f) and Q→,cons
ε (F ) ≥ Q→

ε+δ(f),

provided the gadget-induced extra error loss is at most δ. All quantum results assume no87

prior entanglement.88

The main contribution of this paper is to identify a pseudorandomness condition that89

makes one-way lifting go through once Charlie’s NOF view becomes conservative, and to90

prove randomized and quantum lifting theorems from this condition. For v ∈ V , call G−1(v)91

a fiber of G. Informally, we show the following:92

1. If every fiber of G is pseudorandom against cylinder intersections, then randomized93

protocols for F lift to ordinary one-way randomized protocols for f .94

2. If every fiber of G is pseudorandom against generalized cylinder intersections, then95

quantum protocols for F lift to ordinary one-way quantum protocols for f , and the96

two-party message length is the final message length of the NOF protocol.97

Both hypotheses hold for the generalized inner product (GIP) gadget with suitable block98

length, and they hold non-explicitly for random gadgets in a much larger player regime. We99

will elaborate on these results.100

We view our results as accomplishing a natural intermediate goal. They do not resolve101

full one-way NOF lifting, but they isolate the terminal obstruction above and show that,102

once this obstruction is removed, the remaining one-way NOF chain can still be handled.103

With the explicit generalized inner product gadget, the resulting lower bounds apply in104

the familiar logarithmic-player regime with k = O(logn) nonterminal senders for standard105

instantiations. With non-explicit random gadgets, the same lifting theorems give benchmark106

lower bounds for superlogarithmically many senders.107

2.1 Randomized lifting108

The generalized inner product is defined by

GIPk
q,r(x1, . . . ,xk) =

r∑
t=1

k∏
i=1

xi,t (mod q).

Our randomized lifting theorem reads109

▶ Theorem 1 (Randomized lifting via GIP (informal Theorem 16)). Given k ≥ 2, let q > 2k110

be prime. Let Z be an arbitrary finite set. For any f : Z × Fq → {0, 1} and F = f ◦ GIP(k)
q,r111

where r ≥ 2k logq/2k

(
2R→

ε+δ(f)q/δ
)
, we have R→,cons

ε (F ) ≥ R→
ε+δ(f).112

For the most natural regime where k ≪ q, the gadget input of F has length O(2k · (log |Z| +113

log q)). For standard outer problems such as the index function, choosing the GIP parameters114

MFCS 2026



73:4 Conservative lifting

so that the loss is constant gives polynomial communication lower bounds while keeping115

the total lifted input length polynomial, as long as the number of nonterminal senders116

satisfies k = O(logn), where n denotes the resulting total input length. This is the familiar117

logarithmic-player regime caused by the 2k dependence in the GIP block length.118

▶ Theorem 2 (Explicit O(logn)-player lower bound). For any k, there is a family of functions
Fk such that for the (k + 1)-player communication game

R→,cons(Fk) = Ω
( n

k2k

)
.

We also take Boolean Hidden Matching as the outer function. Its one-way quantum-classical119

separation is inherited in the conservative model.120

▶ Theorem 3 (A quantum-classical separation (informal)). For any k ≥ 2, there is a family of
functions Fk for (k + 1)-player conservative NOF model, such that

Q→,cons
1/3 (F ) = O(logn), R→,cons

1/3 (F ) ≥ Ω̃
(√

n

k2k

)
.

For full one-way NOF communication, Yang and Zhang recently established an exponential121

separation for a search problem [22], whereas our separation is for a decision problem.122

The proof principle is terminal mixing. Fix the outer input z, the public randomness, and
a complete communication transcript t. The set of gadget inputs x that produce t is a cylinder
intersection; we call it the transcript cell of t. For a value v, the fiber G−1(v) is the set of
gadget inputs consistent with v. If every fiber looks nearly uniform to cylinder-intersection
tests, then conditioning on G(x′) = v barely changes the distribution of transcript cells. The
desired mixing statement is that, for every transcript cell S and every value v,

Pr[x′ ∈ S | G(x′) = v] ≈ Pr[x′ ∈ S].

In words, conditioning on the fiber should barely change the distribution of the transcript cell.123

This is the basic fiber-mixing phenomenon. In the full model, however, transcript mixing is124

not enough: Charlie still sees his NOF view of the gadget input, so knowing the transcript and125

v does not determine what additional information he retains about the location of x inside126

the fiber G−1(v). Even perfect transcript mixing therefore need not control Charlie’s total127

information. The same terminal obstruction persists in the quantum case, where Charlie’s128

decision is made from the final received state together with his remaining input.129

A key notion in the randomized analysis is fiber discrepancy. For a gadget G : X → V , it
is the largest possible bias

|Pr[x′ ∈ S | G(x′) = v] − Pr[x′ ∈ S]|

over all gadget values v and all cylinder intersections S ⊆ X. Thus fiber discrepancy is
exactly the quantitative form of the fiber-mixing condition for transcript cells, because every
deterministic one-way transcript cell is a cylinder intersection. If G has fiber discrepancy ∆G

and F = f ◦G, then a C-bit public-coin conservative protocol for F yields a C-bit public-coin
ordinary one-way protocol for f with additive error loss at most 2C∆G. Equivalently,

R→,cons
ε (F ) ≥ R→

ε+δ(f)

whenever 2R→
ε+δ(f)∆G ≤ δ. The factor 2C is the natural loss for a black-box simulation that130

uses only a uniform fiber-discrepancy bound and then sums over transcript cells: after fixing131
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the outer input and the public randomness, the transcript lies in {0, 1}≤C , each transcript cell132

is a cylinder intersection, and summing over all cells gives total-variation loss ≤ 2C∆G. This133

is precisely the fiber-mixing principle above: after conditioning on G(x′) = v, the terminal134

transcript distribution is close to the unconditional one, so the ordinary one-way simulation135

can reproduce Charlie’s randomized view using only the outer value v.136

This black-box loss of the factor 2C is nevertheless harmless for the explicit GIP gadget
in the intended parameter range, because its fiber discrepancy is exponentially small in the
gadget block length. For a prime q and block length r, the generalized inner product gadget
is

GIPk
q,r(x1, . . . ,xk) =

r∑
t=1

k∏
j=1

xj,t ∈ Fq, xj ∈ Fr
q.

For G = GIP(k)
q,r , adapting the character-sum estimate of Yang–Zhang [21, Lemma 3.2], one

can show ∆G ≤ 4q (k/q)r/2k−1
. Thus the loss term is on the order of 2C∆G ≲ 2Cq (k/q)r/2k−1

.

If the outer problem requires C = R→
ε+δ(f) bits, then fixed loss δ is achieved by taking, up to

constants,

r ≳
2k (C + log(q/δ))

log(q/k) .

2.2 Quantum lifting137

Our quantum lifting theorem is as follows.138

▶ Theorem 4 (Quantum one-way lifting via GIP (informal)). Given k ≥ 2, let q > 2k be
prime. Let Z be a finite set. For any f : Z × Fq → {0, 1}, and F = f ◦ GIPk

q,r where
r ≥ 2k logq/(k−1)

(
22Q→

ε+δ(f)+2q/δ
)
, we have

Q→,cons
ε (F ) ≥ Q→

ε+δ(f).

The parameters in the quantum lifting theorem are similar to those of our randomized lifting139

theorem. Thus the quantum lifting and randomized lifting behave similarly using the GIP140

gadget. We can think of the gadget input of F of length O(2k ·(log |Z|+log q)), for the natural141

regime k ≪ q. For the index function, analogous to Theorem 2, choosing the GIP parameters142

so that the fiber discrepancy loss is constant gives polynomial quantum communication lower143

bounds in the terminal-conservative model for k = O(logn) nonterminal senders, again with144

n denoting the resulting total input length.145

The quantum analogue replaces fiber mixing by final-state mixing. For fixed outer input
z and gadget value v, let σz,x denote the final message state on gadget input x, let

σz,v := Ex′′∼UniXv
[σz,x′′ ], σz := Ex′∼UniX

[σz,x′ ].

The ordinary one-way simulation has Alice send the unconditional state σz, while Bob
uses v to perform Charlie’s terminal measurement. The analysis therefore bounds, for the
corresponding output-1 POVM element M (1)

v ,∣∣∣Tr
(
M (1)

v (σz − σz,v)
)∣∣∣ .

Thus the quantum theorem is again a terminal-mixing theorem; only the object being mixed146

changes from a transcript distribution to a density matrix.147

MFCS 2026



73:6 Conservative lifting

The pseudorandom measure for this state-mixing statement is the fiber discrepancy
against the generalized cylinder intersection ∆Π

G. It measures how much conditioning on a
fiber can bias tests of the form

k∏
i=1

ϕi(x−i), |ϕi| ≤ 1,

where each factor ϕi : X−i → C is a bounded cylinder function visible to one sender in the
one-way chain. These are precisely the tests generated by the quantum expansion of the
final message state. If ∆Π

G is small and a conservative one-way quantum protocol for F uses
message lengths c1, . . . , ck, then the protocol yields an ordinary one-way quantum protocol
for f that uses only the final ck qubits, with additive loss

22cpre∆Π
G, cpre = c1 + · · · + ck−1.

The factor 22cpre is the dimension loss from expanding the prefix message spaces; the terminal148

message itself is not expanded, which is why the conclusion is a final-message lower bound.149

We prove that GIP(k)
q,r fools the generalized cylinder intersections appearing in the quantum

theorem. In particular,

∆Π
G ≲ 4q

(
k

q

)r/2k−1

.

2.3 Random gadgets as a non-explicit benchmark150

Finally, we analyze uniformly random gadgets as a non-explicit benchmark. Here the gadget
is a random function

Gm : [m]k → Fq,

where all values are chosen independently and uniformly. The parameter q is the outer151

alphabet size, and ⌈logm⌉ is the per-player gadget input length. For comparison, GIP(k)
q,r has152

the same outer alphabet size q, per-player domain size m = qr, and per-player gadget input153

length ⌈r log q⌉. The random-gadget analysis is a standard random-function discrepancy154

calculation against the same cylinder and generalized cylinder classes that appear in the155

lifting theorems, in the spirit of the usual analysis of random NOF functions. Its role is156

therefore not to provide a new explicit lower-bound method, but to calibrate the framework157

and expose which parameter losses come from the currently available explicit gadgets.158

Suppressing constant error and failure parameters, the comparison is simple. For random-
ized protocols with communication budget b, a random gadget has sufficiently small fiber
discrepancy once

m ≳ q 22b(k + log q).

For quantum protocols with prefix budget cpre ≤ b, a random gadget has sufficiently small
fiber discrepancy against generalized cylinder intersections, and hence sufficiently small
state-mixing error, once

m ≳ q 24b (k(b+ log k) + log q) .

Equivalently, the quantum benchmark has per-player input length

logm = O(log q + b+ log k) .

By contrast, the explicit GIP quantum instantiation requires roughly

r ≳ 2k−1 2b+ log q
log(q/(k − 1))
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to achieve the same fixed loss. Thus the explicit and random gadgets play complementary159

roles. The GIP gadget gives explicit lifting theorems, but its block length grows like 2k,160

which naturally limits polynomial-size instantiations to k = O(logn) nonterminal senders.161

Random gadgets show that this limitation is not inherent to the terminal-conservative lifting162

argument: non-explicitly, the same argument works without an exponential dependence163

on k in the per-player input length. For instance, using the index function as the outer164

problem, the random-gadget benchmark gives unconditional randomized and quantum total-165

communication lower bounds of order Ω(
√
n) with k = Ω(

√
n) = ω(logn) nonterminal166

senders, where here n denotes the total lifted input length.167

▶ Theorem 5 (Implicit polynomial-player lower bound). For any k ≥ 2, there is a family of
functions Fk such that for the (k + 1)-player communication game

R→,cons(Fk) = Ω̃
(n
k

)
.

Derandomizing this benchmark would require explicit gadgets with very strong NOF-type168

pseudorandomness, a task comparable in spirit to proving strong explicit NOF lower bounds169

rather than a routine extension of the present work.170

3 Preliminaries171

We use the following conventions throughout the paper. For an integer m, write [m] =
{1, . . . ,m}. Unless otherwise indicated, logarithms are base two. All sets are finite. For a
finite set A, we write UniA for the uniform distribution on A. For distributions P,Q on the
same finite set, their total variation distance is

TV(P,Q) := 1
2
∑

ω

|P (ω) −Q(ω)|.

All randomized protocols are public-coin protocols. All quantum protocols are without prior172

entanglement; local ancillas are allowed and are not counted as communication. All error173

guarantees are worst-case, restricted to promised inputs when a promise is present. We use174

Õ(·), Ω̃(·) to hide polylogarithmic factors.175

3.1 Lifted problems and gadget notation176

Fix k ≥ 2. In this paper k denotes the number of gadget coordinates, or equivalently the
number of nonterminal NOF senders; including the terminal player, Charlie, the protocol
has k + 1 players. Let

X = X1 × · · · ×Xk

be the gadget input space. We write

x = (x1, . . . ,xk) ∈ X, x−i := (x1, . . . ,xi−1,xi+1, . . . ,xk),

and
X−i :=

∏
j ̸=i

Xj .

Thus x−i is the number-on-the-forehead view of the gadget input available to the ith177

nonterminal sender.178

MFCS 2026



73:8 Conservative lifting

Let G : X → V be a surjective gadget. For v ∈ V, its fiber is

Xv := G−1(v) = {x ∈ X : G(x) = v}.

Surjectivity is only a notational convenience: it ensures that every Xv is nonempty. Given
an outer Boolean function f : Z × V → {0, 1}, its lift by G is

F : Z ×X → {0, 1}, F (z,x) := f
(
z,G(x)

)
.

For partial functions or promise relations, the lifted promise is obtained by requiring (z,G(x))179

to be a promised outer input. Correctness is then required only on this lifted promise.180

3.2 Randomized one-way protocols181

We use the standard bit-protocol convention: after fixing the public coins, the current182

transcript determines whether communication stops and, if not, who writes the next bit. A183

player’s message is the possibly empty block of consecutive bits assigned to that player by184

this rule. Thus message lengths may vary, but the end of a message conveys no information185

beyond the bits written.186

▶ Definition 6 (Conservative one-way blackboard NOF protocol). A conservative one-way
blackboard protocol for F = f ◦G has nonterminal players P1, . . . , Pk and a terminal player,
Charlie. The nonterminal players speak once in the order

P1 → P2 → · · · → Pk → Charlie.

Communication takes place on a public blackboard. The blackboard content after round i is
denoted by τi, with τ0 equal to the empty string. The protocol has a public randomness space
R, message maps

Mi : Z ×X−i × R × {0, 1}∗ → {0, 1}∗ (i ∈ [k]),

and a decoder
DEC : V × R × {0, 1}∗ → {0, 1}.

On input (z,x) and public coins r ∈ R, player Pi sees z,x−i, r, and the current transcript
τi−1, writes

mi := Mi(z,x−i, r, τi−1),

and the new transcript is τi := τi−1mi. The terminal player sees only (v := G(x), r, τk), and187

outputs DEC(v, r, τk). The cost of the protocol is max(z,x),r |τk|.188

The adjective “conservative” refers only to the terminal player Charlie: the nonterminal189

players retain their usual NOF views, while the terminal player does not see any residual190

NOF view of the gadget inputs beyond G(x).191

▶ Definition 7 (Two-party one-way randomized protocol). Let f : Z×V → {0, 1}. A public-coin
two-party one-way protocol for f consists of a public randomness space R, a deterministic
message map

A : Z × R → {0, 1}∗,

and a deterministic decoder

B : V × R × {0, 1}∗ → {0, 1}.

On input (z, v) and public coins r, Alice sends A(z, r) and Bob outputs B(v, r, A(z, r)). The192

cost is maxz,r |A(z, r)|.193
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For η ∈ [0, 1], let R→
η (f) denote the minimum cost of a public-coin two-party one-way194

protocol for f with worst-case error at most η. Let R→,cons
η (F ) denote the corresponding195

minimum cost in the conservative one-way blackboard NOF model. The same notation196

is used for partial Boolean functions, with the error guarantee required only on promised197

inputs.198

3.3 Cylinder intersections and fiber discrepancy199

▶ Definition 8 (Cylinder and cylinder intersection). A set Ci ⊆ X is an i-cylinder if membership200

in Ci does not depend on the ith coordinate. Equivalently, Ci is the preimage of a subset of201

X−i under the projection X → X−i.202

A cylinder intersection is a set of the form C1 ∩ · · · ∩ Ck, where Ci is an i-cylinder for203

every i ∈ [k]. We write CI(X) for the family of cylinder intersections in X.204

Cylinder intersections are the basic combinatorial objects behind randomized NOF lifting.205

After the public randomness and the outer input z are fixed, every deterministic transcript206

cell of a conservative blackboard protocol is a cylinder intersection: the condition that Pi207

writes a prescribed message depends only on x−i and on the previous transcript.208

▶ Definition 9 (Fiber discrepancy against cylinder intersections). Let G : X → V be surjective.
The fiber discrepancy of G against cylinder intersections is

∆G := sup
v∈V

sup
S∈CI(X)

∣∣∣∣ Pr
x′′∼UniXv

[x′′ ∈ S] − Pr
x′∼UniX

[x′ ∈ S]
∣∣∣∣ .

Thus ∆G measures how well each fiber Xv looks like the whole gadget domain X to every209

NOF transcript cell. This is the pseudorandomness notion used in the randomized lifting210

theorem.211

3.4 Finite-field gadgets and Fourier correlation212

For the explicit gadget instantiations we work over a prime field Fq. We fix a nontrivial
additive character χ : Fq → C; for example, after identifying Fq with Z/qZ, one may take
χ(t) = exp(2πit/q). We use the orthogonality identity

1
q

∑
α∈Fq

χ(αt) = 1[t = 0].

For xi = (xi,1, . . . , xi,r) ∈ Fr
q, define the generalized inner product gadget

GIP(k)
q,r(x1, . . . ,xk) :=

r∑
t=1

k∏
i=1

xi,t ∈ Fq.

▶ Definition 10 (Fourier correlation). Let G : X → Fq be a gadget. Its Fourier correlation
against cylinder intersections is

FCorr(G) := sup
α∈F×

q

sup
S∈CI(X)

∣∣Ex′∼UniX

[
1[x′ ∈ S]χ

(
αG(x′)

)]∣∣ .
For the GIP gadget, an adaptation of the character-sum argument in the proof of Yang–213

Zhang’s Lemma 3.2 [21] bounds this quantity by γk(q, r). Fourier inversion then converts214

this correlation bound into a bound on the fiber discrepancy ∆G.215

MFCS 2026



73:10 Conservative lifting

3.5 Quantum one-way protocols216

▶ Definition 11 (Conservative one-way quantum protocol). A conservative one-way quantum217

protocol for F = f ◦ G has nonterminal players P1, . . . , Pk and terminal player Charlie.218

Let c1, . . . , ck be the message lengths and set di := 2ci . The incoming register to P1 is the219

one-dimensional register H0, and the outgoing register of Pi is Hi
∼= Cdi .220

For each i ∈ [k] and each local view (z,x−i), player Pi applies a completely positive
trace-preserving map

Λ(z,x−i)
i : D(Hi−1) → D(Hi).

The players act in the order

P1 → P2 → · · · → Pk → Charlie.

The terminal player sees only v := G(x) and the final message register Hk, and outputs a bit221

using a binary measurement depending on v. The cost is c1 + · · · + ck.222

For a fixed protocol and input (z,x), we write σz,x for the final message state received
by the terminal player. We also use the average states

σz,v := Ex′′∼UniXv
[σz,x′′ ], σz := Ex′∼UniX

[σz,x′ ].

These are the fiber-conditioned and unconditional final-message states, respectively.223

▶ Definition 12 (Two-party one-way quantum protocol). Let f : Z × V → {0, 1}. A cost-C224

two-party one-way quantum protocol for f consists of a density operator σz on a C-qubit225

register for each z ∈ Z, and a binary POVM Mv = {M (0)
v ,M

(1)
v } for each v ∈ V. Alice226

sends σz, and Bob applies Mv.227

For η ∈ [0, 1], let Q→
η (f) denote the minimum cost of a two-party one-way quantum228

protocol for f with worst-case error at most η. Let Q→,cons
η (F ) denote the minimum total229

cost of a conservative one-way quantum protocol for F with worst-case error at most η. The230

same notation is used for partial Boolean functions, with the error guarantee required only231

on promised inputs.232

3.6 Generalized cylinder intersections233

The quantum lifting theorem uses a second pseudorandomness notion. It tests the fibers of234

the gadget against bounded products of NOF-local functions, which are exactly the tests235

produced by expanding the prefix of a conservative quantum protocol.236

▶ Definition 13 (Fiber discrepancy against generalized cylinder intersections). Let G : X → V
be surjective. The fiber discrepancy of G against the generalized cylinder intersections is

∆Π
G := sup

v∈V
sup

ϕi:X−i→C
|ϕi|≤1 for every i∈[k]

∣∣∣∣∣Ex′′∼UniXv

[
k∏

i=1
ϕi(x′′

−i)
]

− Ex′∼UniX

[
k∏

i=1
ϕi(x′

−i)
]∣∣∣∣∣ .

▶ Definition 14 (Product Fourier correlation). For a gadget G : X → Fq, define

PCorr(G) := sup
α∈F×

q

sup
ϕi:X−i→C

|ϕi|≤1 for every i∈[k]

∣∣∣∣∣Ex′∼UniX

[
χ
(
αG(x′)

) k∏
i=1

ϕi(x′
−i)
]∣∣∣∣∣ .

Product Fourier correlation is used only for gadgets with output alphabet Fq. As in the237

randomized setting, Fourier inversion converts small PCorr(G) into small ∆Π
G.238
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3.7 Matrix units239

Whenever a message register is identified with Cd, we fix an orthonormal basis e1, . . . , ed240

and write Eab := |ea⟩⟨eb| for the corresponding matrix units, where 1 ≤ a, b ≤ d. When241

several message registers are present, we write E(i)
ab for the matrix unit in the ith message242

register. The first subscript is the row index and the second subscript is the column index,243

so Tr
(
E

(i)
uvE

(i)
ab

)
= δv,aδu,b. For the one-dimensional incoming register before the first sender,244

we set d0 = 1 and use the single matrix unit E(0)
11 .245

3.8 Benchmark outer problems246

For a prime q, the index function is

INDEXq : {0, 1}Fq × Fq → {0, 1}, INDEXq(z, v) := z(v).

We use the standard Nayak’s random-access-code lower bound: for every 0 ≤ η < 1/2 [16],

Q→
η (INDEXq) ≥ (1 −H(η))q,

where H(η) := −η log2 η − (1 − η) log2(1 − η) is the binary entropy function, with H(0) = 0.247

We also use the standard Boolean Hidden Matching partial function BHMn as a calibration
example. Alice receives u ∈ {0, 1}2n; Bob receives a perfect matching M on [2n] and a
string w ∈ {0, 1}n, promised that either we = ui ⊕ uj for every edge e = (i, j) ∈ M , or
we = ui ⊕ uj ⊕ 1 for every edge e = (i, j) ∈ M . The desired output is the corresponding case
bit. We use the known bounds [2, 8],

Q→
1/3(BHMn) = O(logn), R→

1/3(BHMn) = Ω(
√
n),

with constant changes in the error parameter absorbed by standard amplification.248

In the following section, we give the details of the randomized lifting theorem for the249

GIP gadget. The quantum lifting theorem and the remaining proofs appear in subsequent250

sections.251

4 Randomized lifting252

Our randomized lifting theorem works by composing a two-party function f and a k-party253

function g to obtain a (k + 1)-party function f ◦ g as the following definition.254

▶ Definition 15 (lifted function). Fix integer k ≥ 2 and prime q. Let N be an arbitrary finite
set. For any Boolean function f : Fq × Fq → {0, 1} and a function g : Nk → Fq, we define
the lifted function f ◦ g as

(f ◦ g) : Nk × Fq → {0, 1}, (f ◦ g)(x1, . . . ,xk, z) := f
(
g(x1, . . . ,xk), z

)
.

We call f the outer function and g the gadget function.255

By choosing the generalized inner product function as the gadget function, the randomized256

lifting theorem transfers the communication lower bound of the outer function to that of the257

lifted function as follows.258
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▶ Theorem 16. Let 0 ≤ ε ≤ 1 and 0 < δ ≤ 1 − ε be constants. Let the gadget be GIPk
q,r :

(Fr
q)k → Fq, where k ≥ 2 and q is the smallest prime in [4k, 8k] 1. If r ≥ 2k log

(
q2/δ

)
, for

any outer function f : Fq × Fq → {0, 1}, we have

R→,cons
ε (f ◦ GIPk

q,r) ≥ R→
ε+δ(f).

▶ Remark 17. It suffices to take r = ⌈2k log(q2/δ)⌉. Thus the input length of the gadget
function is

|xi| = ⌈r log q⌉ = Θ
(
2k log2 q

)
, ∀i ∈ [k].

Theorem 16 builds on the following key lifting lemma, which shows a (k + 1)-party259

conservative one-way protocol for the lifed function f ◦ g can be simulated by a two-party260

one-way protocol for the outer function f . The additive loss in the error is controlled by the261

fiber discrepancy of the gadget function.262

▶ Lemma 18 (Key lifting lemma). Let g : Nk → Fq be a surjective gadget function with fiber263

discrepancy ∆g. For any outer function f : Fq × Fq → {0, 1}, if f ◦ g has a (k + 1)-party264

conservative one-way protocol with cost ≤ C and error ≤ ε, then f has a two-party one-way265

protocol with cost ≤ C and error ≤ ε+ 2C · ∆g.266

The proof of Lemma 18 is postponed to Section 4.1. To control the fiber discrepancy ∆g,267

Lemma 19 bounds fiber discrepancy in terms of Fourier correlation, and Lemma 20 bounds268

the Fourier correlation of GIPk
q,r.269

▶ Lemma 19. Given a surjective gadget function g : Nk → Fq, if FCorr(g) ≤ γ and qγ < 1/2,270

the fiber discrepancy ∆g ≤ 4qγ.271

The proof of Lemma 19 is postponed to Section 4.2.272

▶ Lemma 20. The Fourier correlation of GIPk
q,r satisfies FCorr(GIPk

q,r) ≤ (k/q)r/2k−1
.273

The proof of Lemma 20 is adapted from Yang–Zhang’s Lemma 3.2 [21]; we include the274

details in the appendix for completeness.275

With these three lemmas in hand, we can prove Theorem 16 now.276

Proof of Theorem 16. For any public-coin conservative one-way protocol Π for f ◦ GIPk
q,r,277

which has cost C and worst-case error ε, we prove that C ≥ R→
ε+δ(f) as follows.278

Let G := GIPk
q,r. For contradiction, suppose C < R→

ε+δ(f). By Lemma 18, there exists a279

public-coin two-party one-way protocol Π′ for f with cost C and worst-case error ε+ 2C∆G.280

Let γk(q, r) := (k/q)r/2k−1
. We have q · γk(q, r) ≤ 1

q < 1/2. Since G is surjective,
Lemma 20 and Lemma 19 imply that ∆G ≤ 4q γk(q, r). Therefore the error of Π′ satisfies

ε+ 2C∆G ≤ ε+ 2C · 4q γk(q, r) < ε+ 2R→
ε+δ(f)+2q γk(q, r) ≤ ε+ δ.

The last inequality follows from r ≥ 2k log(q2/δ). Indeed, since q ≥ 4k,

γk(q, r) ≤
(

1
4

)2 log(q2/δ)
=
(
δ

q2

)4
.

Moreover, R→
ε+δ(f) ≤ ⌈log q⌉ ≤ log q + 1, and hence

2R→
ε+δ(f)+2q γk(q, r) ≤ 8q2

(
δ

q2

)4
≤ δ.

So Π′ has worst-case error ε+ δ and cost C < R→
ε+δ(f), which is impossible. ◀281

1 By the Bertrand–Chebyshev theorem, there exists a prime in [4k, 8k].
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4.1 Proof of Key Lifting Lemma282

In this section, we complete the proof of Lemma 18. At first, we need the following technical283

lemma which shows all transcript cells are cylinder intersections.284

For each one-way conservative NOF protocol on f ◦ g, the transcript τ is determined285

by the inputs (x1,x2, · · · ,xk) ∈ Nk, z ∈ Fq and the public randomness ρ. After fixing z286

and ρ, the transcript map Tz,ρ : Nk → {0, 1}≤C is a deterministic function of the inputs287

(x1,x2, · · · ,xk), where C is the cost of the protocol.288

▶ Lemma 21. For each one-way conservative NOF protocol of cost C on f ◦ g : Fq ×Nk →289

{0, 1}, given input z ∈ Fq and public randomness ρ, let Tz,ρ : Nk → {0, 1}≤C be the transcript290

map. Then for every transcript τ , T−1
z,ρ (τ) is a cylinder intersection of Nk.291

Proof. Fix a transcript τ . If T−1
z,ρ (τ) is empty, the claim is immediate. Otherwise, by

the bit-protocol convention, ρ and τ uniquely determine the messages m1, . . . ,mk and the
intermediate transcripts τ0, τ1, . . . , τk, where τ0 = ∅, τk = τ , and τi = τi−1mi. For each
i ∈ [k], let Mi be the message map of player Pi in the protocol. For each i ∈ [k], define

Ci :=
{

x ∈ Nk : Mi(z,x−i, ρ, τi−1) = mi

}
.

So Ci is an i-cylinder.292

We prove T−1
z,ρ (τ) = C1 ∩ · · · ∩ Ck as follows. On the one hand, if x ∈ T−1

z,ρ (τ), then the293

protocol is deterministic once the input (z,x) and randomness ρ are fixed, and it produces294

the messages m1, . . . ,mk and the transcripts τ1, . . . , τk. Therefore x ∈ Ci for each i ∈ [k].295

On the other hand, if x ∈ C1 ∩ · · · ∩Ck, we prove by induction that the protocol on input296

(z,x) and randomness ρ produces m1, . . . ,mi and τ1, . . . , τi during the first i rounds. The297

case i = 1 is immediate from the definition of C1. Assume the claim holds up to round i− 1.298

Then player Pi sees the current transcript τi−1. Because x ∈ Ci, the next message must be299

mi by definition. Hence the next transcript is τi = τi−1mi. This completes the induction.300

Taking i = k gives τk = τ , so x ∈ T−1
z,ρ (τ). ◀301

Now we prove the key lifting lemma.302

Proof of Lemma 18. Fix a conservative one-way NOF protocol Π on f ◦g : Nk ×Fq → {0, 1}303

with cost C and error ε. We construct a two-party one-way protocol Π′ on f : Fq ×Fq → {0, 1}304

by simulating Π; it has cost C and error ε+ 2C∆g. Let T := {0, 1}≤C .305

Let ρ denote the public randomness. All probabilities and expectations over ρ below are306

taken with respect to its distribution. Let R be the space of public randomness. Given input307

z ∈ Fq and ρ ∈ R, let Tz,ρ : Nk → T be the transcript map of Π.308

Protocol: In the two-party one-way model, Alice receives z ∈ Fq and Bob receives309

v ∈ Fq. Alice sends a message to Bob, who outputs f(v, z). First, sample ρ according to the310

distribution of public randomness of Π. Using additional independent public randomness,311

Alice samples x′ ∼ Uni[Nk] and computes the transcript τ := Tz,ρ(x′) according to Π. Then312

Alice sends τ to Bob. On input v, Bob outputs DEC(v, ρ, τ) using the decoder of Π.313

Analysis: It is clear that the cost of Π′ is |τ | ≤ C. We bound the error probability
of Π′ as follows. Given (z,v) ∈ Fq × Fq, let µz,v be the distribution of (ρ, Tz,ρ(x′′)) for
x′′ ∼ Uni[Nk|v], and let νz be the distribution of (ρ, Tz,ρ(x′)) for x′ ∼ Uni[Nk]. In both
cases, the gadget input is independent of ρ. Define the error event

Ez,v :=
{

(ρ, τ) ∈ R × T : DEC(v, ρ, τ) ̸= f(v, z)
}
.

Step 1: We show that µz,v(Ez,v) equals the error of Π averaged over the fiber set314

Nk|v. Recall that Nk|v = {x ∈ Nk : g(x) = v}. For any x ∈ Nk|v, (f ◦ g)(x, z) = f(v, z).315
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Given (x, ρ) ∈ Nk|v × R, the protocol Π produces the transcript Tz,ρ(x) and outputs316

DEC
(
v, ρ, Tz,ρ(x)

)
. Therefore Π errs on (x, z, ρ) if and only if (ρ, Tz,ρ(x)) ∈ Ez,v.317

Because Π has worst-case error ε, for any (x, z) ∈ Nk|v × Fq,

Pr
ρ

[Π errs on (x, z)] ≤ ε.

Thus by averaging over x′′ ∼ Uni[Nk|v], we have

µz,v(Ez,v) = Pr
ρ,x′′

[
Π errs on (x′′, z)

]
≤ ε.

Step 2: Under Π′, νz(Ez,v) equals the error probability on input (z,v). On public318

randomness (ρ,x′), Alice sends Tz,ρ(x′) to Bob, and Bob outputs DEC(v, ρ, Tz,ρ(x′)). Hence319

Π′ errs if and only if (ρ, Tz,ρ(x′)) ∈ Ez,v. Therefore νz(Ez,v) = Prρ,x′
[
Π′ errs on (z,v)

]
.320

Step 3: We now bound the total variation distance between µz,v and νz. By Lemma 21,
T−1

z,ρ (τ) is a cylinder intersection in Nk. Thus by the definition of fiber discrepancy (Defini-
tion 9), we have for any (ρ, τ) ∈ R × T ,∣∣∣∣ Pr

x′′∼Uni[Nk|v]

[
Tz,ρ(x′′) = τ

]
− Pr

x′∼Uni[Nk]

[
Tz,ρ(x′) = τ

]∣∣∣∣ ≤ ∆g.

Therefore the total variation distance between µz,v and νz satisfies:321

TV(µz,v, νz) = 1
2Eρ

[∑
τ∈T

∣∣∣∣ Pr
x′′∼Uni[Nk|v]

[
Tz,ρ(x′′) = τ

]
− Pr

x′∼Uni[Nk]

[
Tz,ρ(x′) = τ

]∣∣∣∣
]

322

≤ 1
2 |T |∆g323

≤ 2C∆g.324

Consequently,

Pr
[
Π′ errs on (z,v)

]
= νz(Ez,v) ≤ µz,v(Ez,v) + TV(µz,v, νz) ≤ ε+ 2C · ∆g.

It holds for arbitrary (z,v) ∈ Fq × Fq, so Π′ has worst-case error at most ε+ 2C · ∆g. ◀325

4.2 From Fourier correlation to fiber discrepancy326

In this section, we prove Lemma 19, which relates the fiber discrepancy to the Fourier327

correlation.328

Proof of Lemma 19. Fix v ∈ Fq and a cylinder intersection S ∈ CI[Nk]. Let x′ ∼ Uni[Nk],
set v′ := g(x′), and let

pv := Pr[v′ = v].

By taking the cylinder intersection Nk ∈ CI[Nk] and the definition of FCorr(g), we have∣∣E[χ(αv′)]
∣∣ ≤ γ

for every α ∈ F×
q .329

By character orthogonality,

1[v′ = v] = 1
q

∑
α∈Fq

χ
(
α(v′ − v)

)
.
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After taking expectations on both sides, we obtain

pv = 1
q

+ 1
q

∑
α∈F×

q

χ(−αv)E[χ(αv′)].

Therefore ∣∣∣∣pv − 1
q

∣∣∣∣ ≤ 1
q

∑
α∈F×

q

∣∣E[χ(αv′)]
∣∣ ≤ q − 1

q
γ ≤ γ,

and pv ≥ 1
q − γ > 0.330

Again by character orthogonality,331

Pr[x′ ∈ S,v′ = v] = E
[
1[x′ ∈ S] 1[v′ = v]

]
332

= Pr[x′ ∈ S]
q

+ 1
q

∑
α∈F×

q

χ(−αv)E
[
1[x′ ∈ S]χ(αv′)

]
.333

Multiplying the expression for pv above by Pr[x′ ∈ S] gives

Pr[x′ ∈ S] · pv = Pr[x′ ∈ S]
q

+ 1
q

∑
α∈F×

q

χ(−αv) Pr[x′ ∈ S]E[χ(αv′)].

Subtracting the preceding two displays gives334

Pr[x′ ∈ S,v′ = v] − Pr[x′ ∈ S] · pv = 1
q

∑
α∈F×

q

χ(−αv) ·
(
E
[
1[x′ ∈ S]χ(αv′)

]
− Pr[x′ ∈ S]E[χ(αv′)]

)
.335

Since |χ(−αv)| = 1 for every α ∈ F×
q , the triangle inequality gives336 ∣∣Pr[x′ ∈ S,v′ = v] − Pr[x′ ∈ S] · pv
∣∣ ≤ 1

q

∑
α∈F×

q

∣∣∣E[1[x′ ∈ S]χ(αv′)
]

− Pr[x′ ∈ S]E[χ(αv′)]
∣∣∣.337

For every α ∈ F×
q , applying the definition of FCorr(g) to the fixed cylinder intersection S

gives ∣∣E[1[x′ ∈ S]χ(αv′)
]∣∣ ≤ γ.

Moreover, since 0 ≤ Pr[x′ ∈ S] ≤ 1, the estimate
∣∣E[χ(αv′)]

∣∣ ≤ γ established above gives

|Pr[x′ ∈ S]E[χ(αv′)]| ≤ Pr[x′ ∈ S]γ ≤ γ.

Thus, by the triangle inequality, for every α ∈ F×
q ,∣∣E[1[x′ ∈ S]χ(αv′)

]
− Pr[x′ ∈ S]E[χ(αv′)]

∣∣ ≤ 2γ.

Since F×
q contains q − 1 elements, substituting this bound into the preceding display gives∣∣Pr[x′ ∈ S,v′ = v] − Pr[x′ ∈ S] · pv

∣∣ ≤ q − 1
q

· 2γ ≤ 2γ.

Hence338 ∣∣∣∣ Pr
x′′∼Uni[Nk|v]

[x′′ ∈ S] − Pr
x′∼Uni[Nk]

[x′ ∈ S]
∣∣∣∣ = |Pr[x′ ∈ S | v′ = v] − Pr[x′ ∈ S]|339

=
∣∣Pr[x′ ∈ S,v′ = v] − Pr[x′ ∈ S] · pv

∣∣
pv

340

≤ 2qγ
1 − qγ

.341

Since qγ < 1
2 , we have 2qγ

1−qγ ≤ 4qγ. Taking the supremum over v ∈ Fq and S ∈ CI[Nk]342

proves the claim. ◀343
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5 Quantum lifting344

In this section, we prove our quantum lifting theorem as follows.345

▶ Theorem 22. Let 0 ≤ ε ≤ 1 and 0 < δ ≤ 1 − ε be constants. Let the gadget be
GIPk

q,r : (Fr
q)k → Fq, where k ≥ 2 and q is the smallest prime in [4k, 8k]. If r ≥ 2k log(q2/δ),

for any outer function f : Fq × Fq → {0, 1}, we have

Q→,cons
ε (f ◦ GIPk

q,r) ≥ Q→
ε+δ(f).

▶ Remark 23. It suffices to take r = ⌈2k log(q2/δ)⌉. Thus the input length of the gadget
function is

|xi| = ⌈r log q⌉ = Θ
(
2k log2 q

)
, ∀i ∈ [k].

Before proving Theorem 22, we need the following key lifting lemma that translates346

(k + 1)-party quantum one-way conservative NOF protocol into two-party quantum one-way347

protocol, and charges the extra error by the fiber discrepancy of gadget function.348

▶ Lemma 24 (Key lifting lemma). Let g : Nk → Fq be a surjective gadget function with fiber349

discrepancy ∆Π
g . For any outer function f : Fq × Fq → {0, 1}, if f ◦ g has a (k + 1)-party350

quantum one-way conservative protocol with message lengths c1, . . . , ck and error ≤ ε, f has351

a two-party quantum one-way protocol with cost ≤ ck and error ≤ ε+ 4c1+···+ck−1 · ∆Π
g .352

The main idea behind Lemma 24 is to decompose the terminal acceptance probability into353

bounded product tests, which can be controlled by ∆Π
g . The proof is deferred to Section 5.1.354

It remains to bound the fiber discrepancy ∆Π
g . The next two lemmas do so by relating it355

to product Fourier correlation and then bounding this correlation on GIPk
q,r.356

▶ Lemma 25. Given a surjective gadget function g : Nk → Fq, if the product Fourier357

correlation PCorr(g) ≤ γ and qγ < 1/2, the fiber discrepancy satisfies ∆Π
g ≤ 4qγ.358

▶ Lemma 26. The product Fourier correlation of GIPk
q,r satisfies PCorr(GIPk

q,r) ≤ (k/q)r/2k−1
.359

Lemmas 25 and 26 are analogous to Lemmas 19 and 20 in the randomized lifting argument.360

Fourier inversion is identical, while the GIP estimate replaces indicator tests by bounded361

product tests. The proofs are deferred to the appendix.362

Proof of Theorem 22. Let G := GIPk
q,r. Consider any one-way conservative quantum363

protocol Π for f ◦G with cost C and worst-case error at most ε. We prove that C ≥ Q→
ε+δ(f).364

Suppose, for contradiction, that C < Q→
ε+δ(f). Let c1, . . . , ck be the message lengths of Π365

and
∑k

i=1 ci = C. Let γk(q, r) := (k/q)r/2k−1
. Since q ≥ 4k and r ≥ 2k log(q2/δ), we have366

qγk(q, r) ≤ 1/q < 1/2. Because GIPk
q,r is surjective, by Lemma 25 and Lemma 26, we have367

∆Π
G ≤ 4qγk(q, r).368

By Lemma 24, Π yields a two-party one-way quantum protocol Π′ for f with cost at most
ck and error at most

ε+ 4c1+···+ck−1∆Π
G ≤ ε+ 4c1+···+ck−1 · 4qγk(q, r) < ε+ 22Q→

ε+δ(f)+2qγk(q, r) ≤ ε+ δ.

The last inequality follows from r ≥ 2k log(q2/δ) and q ≥ 4k, which give

γk(q, r) ≤
(

1
4

)2 log(q2/δ)
=
(
δ

q2

)4
.
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Since Q→
ε+δ(f) ≤ ⌈log q⌉, we have

22Q→
ε+δ(f)+2qγk(q, r) ≤ 16q3

(
δ

q2

)4
≤ δ.

Thus Π′ has cost at most ck < Q→
ε+δ(f) and error at most ε + δ, contradicting the369

definition of Q→
ε+δ(f). ◀370

5.1 Proof of Key Lifting Lemma371

In this section, we prove Lemma 24. At first, we expand each completely positive trace-372

preserving (CPTP) map in the matrix-unit bases of its input and output spaces, denoted373

by Ein
ab and Eout

cd , respectively. The following lemma shows that every coefficient in this374

expansion has magnitude at most 1.375

▶ Lemma 27. Let Λ: Ct×t → Ct′×t′ be CPTP. For each a, b ∈ [t], write Λ(Ein
ab) =376 ∑t′

c=1
∑t′

d=1 λcd,abE
out
cd . Then |λcd,ab| ≤ 1 for every a, b ∈ [t] and c, d ∈ [t′].377

Fix a one-way conservative quantum protocol with message lengths c1, . . . , ck. Let Hk be378

the register sent by Pk to Charlie, and let σx,z be its state on input (x, z). Using Lemma 27,379

the next lemma expresses the terminal acceptance probability as a sum of bounded product380

tests, which can be controlled by ∆Π
g .381

▶ Lemma 28. For every input z ∈ Fq and operator 0 ⪯ M ⪯ IHk
, there exist an integer

L ≤ 4c1+···+ck−1 and functions ϕi,j : Nk−1 → C such that for every input x ∈ Nk,

Tr(Mσx,z) =
L∑

j=1

k∏
i=1

ϕi,j(x−i),

where |ϕi,j | ≤ 1 for every i ∈ [k], j ∈ [L].382

With these two lemmas in hand, we can finish the proof of Lemma 24. The proof of383

Lemma 27 and Lemma 28 are put into the rest of this section.384

Proof of Lemma 24. Fix a one-way conservative quantum protocol Π for f ◦ g with message385

lengths c1, . . . , ck and worst-case error at most ε. For each (x, z) ∈ Nk × Fq, let σx,z denote386

the final message state received by the terminal player Charlie.387

Construct a two-party one-way quantum protocol Π′ for f as follows. On input z ∈ Fq,388

Alice samples x′ ∼ Uni[Nk], simulates Π on (x′, z), and sends Bob the final message state389

σx′,z. Equivalently, Alice sends the mixed state Ex′∼Uni[Nk][σx′,z]. On input v ∈ Fq, Bob390

applies the same binary measurement that Charlie would use in Π on gadget value v. The391

message sent by Alice is the last message register of Π, so the cost of Π′ is at most ck.392

Next, we analyze the error probability of Π′. Fix (v, z) ∈ Fq ×Fq. Let Mv = {M (0)
v ,M

(1)
v }

be Bob’s binary POVM. Recall that Nk|v := {x ∈ Nk : g(x) = v}. Define the averaged
states

σv,z := Ex′′∼Uni[Nk|v][σx′′,z], σz := Ex′∼Uni[Nk][σx′,z].

For every x ∈ Nk|v, we have (f ◦ g)(x, z) = f(v, z). By the worst-case error guarantee, the393

original protocol Π has average error at most ε on the fiber Nk|v. Therefore:394

1. if f(v, z) = 1, Tr(M (1)
v σv,z) ≥ 1 − ε;395

2. if f(v, z) = 0, Tr(M (1)
v σv,z) ≤ ε.396
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We now compare the error of Π′ on (z,v) with the corresponding quantity for σv,z.397

If f(v, z) = 1, then the error of Π′ on (z,v) is 1 − Tr(M (1)
v σz). So we obtain398

1 − Tr(M (1)
v σz) = 1 − Tr(M (1)

v σv,z) + Tr
(
M (1)

v (σv,z − σz)
)

399

≤ ε+
∣∣∣Tr
(
M (1)

v (σv,z − σz)
)∣∣∣ .400

If f(v, z) = 0, the error of Π′ on (z,v) is Tr(M (1)
v σz), and similarly,401

Tr(M (1)
v σz) = Tr(M (1)

v σv,z) + Tr
(
M (1)

v (σz − σv,z)
)

402

≤ ε+
∣∣∣Tr
(
M (1)

v (σv,z − σz)
)∣∣∣ .403

So in both cases, it remains to bound
∣∣∣Tr
(
M

(1)
v (σv,z − σz)

)∣∣∣ .404

By Lemma 28, the map x 7→ Tr(M (1)
v σx,z) admits a decomposition

Tr(M (1)
v σx,z) =

L∑
j=1

k∏
i=1

ϕi,j(x−i),

where L ≤ 4c1+···+ck−1 and |ϕi,j | ≤ 1. For every j ∈ [L], Definition 13 gives∣∣∣∣∣Ex′′∼Uni[Nk|v]

[
k∏

i=1
ϕi,j(x′′

−i)
]

− Ex′∼Uni[Nk]

[
k∏

i=1
ϕi,j(x′

−i)
]∣∣∣∣∣ ≤ ∆Π

g .

Therefore, by the definitions of the averaged states and the triangle inequality,∣∣∣Tr
(
M (1)

v (σv,z − σz)
)∣∣∣ ≤ L∆Π

g ≤ 4c1+···+ck−1∆Π
g .

Thus the derived two-party protocol Π′ has worst-case error at most

ε+ 4c1+···+ck−1∆Π
g .

◀405

Now we finish the proof of Lemma 27 and Lemma 28.406

Proof of Lemma 27. Fix a, b ∈ [t]. The output matrix units form a basis, so the expansion is
unique and, for every c, d ∈ [t′], λcd,ab =

(
Λ(Ein

ab)
)

cd
. Choose a Kraus representation Λ(T ) =∑

s KsTK
∗
s satisfying

∑
s K

∗
sKs = It. Since Ein

ab = eae
∗
b , we have λcd,ab =

∑
s(Ks)c,a(Ks)d,b.

Thus, by Cauchy–Schwarz,

|λcd,ab| ≤

(∑
s

|(Ks)c,a|2
)1/2(∑

s

|(Ks)d,b|2
)1/2

.

Moreover,

∑
s

|(Ks)c,a|2 ≤
t′∑

u=1

∑
s

|(Ks)u,a|2 =
〈
ea,

(∑
s

K∗
sKs

)
ea

〉
= 1,

and the same argument gives
∑

s |(Ks)d,b|2 ≤ 1. Hence |λcd,ab| ≤ 1. ◀407
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Proof of Lemma 28. Fix the input z ∈ Fq and an operator 0 ⪯ M ⪯ I. Set d0 := 1 and
di := 2ci for every i ∈ [k]. For each i ∈ [k] and local view (z,x−i), let

Λ(z,x−i)
i : Cdi−1×di−1 → Cdi×di

be the channel applied by Pi.408

Let (Λ(z,x−k)
k )∗ denote the Hilbert–Schmidt adjoint. Pull M back through the last sender:409

AM (z,x−k) :=
(
Λ(z,x−k)

k

)∗(M).410

Since Λ(z,x−k)
k is completely positive and trace preserving, its adjoint is unital and positive.

Hence
0 ⪯ AM (z,x−k) ⪯ Idk−1 , ∥AM (z,x−k)∥op ≤ 1.

The operator AM (z,x−k) acts on the (k − 1)st message register and depends on the input411

only through x−k.412

Using the matrix units, expand for each i ∈ [k − 1]:

Λ(z,x−i)
i

(
E

(i−1)
ab

)
=

di∑
c=1

di∑
d=1

λ
(i)
cd,ab(z,x−i)E(i)

cd .

By Lemma 27,
∣∣λ(i)

cd,ab(z,x−i)
∣∣ ≤ 1.413

Let σ<
x,z be the state after the first k − 1 senders. Iterating the above matrix-unit

expansions gives

σ<
x,z =

∑
a1,b1,...,ak−1,bk−1

(
k−1∏
i=1

λ
(i)
aibi,ai−1bi−1

(z,x−i)
)
E

(k−1)
ak−1bk−1

,

where (a0, b0) = (1, 1).414

Write

AM (z,x−k) =
dk−1∑
u=1

dk−1∑
v=1

auv(z,x−k)E(k−1)
uv .

Since ∥AM (z,x−k)∥op ≤ 1, each entry satisfies

|auv(z,x−k)| = |⟨e(k−1)
u , AM (z,x−k)e(k−1)

v ⟩| ≤ 1.

Since
σx,z = Λ(z,x−k)

k

(
σ<

x,z
)
,

the definition of the adjoint gives

Tr(Mσx,z) = Tr
(
AM (z,x−k)σ<

x,z
)
.

Substituting the two expansions and using

Tr
(
E(k−1)

uv E
(k−1)
ab

)
= δv,aδu,b,

we get

Tr(Mσx,z) =
∑

a1,b1,...,ak−1,bk−1

(
k−1∏
i=1

λ
(i)
aibi,ai−1bi−1

(z,x−i)
)
abk−1ak−1(z,x−k).
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Since z is fixed, each summand is a product of k functions: for i ∈ [k − 1], the ith factor
depends only on x−i, and the last factor depends only on x−k. All factors have magnitude
at most 1. The number of index choices is

L :=
k−1∏
i=1

d2
i = 4c1+···+ck−1 .

Index these summands by j ∈ [L] and take their corresponding matrix entries as the functions415

ϕi,j . This gives the desired representation. ◀416

6 Applications417

In this section, we present two applications of our lifting theorems to two benchmark outer418

functions: the Boolean hidden matching function and the index function.419

▶ Theorem 29 (Lifted Boolean Hidden Matching). Let BHM be the outer function f . For
every sufficiently large total input length n and every k ≥ 2 in the ranges below, there are
partial (k + 1)-party functions F := BHM ◦G on n input bits such that

Q→,cons
1/3 (F ) = O(logn).

Using the G := GIP gadget, one obtains R→,cons
1/3 (FGIP) ≥ Ω̃

(√
n

k2k

)
, whereas using G as a420

random gadget gives, with high probability, R→,cons
1/3 (Frand) ≥ Ω̃

(√
n
k

)
.421

Consequently, this application gives a polynomial-versus-logarithmic, hence exponential,422

separation in the GIP construction only when k = O(logn). For the random gadget, the423

same separation holds throughout the polynomial sender regime k ≤ n1−Ω(1).424

Proof. Let BHMN be Boolean Hidden Matching with Alice’s input z ∈ {0, 1}N . We use the
standard one-way bounds, valid for constant error 2/5,

R→(BHMN ) = Ω(
√
N), Q→(BHMN ) = O(logN);

see, e.g., [2, 8].425

The number of possible Bob inputs in BHMN is 2Θ(N log N). Choose a prime q large
enough to encode Bob’s input alphabet into Fq and also satisfying q ≥ (2k)2. Thus

log q = Θ(N logN + log k).

We write BHMN also for the resulting encoded promise function {0, 1}N × Fq → {0, 1}. The426

composed function is defined on the inverse image of the BHM promise. We use Theorems 16427

and 32 in this promise form, which is obtained by restricting the usual lifting simulation to428

the promised outer inputs.429

First consider the GIP gadget. Take the GIP parameters as in Theorem 16, with constant430

error slack. Since q ≥ (2k)2, the factor log q/ log(q/2k) is constant, and the per-sender gadget431

block length is Õ(2kN).432

Theorem 16 gives

R→,cons
1/3 (BHMN ◦ GIP) ≥ R→

2/5(BHMN ) = Ω(
√
N).

Choosing the largest even N for which the total input length N + k · Õ(2kN) is at most n
gives N = Θ̃

(
n

k2k

)
, as long as k2k ≤ n/polylogn. Hence

R→,cons
1/3 (BHM ◦ GIP) ≥ Ω̃

(√
n

k2k

)
.
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Now consider the random gadget. Apply Theorem 32 with failure probability, say, n−10.
Since R→

2/5(BHMN ) ≤ N , the required random-gadget alphabet can be chosen so that each
sender has input length Õ(N). Therefore, with probability at least 1 − n−10 over the choice
of the random gadget G,

R→,cons
1/3 (BHMN ◦G) ≥ R→

2/5(BHMN ) = Ω(
√
N).

Choosing the largest even N for which N + k · Õ(N) ≤ n gives N = Θ̃
(

n
k

)
, provided

k ≤ n/ polylogn. Thus, with high probability,

R→,cons
1/3 (BHM ◦G) ≥ Ω̃

(√
n

k

)
.

It remains to note the quantum upper bound. In the lifted conservative protocol, the
terminal player sees the gadget output and hence can compute the encoded Bob input of
BHMN . Any nonterminal sender sees Alice’s input z and sends the O(logN)-qubit message
from the standard quantum BHM protocol. The terminal player then completes Bob’s
measurement. Hence, for both gadgets,

Q→,cons
1/3 (BHM ◦G) ≤ O(logN) ≤ O(logn).

Finally, the displayed lower bounds are polynomial in n precisely in the corresponding433

parameter ranges. For the GIP gadget this requires k2k ≤ n1−Ω(1), which in particular forces434

k = O(logn). For the random gadget it only requires k ≤ n1−Ω(1). Since the quantum cost435

is O(logn), these regimes give the claimed polynomial-versus-logarithmic, hence exponential,436

separations. ◀437

▶ Theorem 30 (Lifted INDEX). For sufficiently large n and k ≥ 2, there are (k + 1)-party438

total functions F with total input length n obtained by composing the INDEX function with a439

gadget G.440

(i) Using the gadget GIP, namely

FGIP(z, x1, . . . , xk) := INDEX
(
z,GIP(k)

q,r(x1, . . . , xk)
)
,

one obtains R→,cons
1/3 (FGIP) ≥ Ω̃

(
n

k2k

)
.441

(ii) Using a uniformly random gadget G := Gm, namely

Frand(z, x1, . . . , xk) := INDEX
(
z,Gm(x1, . . . , xk)

)
,

one obtains, with high probability over the choice of Gm, R→,cons
1/3 (Frand) ≥ Ω̃

(
n
k

)
.442

Consequently, this INDEX application gives polynomial randomized lower bounds in the443

GIP construction only when k = O(logn). For the random gadget, polynomial randomized444

lower bounds hold throughout the polynomial sender regime k ≤ n1−Ω(1). Here Ω̃ hides445

polylogarithmic factors in n.446

Proof. Let INDN : {0, 1}N × [N ] → {0, 1} be the one-way INDEX function, INDN (z, i) = zi.447

We use the standard bound R→
1/3(INDN ) = Ω(N) for public-coin one-way randomized448

protocols; see, e.g., [14]. We will choose N as a function of the final input length n.449

First consider the GIP gadget. Choose a prime q = Θ(max{N, k2}), and fix a map
π : Fq → [N ] whose restriction to some subset of Fq is a bijection onto [N ]. Define the
encoded total outer function

fN (z, a) := zπ(a), z ∈ {0, 1}N , a ∈ Fq.
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Since INDN is a restriction of fN , we have R→
1/3(fN ) = Ω(N). Applying Theorem 16 with

constant error slack gives
R→,cons

1/3 (fN ◦ GIP) ≥ Ω(N).

Moreover, because q ≥ k2, the GIP block length per sender is |xi| = Õ(2kN), where the Õ
hides polylogarithmic factors in n. Thus the total lifted input length is N + k · Õ(2kN).
Choosing the largestN for which this quantity is at most n, and then padding by dummy bits if
necessary, gives N = Θ̃

(
n

k2k

)
in the nontrivial GIP regime k2k ≤ n/polylogn. Consequently,

R→,cons
1/3 (FGIP) ≥ Ω̃

( n

k2k

)
.

Now consider the random gadget. Choose a prime q = Θ(N) and define the same encoded
total outer function fN : {0, 1}N × Fq → {0, 1}. Apply Theorem 32 with constant error
slack and failure probability, say, n−10. Since R→

1/3(fN ) = Ω(N) and R→
1/3(fN ) ≤ N , the

random gadget can be chosen so that each sender has block length |xi| = Õ(N). Hence, with
probability at least 1 − n−10 over the choice of Gm,

R→,cons
1/3 (fN ◦Gm) ≥ Ω(N).

The total input length is now N + k · Õ(N). Choosing the largest N for which this is at most
n, and padding by dummy bits if necessary, gives N = Θ̃

(
n
k

)
in the nontrivial random-gadget

regime k ≤ n/ polylogn. Therefore, with high probability,

R→,cons
1/3 (Frand) ≥ Ω̃

(n
k

)
.

Finally, the GIP lower bound is polynomial in n only when k2k ≤ n1−Ω(1), which forces450

k = O(logn). In contrast, the random-gadget lower bound is polynomial throughout the451

regime k ≤ n1−Ω(1). The functions are total because the encoded INDEX function is defined452

on all of Fq, and both gadgets are total. ◀453
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A Fourier correlation of the GIP gadget532

Proof of Lemma 20. Throughout the proof, x1, . . . ,xk are independent and uniformly dis-
tributed over Fr

q, and each yi is an independent copy of xi. Fix a cylinder intersection
S ∈ CI[(Fr

q)k] and an element α ∈ F×
q . Write S = S1 ∩· · ·∩Sk, where each Si is an i-cylinder.

Define

Γα(S) := Ex1,...,xk

[
k∏

i=1
1[(x1, . . . ,xk) ∈ Si]χ

(
α

r∑
t=1

k∏
i=1

xi,t

)]
.

Since

1[(x1, . . . ,xk) ∈ S] =
k∏

i=1
1[(x1, . . . ,xk) ∈ Si],

it is enough to prove that |Γα(S)| ≤ (k/q)r/2k−1 for every α ∈ F×
q and every S ∈ CI[(Fr

q)k].533

First, we square Γα(S) and expand with respect to xk. Because Sk is a k-cylinder, the534

indicator 1[(x1, . . . ,xk) ∈ Sk] is independent of xk. Hence535

|Γα(S)|2 ≤ Ex1,...,xk−1

∣∣∣∣∣Exk

[
k−1∏
i=1

1[(x1, . . . ,xk) ∈ Si]χ
(
α

r∑
t=1

xk,t

k−1∏
i=1

xi,t

)]∣∣∣∣∣
2

.536

Expanding the square introduces an independent copy yk of xk; the new phase is

χ

(
α

r∑
t=1

(xk,t − yk,t)
k−1∏
i=1

xi,t

)
.

In the next step, the factor coming from Sk−1 is independent of xk−1, so the same537

argument can be applied to xk−1. Repeating this computation for xk,xk−1, . . . ,x2 introduces538

independent copies yk,yk−1, . . . ,y2 and yields539

|Γα(S)|2
k−1

≤ Ex2,...,xk,y2,...,yk

∣∣∣∣∣Ex1

[
χ

(
α

r∑
t=1

x1,t

k∏
i=2

(xi,t − yi,t)
)]∣∣∣∣∣ .540

If there exists t ∈ [r] such that
∏k

i=2(xi,t − yi,t) ̸= 0, then the inner expectation over
x1,t ∈ Fq vanishes by character orthogonality. Therefore the inner expectation can be nonzero
only if

∏k
i=2(xi,t − yi,t) = 0 for every t ∈ [r]. Hence

|Γα(S)|2
k−1

≤ Pr
[

∀t ∈ [r],
k∏

i=2
(xi,t − yi,t) = 0

]
.

For a fixed t ∈ [r], the event
∏k

i=2(xi,t − yi,t) = 0 means that xi,t = yi,t for at least one
i ∈ {2, . . . , k}. By the union bound,

Pr
[

k∏
i=2

(xi,t − yi,t) = 0
]

≤ k

q
.

https://doi.org/10.1109/FOCS.2007.4389513
https://arxiv.org/abs/2506.12420
https://arxiv.org/abs/2506.12420
https://arxiv.org/abs/2506.12420
https://arxiv.org/abs/2506.12420
https://doi.org/10.48550/arXiv.2506.12420
https://arxiv.org/abs/2603.22795
https://arxiv.org/abs/2603.22795
https://doi.org/10.48550/arXiv.2603.22795
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Because the variables corresponding to different coordinates t ∈ [r] are independent,541

|Γα(S)|2k−1 ≤ (k/q)r
. Since S and α are arbitrary, taking the supremum proves the542

lemma. ◀543

B Product Fourier correlation of the GIP gadget544

Proof of Lemma 25. Fix v ∈ Fq and functions ϕi : Nk−1 → C with |ϕi| ≤ 1 for every i ∈ [k].
Define

Φ(x) :=
k∏

i=1
ϕi(x−i).

Then |Φ| ≤ 1. Let x′ ∼ Uni[Nk] and v′ := g(x′). Write pv := Pr[v′ = v]. Taking all ϕi ≡ 1545

in the definition of PCorr(g) gives
∣∣E[χ(αv′)]

∣∣ ≤ γ for every α ∈ F×
q .546

By Fourier inversion, 1[v′ = v] = 1
q

∑
α∈Fq

χ
(
α(v′ − v)

)
. Taking expectations gives

pv = 1
q

+ 1
q

∑
α∈F×

q

χ(−αv)E[χ(αv′)].

Therefore ∣∣∣∣pv − 1
q

∣∣∣∣ ≤ 1
q

∑
α∈F×

q

∣∣E[χ(αv′)]
∣∣ ≤ q − 1

q
γ ≤ γ.

In particular,
pv ≥ 1

q
− γ = 1 − qγ

q
> 0.

Again by Fourier inversion,

E
[
Φ(x′)1[v′ = v]

]
= E[Φ(x′)]

q
+ 1
q

∑
α∈F×

q

χ(−αv)E
[
Φ(x′)χ(αv′)

]
.

Also,

E[Φ(x′)]pv = E[Φ(x′)]
q

+ 1
q

∑
α∈F×

q

χ(−αv)E[Φ(x′)]E[χ(αv′)].

Subtracting the two displays yields

E
[
Φ(x′)1[v′ = v]

]
− E[Φ(x′)]pv = 1

q

∑
α∈F×

q

χ(−αv)
(
E
[
Φ(x′)χ(αv′)

]
− E[Φ(x′)]E[χ(αv′)]

)
.

For every α ∈ F×
q , the definition of PCorr(g) gives∣∣E[Φ(x′)χ(αv′)

]∣∣ ≤ γ.

Moreover, ∣∣E[Φ(x′)]
∣∣ ≤ E[|Φ(x′)|] ≤ 1,

and hence
|E[Φ(x′)]E[χ(αv′)]| ≤ γ.

Since |χ(−αv)| = 1, the triangle inequality gives∣∣E[Φ(x′)1[v′ = v]
]

− E[Φ(x′)]pv
∣∣ ≤ 1

q

∑
α∈F×

q

2γ = q − 1
q

· 2γ ≤ 2γ.
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Hence547 ∣∣Ex′′∼Uni[Nk|v][Φ(x′′)] − Ex′∼Uni[Nk][Φ(x′)]
∣∣ = |E[Φ(x′) | v′ = v] − E[Φ(x′)]|548

=
∣∣E[Φ(x′)1[v′ = v]

]
− E[Φ(x′)]pv

∣∣
pv

549

≤ 2qγ
1 − qγ

.550

Since qγ < 1/2,
2qγ

1 − qγ
≤ 4qγ.

Taking the supremum over v ∈ Fq and all functions ϕi : Nk−1 → C with |ϕi| ≤ 1 proves the551

lemma. ◀552

Proof of Lemma 26. Fix α ∈ F×
q and functions ϕi : (Fr

q)k−1 → C with |ϕi| ≤ 1 for every
i ∈ [k]. Throughout the proof, x1, . . . ,xk are independent and uniformly distributed over Fr

q.
Set ℓ := k − 1, and write xi = (xi,1, . . . , xi,r). Let

D := Ex1,...,xk

[
χ

(
α

r∑
t=1

xk,t

ℓ∏
i=1

xi,t

)
k∏

i=1
ϕi(x−i)

]
.

For every i ∈ [ℓ], let x(0)
i and x(1)

i be independent copies of xi. For ω ∈ {0, 1}ℓ, write

x(ω)
−k :=

(
x(ω1)

1 , . . . ,x(ωℓ)
ℓ

)
.

Define
Θ :=

∏
ω∈{0,1}ℓ

|ω| even

ϕk

(
x(ω)

−k

) ∏
ω∈{0,1}ℓ

|ω| odd

ϕk

(
x(ω)

−k

)
.

Then Θ is independent of xk and |Θ| ≤ 1.553

For every t ∈ [r], define

At :=
∑

ω∈{0,1}ℓ

(−1)|ω|
ℓ∏

i=1
x

(ωi)
i,t =

ℓ∏
i=1

(
x

(0)
i,t − x

(1)
i,t

)
.

Since χ(u) = χ(−u),

∏
ω∈{0,1}ℓ

|ω| even

χ

(
α

r∑
t=1

xk,t

ℓ∏
i=1

x
(ωi)
i,t

)
·
∏

ω∈{0,1}ℓ

|ω| odd

χ

(
α

r∑
t=1

xk,t

ℓ∏
i=1

x
(ωi)
i,t

)
= χ

(
α

r∑
t=1

xk,tAt

)
.

At the ith step, write the current expression using the product Ri(u) of the copies and554

conjugates of ϕi, and let Bi denote the remaining integrand. Here u denotes the remaining555

outer variables. Since Ri is independent of xi and |Ri| ≤ 1, Cauchy–Schwarz gives556

|Eu [Ri(u)ExiBi(u,xi)]|2 ≤ Eu
[
|Ri(u)|2

]
· Eu

[
|ExiBi(u,xi)|2

]
≤ Eu

[
|ExiBi(u,xi)|2

]
.557

Because |Θ| ≤ 1, applying this inequality successively for i = 1, . . . , ℓ gives558

|D|2
ℓ

≤

∣∣∣∣∣Ex(0)
1 ,x(1)

1 ,...,x(0)
ℓ

,x(1)
ℓ

[
Θ · Exk

χ

(
α

r∑
t=1

xk,tAt

)]∣∣∣∣∣ ≤ Ex(0)
1 ,x(1)

1 ,...,x(0)
ℓ

,x(1)
ℓ

∣∣∣∣∣Exk
χ

(
α

r∑
t=1

xk,tAt

)∣∣∣∣∣ .559



H. Wang and P. Wu 73:27

For fixed copies x(0)
i ,x(1)

i , character orthogonality gives

Exk
χ

(
α

r∑
t=1

xk,tAt

)
=

r∏
t=1

Exk,t

[
χ(αxk,tAt)

]
=

r∏
t=1

1[At = 0].

For fixed t ∈ [r], the differences x(0)
i,t − x

(1)
i,t are independent and uniform over Fq. Therefore

Pr[At = 0] = 1 −
(

1 − 1
q

)ℓ

.

The events At = 0 are independent over t ∈ [r]. Hence

|D|2
ℓ

≤

(
1 −

(
1 − 1

q

)ℓ
)r

.

Finally, 1 −
(

1 − 1
q

)ℓ

≤ ℓ
q ≤ k

q . Taking the 2ℓth root and recalling that ℓ = k − 1, we obtain

|D| ≤
(
k

q

)r/2k−1

.

Since α and the functions ϕi were arbitrary, taking the supremum proves the lemma. ◀560

C Randomized and quantum lifting with random gadgets561

In this section, we replace the explicit gadget GIP(k)
q,r by a random gadget. Now take X1 =562

· · · = Xk = [m] and X = [m]k, so that each input point is written as x = (x1, . . . ,xk) ∈ X563

and x−i ∈ X−i =
∏

j ̸=i Xj , ∀i ∈ [k]. Each player now receives ⌈logm⌉ bits of gadget input.564

A random gadget is a function Gm : [m]k → Fq chosen by assigning the values Gm(x)565

independently and uniformly in Fq for all x ∈ [m]k.566

The following theorem shows that a random gadget has small fiber discrepancy against567

cylinder intersections and generalized cylinder intersections.568

▶ Theorem 31. Given k ≥ 2, let q ≥ 2 be prime, and let 0 < ζ < 1 be constant. Choose569

Gm : [m]k → Fq uniformly at random. Then the following estimates on fiber discrepancy570

1. Fiber discrepancy against cylinder intersections. Define

βk,q,m :=
(

10q
3mk

(
kmk−1 ln 2 + ln 4q

ζ

))1/2
.

If
mk ≥ 8q ln 2q

ζ
and βk,q,m ≤ 1,

with probability at least 1−ζ, every fiber of Gm is nonempty and ∆Gm
≤ βk,q,m. Moreover,

when m ≥ q, this gives a simpler estimate

∆Gm
= Oζ

(√
qk

m

)
.

2. Fiber discrepancy against generalized cylinder intersections. Let 0 < θ ≤ 1. If
m satisfies

mk ≥ 12q ln 4q
ζ
,

mkθ2

1024q ≥ 2kmk−1 ln 256k
θ

+ ln 8q
ζ
,
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with probability at least 1 − ζ, every fiber of Gm is nonempty and ∆Π
Gm

≤ θ. Moreover, for
a sufficiently large universal constant K0 > 0, the hypothesis on m could be simplified as

m ≥ K0
q

θ2

(
k ln k

θ
+ ln q

ζ

)
.

The proof of Theorem 31 is postponed to Section C.3. In Sections C.1 and C.2, we apply571

the random gadget to randomized and quantum lifting and obtain sharper gadget-size bounds572

than those for GIP.573

C.1 Randomized lifting with a random gadget574

In this section, we prove the following randomized lifting theorem using a random gadget.575

▶ Theorem 32 (Random-gadget randomized lifting). Given k ≥ 2, let q ≥ 2 be prime,
let Z be an arbitrary finite set. Let 0 < ζ < 1. Let 0 ≤ ε ≤ 1 and 0 < δ ≤ 1 − ε be
constants. Let f : Z × Fq → {0, 1}. Choose Gm : [m]k → Fq uniformly at random, and define
F : Z × [m]k → {0, 1} by F (z,x) := f

(
z,Gm(x)

)
. There exists a universal constant K > 0

such that if

m ≥ K q 22R→
ε+δ(f)δ−2

(
k + ln q

ζ

)
,

with probability at least 1 − ζ over the choice of Gm,

R→,cons
ε (F ) ≥ R→

ε+δ(f).

Moreover, since R→
ε+δ(f) ≤ ⌈log |Z|⌉, it suffices to take m =

⌈
K q 22⌈log |Z|⌉δ−2

(
k + ln q

ζ

)⌉
.576

The input length |z| = ⌈log |Z|⌉, and |xi| = ⌈logm⌉ = Θδ,ζ(log |Z| + log q + log(k + log q)),577

∀i ∈ [k].578

Remark: comparison with GIP gadget. Theorem 32 has exactly the same lifting
interface as the GIP-based theorem, namely Theorem 16; only the gadget is changed. The
tradeoff is that Gm is non-explicit: its truth table consists of mk independent uniformly
random entries in Fq. The gain is that the per-player gadget size is now

⌈logm⌉ = Θδ,ζ

(
log |Z| + log q + log(k + log q)

)
.

By contrast, the GIP-gadget lifting uses gadget size

⌈r log q⌉ = Θδ

(
2k log q

log(q/2k) (log |Z| + log q)
)
.

So the random gadget removes the exponential dependence on k from the gadget size.579

We prove the randomized lifting theorem using a random gadget as follows.580

Proof of Theorem 32. We prove the theorem with any universal constant K ≥ 8. Assume

m ≥ K q 22R→
ε+δ(f)δ−2

(
k + ln q

ζ

)
.

Since K ≥ 8, δ ≤ 1, and R→
ε+δ(f) ≥ 0, this implies m ≥ 8q

(
k + ln q

ζ

)
. In particular m ≥ q.581

We first verify the two hypotheses of the part (1) in Theorem 31.582
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The first condition follows immediately:

mk ≥ m ≥ 8q
(
k + ln q

ζ

)
≥ 8q ln 2q

ζ
,

where the last inequality uses k ≥ 2 ≥ ln 2.583

It remains to check that βk,q,m ≤ 1. More precisely, we will prove the stronger bound

βk,q,m ≤ δ 2−R→
ε+δ(f).

By the definition of βk,q,m,

β2
k,q,m = 10q

3

(
k ln 2
m

+ ln(4q/ζ)
mk

)
.

Using mk ≥ m, k ln 2 ≤ k, and

ln 4q
ζ

= ln q
ζ

+ ln 4 ≤ ln q
ζ

+ k,

we get

β2
k,q,m ≤ 20q

3m

(
k + ln q

ζ

)
.

Now applying the lower bound on m,

β2
k,q,m ≤ 20

3Kδ22−2R→
ε+δ(f) ≤ δ22−2R→

ε+δ(f).

Therefore βk,q,m ≤ δ 2−R→
ε+δ(f) ≤ 1. Thus both hypotheses of Theorem 31 (1) are satisfied.584

Hence, with probability at least 1 − ζ, every fiber of Gm is nonempty and ∆Gm
≤ βk,q,m ≤585

δ 2−R→
ε+δ(f). Fix a gadget Gm satisfying this event.586

Consider any public-coin one-way conservative protocol for F with cost C and worst-case587

error at most ε. We show that C ≥ R→
ε+δ(f) as follows.588

Suppose otherwise that C < R→
ε+δ(f). By Lemma 18, this protocol induces a public-coin

two-party one-way protocol for f with cost C and worst-case error at most ε + 2C∆Gm
.

Using the bound on ∆Gm , we have

ε+ 2C∆Gm ≤ ε+ 2Cδ 2−R→
ε+δ(f) < ε+ δ.

This gives a two-party one-way protocol for f of cost C < R→
ε+δ(f) and error at most ε+ δ,589

contradicting the definition of R→
ε+δ(f). ◀590

C.2 Quantum lifting with a random gadget591

In this section, we prove the following quantum lifting theorem using a random gadget.592

▶ Theorem 33 (Random-gadget quantum lifting). Given k ≥ 2, let q ≥ 2 be prime, let Z
be an arbitrary finite set. Let 0 < ζ < 1, 0 ≤ ε ≤ 1 and 0 < δ ≤ 1 − ε be constants. Let
f : Z×Fq → {0, 1}. Choose Gm : [m]k → Fq uniformly at random, and define F : Z× [m]k →
{0, 1} by F (z,x) := f

(
z,Gm(x)

)
. There exists a universal constant K > 0 such that if

m ≥ K 24Q→
ε+δ(f) q δ−2

(
k ln k22Q→

ε+δ(f)

δ
+ ln q

ζ

)
,
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with probability at least 1 − ζ over the choice of Gm, Q→,cons
ε (F ) ≥ Q→

ε+δ(f). Moreover, since
Q→

ε+δ(f) ≤ ⌈log |Z|⌉, it suffices to take

m =
⌈
K q 24⌈log |Z|⌉δ−2

(
k ln k22⌈log |Z|⌉

δ
+ ln q

ζ

)⌉
.

The input length |z| = log |Z| and ∀i ∈ [k],

|xi| = ⌈logm⌉ = Θδ,ζ(log |Z| + log q + log(k ln k + k log |Z| + ln q)) .

C.2.0.1 Comparison with GIP.593

The per-player gadget input length for a random gadget is

⌈logm⌉ = Θδ,ζ(log |Z| + log q + log(k ln k + k log |Z| + ln q)) ,

whereas for the GIP gadget it is

⌈r log q⌉ = Θδ

(
2k log q

log(q/k) (log |Z| + log(q))
)
.

Thus the random gadget removes the exponential dependence on k from the gadget size.594

We prove the quantum lifting theorem using a random gadget as follows.595

Proof of Theorem 33. Let Q := Q→
ε+δ(f) and θ := δ 2−2Q. Then 0 < θ ≤ 1. Choose the

universal constant K in the theorem large enough so that the lower bound on m implies the
simplified sufficient condition in Theorem 31(2) with this value of θ. Hence, with probability
at least 1 − ζ, every fiber of Gm is nonempty and

∆Π
Gm

≤ θ = δ 2−2Q.

Fix a gadget Gm satisfying this event.596

Consider any quantum one-way conservative protocol for F with total cost C and worst-
case error at most ε. Suppose, for contradiction, that C < Q. Let c1, . . . , ck be its message
lengths and set cpre := c1 + · · ·+ck−1. Since all message lengths are nonnegative, ck ≤ C < Q

and cpre ≤ C < Q. By Lemma 24, this protocol yields a two-party one-way quantum protocol
for f with cost at most ck and worst-case error at most

ε+ 22cpre∆Π
Gm

≤ ε+ 22cpreδ 2−2Q < ε+ δ.

This contradicts the definition of Q. Therefore every quantum one-way conservative protocol597

for F with error at most ε has total cost at least Q, proving the theorem. ◀598

C.3 Proof of Theorem 31599

The two parts of Theorem 31 are proved in Lemmas 34 and 35. The simplified bound in600

part (1) follows directly from the definition of βk,q,m: when m ≥ q and ζ is fixed, the term601

q ln(4q/ζ)/mk is dominated by O(qk/m). We prove the part (1) first.602

▶ Lemma 34 (Random gadgets have small fiber discrepancy). Fix k ≥ 2, let q ≥ 2 be prime,
let m ≥ 2, and let 0 < ζ < 1. Choose Gm : [m]k → Fq uniformly at random. Assume

mk ≥ 8q ln 2q
ζ



H. Wang and P. Wu 73:31

and define

βk,q,m :=
(

10q
3mk

(
kmk−1 ln 2 + ln 4q

ζ

))1/2
.

If βk,q,m ≤ 1, then with probability at least 1 − ζ, every fiber of Gm is nonempty and603

∆Gm
≤ βk,q,m.604

Proof. We first control the fiber sizes. For each fixed v ∈ Fq, the random variable |G−1
m (v)|

has distribution Bin(mk, 1/q). By the Chernoff bound,

Pr
[
|G−1

m (v)| < mk

2q

]
≤ exp

(
−mk

8q

)
.

Taking a union bound over all v ∈ Fq and using mk ≥ 8q ln(2q/ζ), we get q exp
(

− mk

8q

)
≤ ζ

2 .605

Hence, with probability at least 1 − ζ/2,606

Pr
x′∼Uni[m]k

[Gm(x′) = v] ≥ 1
2q for every v ∈ Fq. (1)607

In particular, every fiber of Gm is nonempty on this event.608

Now fix a cylinder intersection S ∈ CI([m]k) and a value v ∈ Fq. Define

A(S, v) := Ex′∼Uni[m]k

[(
1[x′ ∈ S] − Pr

y′∼Uni[m]k
[y′ ∈ S]

)
1[Gm(x′) = v]

]
.

Since ∑
x∈[m]k

(
1[x ∈ S] − Pr

y′∼Uni[m]k
[y′ ∈ S]

)
= 0,

we may also write

mkA(S, v) =
∑

x∈[m]k

(
1[x ∈ S] − Pr

y′∼Uni[m]k
[y′ ∈ S]

)(
1[Gm(x) = v] − 1

q

)
.

The summands on the right-hand side are independent and have mean zero, because the609

values Gm(x) are independent and uniform in Fq. Moreover, each summand has absolute610

value at most 1.611

For the variance term, we have612

∑
x∈[m]k

E

(1[x ∈ S] − Pr
y′∼Uni[m]k

[y′ ∈ S]
)2(

1[Gm(x) = v] − 1
q

)2
613

≤ 1
q

∑
x∈[m]k

(
1[x ∈ S] − Pr

y′∼Uni[m]k
[y′ ∈ S]

)2

614

= mk

q
Pr

x′∼Uni[m]k
[x′ ∈ S]

(
1 − Pr

x′∼Uni[m]k
[x′ ∈ S]

)
615

≤ mk

4q .616

Thus Bernstein’s inequality gives, for every 0 < θ ≤ 1,

Pr
[
|A(S, v)| > θ

2q

]
≤ 2 exp

(
− (mkθ/(2q))2

2(mk/(4q) +mkθ/(6q))

)
.
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Since θ ≤ 1,

2
(
mk

4q + mkθ

6q

)
≤ 5mk

6q .

Therefore617

Pr
[
|A(S, v)| > θ

2q

]
≤ 2 exp

(
−3mkθ2

10q

)
. (2)618

We next take a union bound over all cylinder intersections. For each i ∈ [k], an i-cylinder
is determined by an arbitrary subset of [m]k−1. Hence the number of cylinder intersections
in [m]k is at most 2kmk−1

. Applying the inequality (2) with θ = βk,q,m is allowed by the
assumption βk,q,m ≤ 1. By the definition of βk,q,m,

3mkβ2
k,q,m

10q = kmk−1 ln 2 + ln 4q
ζ
.

Therefore

2kmk−1
· q · 2 exp

(
−

3mkβ2
k,q,m

10q

)
= 2kmk−1

· q · 2 exp
(

−kmk−1 ln 2 − ln 4q
ζ

)
= ζ

2 .

So, with probability at least 1 − ζ/2,619

|A(S, v)| ≤ βk,q,m

2q for every S ∈ CI([m]k) and every v ∈ Fq. (3)620

Assume now that both events (1) and (3) hold. For every S ∈ CI([m]k) and every v ∈ Fq,

A(S, v) = Pr
x′∼Uni[m]k

[Gm(x′) = v]
(

Pr
x′′∼Uni

G
−1
m (v)

[x′′ ∈ S] − Pr
x′∼Uni[m]k

[x′ ∈ S]
)
.

Hence621 ∣∣∣∣∣ Pr
x′′∼Uni

G
−1
m (v)

[x′′ ∈ S] − Pr
x′∼Uni[m]k

[x′ ∈ S]

∣∣∣∣∣ = |A(S, v)|
Prx′∼Uni[m]k

[Gm(x′) = v]622

≤ βk,q,m/(2q)
1/(2q) = βk,q,m.623

Taking the maximum over all S ∈ CI([m]k) and all v ∈ Fq gives ∆Gm
≤ βk,q,m. The two bad624

events have total probability at most ζ, and the proof is complete. ◀625

We prove the part (2) of Theorem 31 as follows.626

▶ Lemma 35 (Random gadgets fool the generalized cylinder intersections). Fix k ≥ 2, let q ≥ 2
be prime, let m ≥ 2, and let 0 < ζ < 1. Choose Gm : [m]k → Fq uniformly at random. Let
0 < θ ≤ 1. Assume

mk ≥ 12q ln 4q
ζ

and
mkθ2

1024q ≥ 2kmk−1 ln 256k
θ

+ ln 8q
ζ
.

Then with probability at least 1 − ζ, every fiber of Gm is nonempty and ∆Π
Gm

≤ θ. Moreover,
these two hypotheses are implied by the simpler sufficient condition

m ≥ K0
q

θ2

(
k ln k

θ
+ ln q

ζ

)
for a sufficiently large universal constant K0 > 0; for instance, one may take K0 = 215.627
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Proof. For each fixed v ∈ Fq, the random variable |G−1
m (v)| has distribution Bin(mk, 1/q).

By the Chernoff bound,

Pr
[∣∣∣∣|G−1

m (v)| − mk

q

∣∣∣∣ > mk

2q

]
≤ 2 exp

(
−mk

12q

)
.

A union bound over v ∈ Fq and the first hypothesis give 2q exp
(

− mk

12q

)
≤ ζ

2 . Thus, with628

probability at least 1 − ζ/2,629

1
2q ≤ Pr

x′∼Uni[m]k
[Gm(x′) = v] ≤ 3

2q for every v ∈ Fq. (4)630

In particular, every fiber of Gm is nonempty on this event.631

Let P be the family of product-cylinder tests

ψ(x) =
k∏

i=1
ϕi(x−i), ϕi :

∏
j ̸=i

[m] → C, |ϕi| ≤ 1.

For ψ ∈ P and v ∈ Fq, define

B(ψ, v) := Ex′∼Uni[m]k

[(
ψ(x′) − Ey′∼Uni[m]k

ψ(y′)
)
1[Gm(x′) = v]

]
.

If |B(ψ, v)| ≤ θ/(2q) for every ψ ∈ P and every v ∈ Fq, then on the event (4),∣∣∣Ex′′∼Uni
G

−1
m (v)

ψ(x′′) − Ex′∼Uni[m]k
ψ(x′)

∣∣∣ = |B(ψ, v)|
Prx′∼Uni[m]k

[Gm(x′) = v] ≤ θ.

Therefore it remains to prove this uniform bound on B(ψ, v).632

Fix ψ ∈ P and v ∈ Fq. Since∑
x∈[m]k

(
ψ(x) − Ey′∼Uni[m]k

ψ(y′)
)

= 0,

we have

mkB(ψ, v) =
∑

x∈[m]k

(
ψ(x) − Ey′∼Uni[m]k

ψ(y′)
)(

1[Gm(x) = v] − 1
q

)
.

The summands on the right-hand side are independent and have mean zero. They are
bounded in modulus by 2, because |ψ(x)| ≤ 1 and

∣∣∣Ey′∼Uni[m]k
ψ(y′)

∣∣∣ ≤ 1. Moreover, their
total second moment is at most

1
q

∑
x∈[m]k

∣∣∣ψ(x) − Ey′∼Uni[m]k
ψ(y′)

∣∣∣2 ≤ 4mk

q
.

For a complex number z, let zre and zim denote its real and imaginary parts. Applying
Bernstein’s inequality to either (mkB(ψ, v))re or (mkB(ψ, v))im, with uniform bound 2 and
variance proxy 4mk/q, gives

Pr
[∣∣(mkB(ψ, v))re∣∣ > mkθ

8q

]
≤ 2 exp

(
− (mkθ/(8q))2

2(4mk/q + 2mkθ/(24q))

)
.

and
Pr
[∣∣(mkB(ψ, v))im∣∣ > mkθ

8q

]
≤ 2 exp

(
− (mkθ/(8q))2

2(4mk/q + 2mkθ/(24q))

)
.
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Since θ ≤ 1, the denominator is at most 9mk/q. Hence each of the two probabilities is at
most

2 exp
(

−mkθ2

576q

)
≤ 2 exp

(
−mkθ2

1024q

)
.

If |B(ψ, v)| > θ/(4q), then either
∣∣(mkB(ψ, v))re

∣∣ > mkθ
8q or

∣∣(mkB(ψ, v))im
∣∣ > mkθ

8q . There-633

fore634

Pr
[
|B(ψ, v)| > θ

4q

]
≤ 4 exp

(
−mkθ2

1024q

)
. (5)635

We next make the estimate uniform over all product-cylinder tests. The unit disk in C has636

a θ/(64k)-net, contained in the unit disk, of size at most
( 256k

θ

)2
. Approximating every value637

of every factor ϕi by this scalar net produces a finite family N ⊆ P with |N | ≤
( 256k

θ

)2kmk−1

.638

For every ψ ∈ P , there is some h ∈ N such that ∥ψ − h∥∞ ≤ θ
64 . Indeed, if the ith factor639

is changed by at most θ/(64k), while all factors remain bounded by 1 in modulus, then640

the product changes by at most θ/(64k) from that factor; summing over i ∈ [k] gives the641

displayed bound.642

By (5), the second hypothesis, and a union bound over all h ∈ N and all v ∈ Fq,

q|N | · 4 exp
(

−mkθ2

1024q

)
≤ ζ

2 .

Hence, with probability at least 1 − ζ/2,643

|B(h, v)| ≤ θ

4q for every h ∈ N and every v ∈ Fq. (6)644

Assume that both events (4) and (6) hold. Fix arbitrary ψ ∈ P and v ∈ Fq, and choose645

h ∈ N such that ∥ψ − h∥∞ ≤ θ/64. Let y′ be uniform over [m]k. Then646

|B(ψ, v) −B(h, v)| =
∣∣∣Ex′∼Uni[m]k

[(
(ψ − h)(x′) − Ey′(ψ − h)(y′)

)
1[Gm(x′) = v]

]∣∣∣647

≤ 2∥ψ − h∥∞ Pr
x′∼Uni[m]k

[Gm(x′) = v]648

≤ 3θ
64q ,649

where the last inequality uses (4). Therefore

|B(ψ, v)| ≤ |B(h, v)| + |B(ψ, v) −B(h, v)| ≤ θ

4q + 3θ
64q <

θ

2q .

As shown above, this implies ∆Π
Gm

≤ θ. The two bad events have total probability at most ζ,650

so the main claim follows.651

It remains to verify the simplified sufficient condition on m. Assume

m ≥ K0
q

θ2

(
k ln k

θ
+ ln q

ζ

)
with K0 = 215.652

First, since θ ≤ 1,

mk ≥ m ≥ K0q

(
k ln k

θ
+ ln q

ζ

)
.
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Also, since q ≥ 2 and ζ < 1,

ln 4q
ζ

= ln q
ζ

+ ln 4 ≤ 3 ln q
ζ

≤ 3
(
k ln k

θ
+ ln q

ζ

)
.

Thus
12q ln 4q

ζ
≤ 36q

(
k ln k

θ
+ ln q

ζ

)
≤ mk,

because K0 = 215 ≥ 36. This proves the first original hypothesis.653

For the second original hypothesis, it is enough to prove

mθ2

1024q ≥ 2k ln 256k
θ

+ ln 8q
ζ
.

Indeed, multiplying this inequality by mk−1 ≥ 1 gives

mkθ2

1024q ≥ 2kmk−1 ln 256k
θ

+mk−1 ln 8q
ζ

≥ 2kmk−1 ln 256k
θ

+ ln 8q
ζ
.

Now k ≥ 2 and θ ≤ 1 imply ln(k/θ) ≥ ln 2, so

ln 256k
θ

= ln k
θ

+ ln 256 ≤ 9 ln k
θ
.

Similarly,
ln 8q

ζ
= ln q

ζ
+ ln 8 ≤ 4 ln q

ζ
.

Consequently,

2k ln 256k
θ

+ ln 8q
ζ

≤ 18k ln k
θ

+ 4 ln q
ζ

≤ 20
(
k ln k

θ
+ ln q

ζ

)
.

On the other hand, the simplified condition gives

mθ2

1024q ≥ K0

1024

(
k ln k

θ
+ ln q

ζ

)
= 32

(
k ln k

θ
+ ln q

ζ

)
.

Since 32 ≥ 20, the second original hypothesis follows. This completes the proof. ◀654
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