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Communication is a universal process by which two or more individuals exchange
information. A communication task that we study involves two (or more) parties,
each given their own private input, trying to solve a function f or other computa-
tional task on their inputs together. For example, distributed data centers routinely
check consistency with each other. An important feature of common communication
phenomena is that it is interactive. The parties communicate alternatively and adap-
tively. This feature is absent in the classical information theory which focuses on
one-way transmissions. However, the questions studied in the classical information
theory remain valid and vital. For example, how do we minimize the communication
cost for a certain communication task and how do we handle noise when it is present.
From a historical point of view, theoretical computer scientists initiated the study of

communication inspired mostly by complexity theory instead of information theory.



The latter source of inspiration motivates many other important questions. For ex-

ample, how much more power a communication protocol gains given resources like

randomness, nondeterminism, or quantum entanglement, etc.

In this dissertation, we discuss three concrete problems regarding the above questions.

In particular, we study the following three problems.

(1)

(iii)

What is the maximum noise rate that can be tolerated in interactive commu-
nication? Specifically, we study the general noise model of arbitrary substi-
tutions, deletions, and insertions. We settle this problem by giving a coding
scheme that tolerates the maximum noise rate. A combinatorial ingredient
of our scheme is that of tree code. We prove the existence of a tree code with
strong distance properties.

What is the maximum communication complexity of constant-depth and
polynomial-size circuits? We obtain strong communication lower bounds,
ruling out the possibility of designing efficient generic communication pro-
tocols to solve this important class of problems. Our proof centers around
the analytical measures threshold degree and sign-rank. The technique we
use settles a H0-year-old problem in threshold degree that has applications
to other areas of theoretical computer science including circuits complexity
and learning theory.

How much power does a communication protocol gain taking advantage of
quantum mechanics? We give a near-optimal separation between quantum
and classical communication complexity, exhibiting functions that require
only O(logn) bits of communication for quantum protocols but any classical
protocol needs to essentially exchange the entire input. Our approach first

studies the analogous problem in the query model, for which we are able to
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exhibit an optimal separation. These questions are broadly recognized as

being central to understanding the phenomenon of quantum speedups.
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CHAPTER 1

Introduction

Communication is a universal process by which two or more individuals exchange
information. The rapid evolution in modern communication technology from mobile
devices to the Internet has dramatically changed the world. It will continuously
bring social values. No need to be loquacious, communication is important on its
own. For a computer scientist, communication is also interesting as it is closely
related to computation. In any computational device, there are components in the
device that communicate in disguise with each other during all sorts of computation.
Communication is not simply a product of specific algorithms but is inherent in
many situations. Due to this reason, the study of communication provides a way
to understand computation. Driven by its practical and theoretical importance, the

study of communication has evolved into a large body of research.

In this dissertation, we study the communication phenomenon from the theoretical
side. We focus on the abstract communication model. The basic two-party model,
proposed by Yao [139], features two geographically separated parties, Alice and Bob.
Alice and Bob have private inputs x and y, respectively, and need to communicate
back and forth to accomplish some communication task, say to compute a given
function f(z,y). We study the communication between Alice and Bob and ignore
any computation taken by each individual. The communication channel between
Alice and Bob may be classical, may be quantum, and may suffer from adversarial

noise. The protocol may need to output a correct answer all the time, may need to



output a correct answer with bounded error, or with unbounded error. We will discuss

all these aspects in detail in later chapters.

There are two perspectives we take on the study of communication. The first one
is information theoretical. Classical information theory studies one-way transmission
of information as opposed to interactive communication. Two of the fundamental
problems studied by classical information theory are: what is the minimum commu-
nication cost to transmit a message? how does one handle noise if it is present? It is
natural to generalize the theory to an interactive setting. Under this point of view,

there are two analogous questions that we can ask:

Q1. For a given function f : {0,1}" x {0,1}" — {0,1}, what is the minimum
communication cost for Alice and Bob to solve f?
Q2. Suppose we already have a protocol 7 designed for the noiseless channel, how

to encode 7 such that the encoded protocol can tolerate noise?

There are other fundamental questions, for example, how do we define the information
content of a protocol, and do we have a general compression theorem that compresses
a protocol to its information content. These questions are out of the scope of this

dissertation.

The second perspective is complexity theoretical. A goal of computational complexity
theory is to understand the limitations of all sorts of computing devices with provided
resources. Communication is a resource. The study of communication complexity is
to prove lower bounds of communication cost for certain communication problems.
Therefore, communication complexity answers the first question in the previous para-
graph from the lower bound side. This new perspective also has a far-reaching in-

fluence on computer science. The reason is already mentioned—computation and



communication are intertwined. Major breakthroughs in various sub-areas in com-
puter science are made possible via the lens of communication complexity. In fact,
communication complexity has applications in almost all areas of theoretical com-
puter science, including circuit complexity, streaming algorithms, learning theory,
etc. Another goal of complexity theory is to understand the relative power of differ-
ent complexity classes. An example is the well-known P v.s. NP problem. Inspired by
this goal from complexity theory, we can ask similar questions in the communication

context, like

Q3. How much more do power communication protocols gain given nondetermin-

ism, randomness, or quantum entanglement?

An intriguing aspect is that many questions can be answered in the communication
model but the analogous questions are beyond reach in any near future for Turing

machines.

1.1. Our contributions

In this section, we put the three questions mentioned above in concrete settings. We

will briefly discuss our discoveries regarding these questions.

(i) What is the maximum noise rate that can be tolerated in interactive commu-
nication? Specifically, we study the general noise model of arbitrary substi-
tutions, deletions, and insertions. We settle this problem by giving a coding
scheme that tolerates the maximum noise rate. A key combinatorial ingredi-
ent of our scheme is that of tree code. We prove the existence of a tree code
with strong distance properties.

(i)  What is the maximum communication complexity of constant-depth and

polynomial-size circuits? Our focus is the unbounded-error regime. We



obtain an essentially optimal lower bound. Our proof centers around the
analytical measures threshold degree and sign-rank. The technique we use
settles a 50-year-old problem in threshold degree that has applications to
other areas of theoretical computer science including circuit complexity and
learning theory.

(iii)) How much power does a communication protocol gain taking advantage of
quantum mechanics? We give a near-optimal separation between quantum
and classical communication complexity, exhibiting functions that require
only O(logn) bits of communication for quantum protocols but any classical
communication protocol needs to essentially exchange the entire input. Our
approach first studies the analogous problem in the query model, for which
we are able to exhibit and optimal separation. These questions are broadly
recognized as being central to understanding the phenomenon of quantum

speedups.

1.1.1. Interactive coding. Noise is omnipresent in communication. In the clas-
sical setting of one-way communication, the study of information transmission under
noise forms a large part of classical information theory. In pioneering work, Schul-
man [I11] considered noise in the setting of interactive communication. This area of
research, called interactive coding, is a fascinating and highly active discipline at the
crossroads of information theory and communication complexity. More concretely,
consider the following scenario. Alice and Bob would like to execute a communi-
cation protocol 7 defined for a noiseless environment. However, the communication
channel is controlled by an adversary who can substitute any fraction p of symbols
transmitted through the channel. The question is, can Alice and Bob use some inter-
active analogue of error-correcting codes to ensure that they are both able to recover,

from their noisy communication, the transcript that m would have been produced



without noise? Braverman and Rao [26] gave an affirmative answer for any constant

p€0,1/4).

A far-reaching generalization of this model, proposed by Braverman et al. [25], al-

lows arbitrary corruptions: insertions, deletions, and substitutions. Besides being a

natural and interesting generalization that has been studied extensively in coding the-

ory |87, 112} [70], this corruption model has also found application in the standard

corruption model (substitution errors only) [21]. For any constant ¢ > 0, the authors

of [25] showed how to faithfully simulate any protocol in this generalized model with
1

corruption rate up to ;5 — €, using a constant-size alphabet and a constant-factor

overhead in communication.

Braverman et al. [25]’s work left open the following natural and fundamental ques-
tion: what is the maximum corruption rate that can be tolerated in this generalized
model of substitutions, insertions, and deletions? We gave a complete and somewhat
surprising answer to this question in [128]. We showed that for any € > 0, there is an
interactive coding scheme that uses a constant-size alphabet and achieves the noise
tolerance rate of }L —¢, at the expense of a constant-factor overhead in communication
complexity compared to m. This rate is easily seen to be optimal, even in the presence

of substitution errors alone.

1.1.2. Unbounded-error communication. Like many other computational
models, a protocol is allowed to err when taking advantage of randomness. For the
protocol to be meaningful computing a Boolean function, however, its error probabil-
ity should be strictly smaller than 1/2. If we only enforce such a criterion of success
on the communication protocol, then its minimum communication cost is called the
communication complexity with unbounded error, unbounded in the sense that the er-

ror probability can be arbitrarily close but not equal to 1/2. This model is first defined



and studied by Paturi and Simon [101]. As one would expect, the relaxed success
criterion grants the protocol more power, and therefore it is harder to prove strong
lower bounds in this model. In fact, the communication complexity with unbounded
error is one of the strongest communication models (e.g., stronger than randomized
and quantum communication model) for which we have tools to prove explicit lower
bounds. For this reason, the study of communication protocols with unbounded error
stands at the frontier of current research. Constant depth circuits (AC") is a central
complexity class in theoretical computer science. Many of the greatest achievements
in theoretical computer science address questions regarding AC’. In the pioneering
work of Babai et al. [11], the authors asked the question: are there functions in AC®

that do not admit any efficient communication protocols with unbounded error.

We prove that there are functions computable by constant depth circuits such that
Alice (or Bob) has to essentially send her entire input for them to achieve a success
probability barely larger than 1/2. This is the strongest communication lower bounds
for ACP. In the complexity theoretical language, our result optimally separates the
polynomial hierarchy PH and communication complexity class with unbounded error
UPP. The precise definitions of these complexity classes can be found in [11], and

are analogues of the corresponding complexity classes for Turing machines.

Our approach centers around the analysis of the sign-representation of Boolean func-
tions. Representations of Boolean functions by real polynomials are of great impor-
tance in many different contexts, from communication complexity and quantum com-
puting to machine learning theory. For example, the notion of approximate degree has
played an essential role in quantum query complexity for decades. Threshold degree
has an even broader range of applications, including various models of computational
learning. The notion of threshold degree originates in the pioneering work of Minsky

and Papert [90] and is defined, for a Boolean function f : {0,1}" — {—1,1}, as the



minimum degree of a real polynomial p that represents f in sign: (—1)/® = sgn p(z)
for all z. In particular, the threshold degree of polynomial-size constant-depth circuits
has been the focus of 50 years of work. We were able to essentially settle this long-
standing problem in [129]. More specifically, we proved that for any € > 0, there is
an AC" circuit with threshold degree Q(n'~¢). This lower bound essentially matches
the trivial upper bound of O(n) and is a polynomial improvement on the best pre-
vious lower bound, Q(y/n). We also proved a much stronger result that applies not
only to threshold degree but also to sign-rank—a vastly more general notion than
threshold degree. A remarkable fact due to Paturi and Simon is that the sign-rank
and the communication complexity with unbounded error are essentially the same

mathematical notion [101].

Among many other things, our results have important applications in learning theory.
In particular, our results rule out the possibility of the distribution-free PAC learning
of AC® based on the powerful dimension complexity paradigm. This framework

captures nearly all known algorithmic results for distribution-free PAC learning.

1.1.3. Quantum versus classical communication. One central task in quan-
tum computing is to answer how much more powerful quantum computers can be
than classical computers. Of particular prominence in this line of research are results
demonstrating the superiority of quantum algorithms over their classical counterparts.
For example, the celebrated Shor’s factoring algorithm shows how to factor a number
in polynomial time by quantum computers, for which no classical polynomial-time
algorithm is known despite decades of research. In the context of communication, it
is trivial that there is a function whose deterministic communication complexity is
linear but quantum communication complexity is constant, e.g., the equality prob-
lem. So the more interesting question is: what is the largest separation between the

randomized and quantum communication complexity. We are particularly interested



in the bounded-error regime, where the protocol is allowed to err with a small con-
stant probability. The first exponential separation was due to Raz [103], followed by
a sequence of improvement [107], 57, 135].

We prove in our work that for any constant € > 0, there is a partial function f, such
that the quantum communication complexity of f is O(logn) but its randomized
communication complexity is Q(n!=¢) [127]. This separation is essentially optimal
and a polynomial improvement on previous work. On the other hand, if we are only
interested in total functions, we prove a cubic separation, again improving prior works
by a polynomial factor. Notice how small this gap is compared to the case of partial
functions. It is a major open problem to determine if for total functions quantum

and randomized communication complexity are in fact polynomially related.

We obtain the above separation results by first proving an analogous result in the
query model, and then apply a very general framework that lifts our hardness results
in the query model to the communication model. Quantum query complexity has been
studied even more extensively and can be justly considered to be among the biggest
achievements of quantum computing to date. In groundbreaking work, Simon [131]
exhibited a partial Boolean function whose bounded-error quantum query complexity
is exponentially smaller than its randomized (i.e., classical) query complexity. This
raises the question: what is the largest possible separation between quantum and
randomized query complexity? This question was first explicitly stated in 2002 by
Buhrman et al. [30], and has since been popularized by Aaronson and Ambainis [2].
We settled this 18-year-old problem completely in [127]. Specifically, we proved that
for any constant k, there is a partial function f with quantum query complexity

1—1/2k)‘

at most & and randomized query complexity Q(n This gives an O(1) versus

Q(n'~¢) separation for any & > 0, which is a polynomial improvement on the best



previous separation of O(1) versus Q(n?37¢) due to Tal [135]. Moreover, our separa-
tion is optimal due to Aaronson and Ambainis’ result [2] that any k-query quantum

algorithm can be simulated by O(n!'~1/2¥)

randomized classical queries, for an arbi-
trary constant k. By the well-known framework of “cheatsheets” due to Aaronson et
al. [3], our result also implies a cubic separation between quantum and randomized
query complexity for total functions. This separation is the largest known and has

been conjectured to be tight by other researchers [4].

As a technical centerpiece of our work [127], we prove a tight bound on the ¢; norm
of any given level of the Fourier spectrum of decision trees. This bound on Fourier
weight settles a conjecture of Tal [135] and is of substantial interest in its own right,
considering the central role of the Fourier spectrum in many recent breakthroughs in

the area [45], 46, 104].

1.2. Organization

In Chapter [2, we set our notations and provide a basic mathematical background
for the remaining chapters. In Chapter [3] we define various communication mod-
els in detail. From deterministic communication, randomized communication with
bounded error or unbounded error, to the more advanced quantum communication
and multiparty communication. We also discuss a few general techniques that we will
use to show strong communication lower bounds for various models. In Chapter [4]
we discuss our contribution to communication against the adversarial noise of inser-
tions, deletion, and substitutions based on the paper [128|. This is a joint work with
Sherstov. In Chapter [5] we present our work on the unbounded-error communication
of AC®. This part is based on the paper [129], another joint work with Sherstov.
In Chapter [6] we discuss our near-optimal result on the separation of quantum and

classical communications, exhibiting the superiority of quantum computation in the



context of interactive communication as well as of the query model. This is based on
the paper [127], a joint work with Sherstov and Storozhenko. In the final chapter,

we conclude our dissertation and point out some problems for future research.
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CHAPTER 2

Notations and preliminaries

In this chapter, we set the notations, and provide a minimum background on the
technical tools we will use in this dissertation. Most of the notations are standard,

but some can be unfamiliar.

2.1. Numbers, sets and functions

We adopt the standard notation N = {0,1,2,3,...}, Z* ={1,2,3,...}, R, R" and C
for the sets of natural numbers, positive integers, real numbers, positive real numbers
and complex numbers, respectively. We adopt the extended real number system
R U {—00,00} in all calculations. In particular, we have a/0 = oo for any positive

number a € R. To simplify our notation, we further adopt the convention that
0
—=0.
0

For any a,b € R, we adopt the standard notation of open/closed intervals, i.e.,

(a.b)={r€R:a<uz<bl},
0, = {r €R:a <z <b},
[a,b) = {x €R:a <z <D},
(a,b) ={z €R:a <z <b}.

Occasionally, we will also encounter finite fields, e.g., Fo = {0, 1}. Number 0 and 1 are

commonly used to represent the “true” or “false” value of a Boolean variable. Another

11



common representation is {—1, 1}, where —1 encodes “true” and 1 encodes “false.”
Each representation can be convenient in different scenarios. The default representa-
tion in this dissertation is {0, 1}, but we will also use the {—1, 1} representation. We

use the standard definition of the sign function:

;

-1 ifx <0,
sgnz =<0 ifx =0,

1 if x> 0.

\

As usual, the cardinality of a set A, denoted |A|, is the number of elements in A.
The complement of a set A is denoted A. For arbitrary sets A and B, we define the
cardinality of A relative to B by |Algp = |A N B|. For a set A and a sequence s of
elements, we let A U s denote the set of elements that occur in either A or s. We
define AN s analogously. For nonempty sets A, B C R, we write A < B to mean that
a<bforallae A, b e B. It is clear that this relation is a partial order on nonempty
subsets of R. The power set of a set S, denoted by P(S), is the set of all subsets of
S. For a set S and a nonnegative integer k, we let (}3) denote the family of subsets
of S that have cardinality exactly k, and (fk) the family of subsets of S that have
cardinality less than k. ( <S k), (S ), ( S) are defined analogously We further define

k) \>k

Pop — ({1’2’;€"’”}) (S C{1,2,....n}:|S| = k).

The following well-known bound [73], Proposition 1.4] is used in our proofs without

further mention:

(%)k < <Z) < (%)k k=1,2,...,n, (2.1.1)

where e = 2.7182 . .. denotes Euler’s number.

12



For a logical condition C', we use the Iverson bracket:

1 if C holds,
IC] =

0 otherwise.

For a finite set X, we let RX denote the family of real-valued functions on X. The
support of a function f € R¥ is denoted supp f = {z € X : f(z) # 0}. For real-valued

functions with finite support, we adopt the usual norms and inner product:

o = max x)|,
Il = max1f(a)
Ifl=>2 1@l
rEsupp f
1/2
1fll2 = ( > \f(fc)|2> :
zesupp f
(fogy= > fla)gl).
zEsupp f Nsupp g
We adopt the convention that || f|| = ||f]|a. This covers as a special case functions

on finite sets. For f,g € R¥, we let f-g € R¥ denote the point-wise product of
f and g, with (f - g)(z) = f(x)g(x). For a real-valued function f: X — R, recall
that argmin, .y f(z) denotes the set of points where f attains its minimum value.
Analogously, arg max, .y f(x) denotes the set of points where f attains its maximum

value.

The functions Inx and log x stand for the natural logarithm of x and the logarithm
of = to base 2, respectively. To avoid excessive use of parentheses, we follow the
notational convention that Inajas . ..a; = In(ajas . .. ax) for any factors ay, as, . . ., a.

The binary entropy function H: [0, 1] — [0, 1] is given by

1 1
H(x) :xlog—+(1—x)log1
x

13



Basic calculus reveals that
2 1\?
H <1—— —— . 2.1.2
() <1-15 (‘r 2) (2.1.2)
2.2. Strings

In this dissertation, an alphabet ¥ is any nonempty finite set of symbols other than
the asterisk *, which we treat as a reserved symbol. Recall that >* stands for the set
of all strings over 3. We denote the empty string as usual by €. For an alphabet X
and a natural number n, we let X" denote the set of all string over ¥ of length n, and
Y=" denote the set of strings of length up to n, so that X" = {e}UXUX?U---UX".
For any alphabet X, we let < denote the standard partial order on ¥* whereby u < v
if and only if uw = v for a nonempty string w. The derived relations >, <, > are

defined as usual by

uU>v = v <U,
U= v & v <1uUOorv=u,
U =v & U~<vVOrv==u.

A prefix of v is any string u with u =< v. A suffiz of v is any string u such that v = wu
for some string w. A prefix or suffix of v is called proper if it is not equal to v. A
subsequence of v is v itself or any string that can be obtained from v by deleting one

or more symbols.

For a string v over a given alphabet, we let |v| denote the length of v. For a set S,
we let v|g denote the substring of v indexed by the elements of S. In other words,
vlg = vy v, - Ui where 7; < 1 < --- < i|g are the elements of S. For a number
t € [0,00] in the extended real number system, we let v, denote the substring of

v obtained by keeping the symbols at indices less than ¢. As special cases, we have
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V<1 = € and V<o = v. The substrings v<,, vs,, and v>, are defined analogously. In
any of these four definitions, an index range that is empty produces the empty string

E.

2.3. Vectors and matrices

The abstract vector space is a commutative group A over a field F satisfying laws of
distributivity. We will work only with the Euclidean vector space and its subspaces.
The n-dimensional Euclidean space is the vector space R"™ equipped with inner prod-
uct (-,-). Its standard basis is the set {ey,eq,...,e,}, where e; is the vector whose
coordinates are all 0 except the ith coordinate which is 1. Analogous to functions,
we adopt the familiar norms for vectors x € R™ in Euclidean space:

[2]]oc = max |z;],
i=1,...,n

=1,...,

n
[zl = Z |il,
=1
n 1/2
zll2 = (Z |$i|2> .
i=1

To avoid notational clutter we use || interchangeably with ||zl We refer to |z| =
|z||1 as the weight of x. We also often omit the subscript in the fo-norm, i.e., ||z|| =
||z||2. For vectors x € R™, y € R™, define partial orders <, i.e., x < y means x; < y;
on all coordinates i. Analogously, we define >, < >. Finally x > y means z > y
and x # y. The tensor product z ® y denotes the vector (..., z;y;,...) € R". The

notation x®" is the abbreviation for

TRTQ---T.

n

For a function £, |f| is the function whose evaluation at z is |f(x)].
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Analogously, for vector space A with basis {ay, s, ..., a,} and vector space B with
basis {1, fa, - - ., Bm }, the tensor product A ® B is the vector space of dimension nm,

whose basis is the set

{(vi, Bj) i =1,2,....,n,5=1,2,....,m}.
A®" is defined in an analogous way for vector space A.

For any vector space A over R and any subset S of A, span S is the subspace spanned

by vectors in S. In particular,

span S = {Zaixi:ai eR, x; € S,mGN}.

=1

In addition, we define the convex hull conv .S and conical hull cone S,

conv S = {Zaixi:ai ER+,Zai: 1, z; GS,mEN},

=1 =1

m
cone S = {Zaixi ca; ERT 2, € S,m € N} .
i=1

In the context of quantum computing, the bra-ket notation is adopted. The ket |¢)
denotes a column vector, while the bra (1| denotes a row vector. This notation can be
memorized by inner product of two vectors (1)|¢) which can be interpreted as the ma-
trix multiplication of a row vector and a column vector. For two vectors |¢), |¢), there

are various notations used to denote their tensor product, e.g., |@, ), |¢1), |d)|).

The symbol R™*™ refers to the family of all n by m matrices with real entries. For any
finite sets X, Y, we also use R*¥*Y denote the family of real matrices whose rows and
columns are indexed by elements from X and Y, respectively. We specify matrices

by their generic entry, e.g., M = [f(x,y)]sexyey. We denote the rank of any matrix
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M € R™™ by rk M. Recall that the spectral norm of M is given by

M| = max - [[Mz].
2€R:|af| =1

2.4. Boolean functions and circuits

We view Boolean functions as mappings X — {0,1} for some finite set X. More
generally, we consider partial Boolean functions f: X — {0,1,x}, with the output
value * used for don’t-care inputs. The negation of a Boolean function f is denoted
as usual by =f = 1— f. The familiar functions OR,,, AND,,, XOR,,, MAJ, : {0,1}" —
{0,1} are given by

OR,(z)=1 <  Jiz =1,

AND, (z) =1 & Vi, x; =1,

XOR,(z) =1 & ) s odd,
=1

MAJ,(z) =1 & sz >n/2.
i=1

We also refer to XOR as the parity function, as it computes the parity of input’s
weight. We abbreviate NOR,, = -OR,,.

We adopt the standard notation for function composition, with f o g defined by
(fog)(z) = f(g(x)). In addition, we use the o operator to denote the component-
wise composition of Boolean functions. Formally, the component-wise composition
of f: {0,1}* — {0,1} and ¢g: X — {0, 1} is the function f o g: X™ — {0,1} given
by (f o g)(x1,z2,...,2,) = f(g(x1),9(x2),...,9(x,)). Component-wise composition
is consistent with standard composition, which in the context of Boolean functions is

only defined for n = 1. Thus, the meaning of fog is determined by the range of g and
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is never in doubt. Component-wise composition generalizes in the natural manner to

partial Boolean functions f: {0,1}" — {0,1,*} and g: X — {0, 1, %}, as follows:

21),...,9(x,)) ifxi,...,2, € g (OUL),
(fog)(wy,...,x) = Hg(@1),. g(wn)) €g(0U1)

* otherwise.
Compositions f; o fa 0--- o fi of three or more functions, where each instance of the
o operator can be standard or component-wise, are well-defined by associativity and

do not require parenthesization.

For Boolean strings z,y € {0,1}", we let x @ y denote their bitwise XOR. The
strings « A y and x V y are defined analogously, with the binary connective ap-
plied bitwise. A Boolean circuit C in variables x1, s, ..., x, is a circuit with inputs
X1, 1, Lo, OTa, . . ., Ty, X, and gates A and V. The circuit C' is monotone if it does
not use any of the negated inputs -z, —xs, ..., x,. The fan-in of C'is the maximum
in-degree of any A or V gate. Unless stated otherwise, we place no restrictions on
the gate fan-in. The size of C is the number of A and V gates. The depth of C
is the maximum number of A and V gates on any path from an input to the out-
put gate. With this convention, the circuit that computes (x1,xs,...,z,) — x; has
depth 0. The circuit class AC? consists of function families {f,}>°, such that each
fn:{0,1}" — {0,1} is computed a Boolean circuit of size at most cn® and depth at
most ¢, for some constant ¢ > 1 and all n. We specify small-depth layered circuits
by indicating the type of gate used in each layer. For example, an AND-OR-AND
circuit is a depth-3 circuit with the top and bottom layers composed of A gates, and
middle layer composed of V gates. A Boolean formula is a Boolean circuit in which
every gate has fan-out 1. Common examples of Boolean formulas are DNF and CNF

formulas.
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2.5. Fourier transform

In this section, we discuss Fourier transform of real-valued functions whose domain
is the finite Abelian group of the Boolean cubes, e.g., f : {0,1}" — R. We use the
{0,1}" representation at first for definitions. However, all the discussions apply to

the {—1,1}" representation in a straightforward manner.

Consider the real vector space of functions {0,1}" — R. For § C {1,2,...,n}, define
Xs:{0,1}" = {=1,1} by xg(z) = (—1)Zics . Then
2" i S=T,
(xs,XxT) =
0  otherwise.
Thus, {XS}SQ{LQ,NW} is an orthogonal basis for the vector space in question. In

particular, every function ¢: {0,1}" — R has a unique representation of the form

~

¢ = Z ¢(S)xs

Sg{17277n}

for some reals ¢(S), where by orthogonality ¢(S) = 27"(¢, xs). The reals ¢(S) are
called the Fourier coefficients of ¢, and the mapping ¢ — $ is the Fourier transform
of ¢. The order of a Fourier coefficient ngS(S) is the cardinality |S|. The degree of
¢ is the quantity max{|S| : ¢(S) # 0}. From basic linear algebra, one can derive
Plancherel’s theorem

Loy =2" > f(9)a(9)

SC{1,2,...n}

A simple and useful corollary (Parseval’s identity) is that ) F2(S) = 1if f(z) takes
values only in {—1, 1}, i.e., f: {0,1}" — {—1,1}. The following fact is also immediate
from the definition of ¢(S).
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PROPOSITION 2.1. Let ¢: {0,1}" — R be given. Then

max  |p(S)] < 27"|o|x.

SC{1,2,...,n}

For k = 0,1,2,...,n, we introduce the linear operator Lj: RO — RIOGU" that

sends a function ¢: {0,1}" — R to the function Lj ¢: {0,1}" — R given by

(Lig)(x) = D o(S)xs(a).

S€EPn &

We refer to Ly ¢ as the degree-k homogeneous part of ¢.

Note that when using the {—1, 1} representation, by the above discussion every func-

tion ¢ : {—1,1}" — R has a unique representation as a multilinear polynomial
da)=> S]] (2.5.1)

where the real numbers QAS(S ) are the Fourier coefficients of f.

For any polynomial p € R[zy,xa,...,z,], we let ||p|| denote the sum of the absolute
values of the coefficients of p. One easily verifies the well-known fact that ||| is a norm
on the polynomial ring R[xy, 2o, . .., x,]. We identify a function ¢: {—1,1}" — R with
its unique representation as a multilinear polynomial, to the effect that
ol = > 16(5)]
SC{1,2,...,n}

is the sum of the absolute values of the Fourier coefficients of ¢. We will abuse the
notation | ¢[| as the sum of absolute values of the Fourier coefficients of ¢ under {0, 1}

representation as well.
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PROPOSITION 2.2. For any functions ¢, : {0,1}" — R and reals a, b,

llad + b3l < lal ll¢ll + 161 101l

Proof. We have

lag + 0yl = > [ag(S) + bi(S)]

SC{1,2,...,n}

<lal > 16+l D ()
5C{1,2,....,n} SC{1,2,...,n}

= lal [loll + [o] |1l

where the first step uses the linearity of the Fourier transform.
We also note the following submultiplicative property.

PROPOSITION 2.3. For any functions ¢,v: {0,1}" — R,

o2l < gl 1.

Proof. We have
o= D d(xs > d(T)xr
SC{1,2,....,n} TC{1,2,...,n}

= Y AT xs\rums).

S,Tg{l,Q,...,’fL}

Applying Proposition

lo-vll< > 16D

S,TC{1,2,..n}

The right-hand side of this inequality is clearly |¢|| |||
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We will use the norm || - || in conjunction with the operator Ly to refer to the sum of

the absolute values of the Fourier coefficients of given order k:

IZi ol = D 16(S)I-

SE’Pn,k

2.6. Sign-representations

Let f: X — {0,1} be a given Boolean function, for a finite subset X C R"™. The
threshold degree of f, denoted deg,(f), is the least degree of a real polynomial p
that represents f in sign: sgnp(x) = (—1)/@ for each € X. The term “threshold
degree” appears to be due to Saks [108]. Equivalent terms in the literature include
“strong degree” [10], “voting polynomial degree” [81], “polynomial threshold function
degree” [97], and “sign degree” [32]. The AND,, function has threshold degree 1, as

the polynomial
(x) = —Zn:x-—l—l—n
p = 2 i3

represents it in sign.

A closely related notion of the threshold degree is the approximate degree, for which we
are interested in polynomials that approximates f. In particular, for any ¢ € [0,1/2)

a polynomial p is said to e-approximate f if
f(z) —p(2)| <&, Vo€ X.

The e-approximate degree of f, denoted deg_(f), is the minimum degree of a polyno-
mial p that e-approximates f. Clearly, deg_(f) is nonincreasing in ¢ for ¢ € [0,1/2),

and

degy (f) = lim deg.(f).
5/‘5
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It is also not hard to show that for any constant 0 < 0 < ¢ < 1/2, deg.(f) =
©(degs(f)), as essentially what we need is an S-shape polynomial of constant degree
that maps [0, ] — [0,6], and [1 —¢, 1] — [1—0, 1]. The following simple and ingenious

candidate is due to Buhrman et al. [31],

By(t) = Zd: (?)ti(l—t)d_i.

i=[ 4411
This family of polynomials calculates the probability that there are more heads than
tails when flipping d random coins where each coin has independent probability of
t to be head. By Chernoff bound, By : [0,¢] + [0,279:(4]. In particular, take d =
O(—1Ind/(1 — 2¢)?), then the polynomial By(p) d-approximates f where p is any

polynomial that e-approximates f.

One of the first results on polynomial representations of Boolean functions was the
following tight lower bound on the threshold degree of the Minsky-Papert func-
tion [90]. The generalized Minsky—Papert function MP,,,.: ({0,1}")" — {0,1} is
given by MP,,.(v) = A, V_, zi;. We abbreviate MP,,, = MP,, 2, which is the

right setting of parameters for most of our applications.

THEOREM 2.4 (Minsky and Papert). deg, (MP,,) = Q(m).

Three new proofs of this lower bound, unrelated to Minsky and Papert’s original
proof, were discovered recently in [122]. Threshold degree admits the following dual

characterization, obtained by appeal to linear programming duality.
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Fact 2.5. Let f: X — {0,1} be a given Boolean function on a finite subset X of
FEuclidean space. Then degy (f) > d if and only if there exists : X — R such that

(~D)fp(2) > 0, € X,
(, P) =0, VP:degP <d,
¥ #0.

The function ¢ acts as a witness for the threshold degree of f, and is called a dual
polynomial due to its origin in a dual linear program. Here we present a simple proof

for the case when X is {0, 1}", using Gordan’s theorem [67].

THEOREM 2.6 (Gordan’s Theorem). For any matriz M € R™ " ezactly one of the

following s true
(i) Mz =0, for some nonzero x € R" and x > 0,

(i) yTA >0, for somey € R™.

To apply Gordan’s Theorem, we translate deg,(f) > d into the linear algebra lan-

guage. Note {xs : |S| < d} is a basis for the vector space spanned by polynomials of

x{0,1}"™

degree less than d. Consider matrix M € R(%) , Where

M = [(_1)f(x) : XS(:E)]SG(ZLD,Q:G{O,I}”'

No sign representing polynomial P for f of degree less than d, is equivalent to say

that no y = (yS)SG(@l) satisfies

y'M > 0.

24



Therefore by Gordan’s Theorem, deg, (f) > d if and only if there is ¢ : {0,1}" — R,
¢ > 0, and

D> pla)(-1)Pys(x) =0, VS |S| < d.
ze{0,1}"

Take ¢ = (—1)7¢, then Fact is true. We refer the reader to [10}, 97, 119] for a
detailed proof of Fact 2.5l The following equivalent statement is occasionally more

convenient to work with.

FACT 2.7. For every Boolean function f: X — {0,1} on a finite subset X of Eu-

clidean space,

deg (f) = max min  deg P. (2.6.1)

w:distribution on X polynomial P:
((=1)f-p),P)#£0

We now define a generalization of threshold degree inspired by the dual view in

Fact . For a function f: X — {0,1} and a real number 0 <y < 1, let

deg,(f,7) = max min deg P. (2.6.2)

p:distribution on X polynomial P:
p2y/I1X|on X ((=1)F-p),P)#0

We call this quantity the y-smooth threshold degree of f, in reference to the fact that
the maximization in (2.6.2) is over probability distributions p that place on every

point of the domain at least a 7 fraction of the weight the point would receive under

the uniform distribution. A glance at (2.6.1) and (2.6.2]) reveals that deg, (f,v) is

monotonically nonincreasing in -y, with the limiting case deg, (f,0) = deg, (f).

FACT 2.8. For every nonconstant function f: X — {0,1},

1
deg, <f, 5) > 1.
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Proof. Define p = %,uo + %ul, where p; be the uniform probability distribution
on f~1(i). Then clearly ((—1)/ - pu),c) = 0 for any nonzero constant ¢ and u >

%max{uo,ul} > ﬁ on X. O
2.7. Query complexity

For a Boolean function f : {0,1}" — {0, 1}, the query complexity of f measures the
number of bits that we need to know algorithmically to determine the value of f.

Next, we give concrete definitions of the query complexity in different models.

2.7.1. Deterministic query complexity. A deterministic query algorithm of
function f is a decision tree. A decision tree is a binary tree 7" in which each leaf
is labeled with 0 or 1, and each inner node is labeled with some variable z;. Given
an input x € {0,1}", the algorithm first query the variable labeled in the root.
Depending on the outcome of the query, the algorithm moves from the root to either
the left child or the right child, and query the variable in the corresponding child. The
algorithm repeats this procedure till reaching a leaf and outputs the label on that leaf.
The depth of a decision tree T, is the number of edges from the root to the furthest
leaf. We say T' computes f if T' outputs the correct value f(z) for all x € {0,1}".
The deterministic query complexity of f, denoted DI(f), is the minimum depth of
a decision tree T' that computes f. The superscript dt stands for “decision tree,” and
are used to distinguish from the deterministic communication complexity. Clearly
0 < D¥(f) < n. For example DY(AND,,) = n, since when the input z = 1", any

decision tree has to query all the variables to be sure there is no 0.

The above definition is for functions with domain {0, 1}"™ and range {0,1}. But it is
clear that a similar definition works for function f : X; x Xy x --- x X,, = Y, for

arbitrary finite sets X1, X5, ..., X,, and an arbitrary set Y.
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2.7.2. Randomized query complexity. Now we allow decision trees to access
random bits. There are different ways to define randomized decision trees. We adopt
the randomized decision trees with bounded-error, which is the counterpart of Monte
Carlo algorithms for Turing machines. In particular, a randomized decision tree is a
distribution p on decision trees. Its depth is the largest depth of any decision tree
T € supp(p). An e-error randomized decision tree for f outputs a correct answer
with probability at least 1 — ¢ on any input, i.e.,

Pr(T(z) = f(x)] > 1—¢, Va e {0,1}".

Trp

The randomized query complexity of f, denoted R*(f), is the minimum depth of an

e-error randomized decision tree for f. We omit ¢ when ¢ = 1/3.

Clearly, for any ¢ > 0 and function f, RI*(f) < D(f). To see that the ran-
domized decision trees can be strictly more powerful, consider the MAJ3 problem.
D¥(MAJ;) = 3, but R¥(MAJ3) = 2. For the randomized decision tree, consider the

following algorithm:

(i) Take two random bits z;, z; (without repetition);

(i) If z; = x;, output x;; otherwise output a random value of 0 or 1.

This algorithm makes no error for inputs 000 or 111. For input 110 (or any permu-
tations of 110), the algorithm outputs the correct answer with probability 2/3. To

exhibit a larger gap, a standard trick is to take function composition. Let

MAJ® = MAJEY o MAJ;, i=2,3,...

MAJ® = MAJ;.
A similar argument can be used to show that
Rdt(MAJ(d)) — O((Ddt(MAJ(d)))O'8927“'_
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For total functions f : {0,1}" — {0, 1}, it is well-known that randomized and deter-

ministic query complexity are polynomially related due to Nisan [92].
DU(f) < 27(R™(f))*.

OPEN PROBLEM 2.9. What is the largest separation between D and R4?

For partial functions f : {0,1}" — {0, 1, *} though, things are quite different. This
is a common theme in the query world. Consider the gap majority problem

(

0 |zl <n,

GapMAJg, () = 91 |z|, > 2n,

* otherwise.
\

Then D (GapMAJ,,) = Q(n), as only when we see at least (n + 1) 0s or (n + 1) 1s,

we can safely determine the value of the gap majority problem. But
RY(GapMAJ,,) = 1,
i.e., query a random bit and output its value.

2.7.3. Quantum query complexity. Finally, we review the quantum query
algorithm. Before that, we first briefly discuss some basics of a quantum system. The
simplest quantum system consists of a single quantum bit. Its state is described by
a unit vector in C? with orthonormal basis |0) and |1), corresponding to the classical
state of bit 0 and bit 1. In particular, the quantum bit in superposition of bit 0 and

bit 1 is represented by a unit column vector

|#) = al0) +0[1),
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for a,b € C, such that |a|*> + |b]*> = 1. The amplitudes a and b have the classical
interpretation that when make a measurement of the quantum bit, with probability
of |a|* the bit 0 will be observed and with probability of [b|* the bit 1 will be observed.

More generally, an m-bit quantum system is described by C*" with basis

{|z) : x € {0,1}™}.

The elements in the basis correspond to the set of classical state of m bits. The m

quantum bits in superposition are described by a unit vector

Z az|T),

ze€{0,1}™

and [ja|lz =1

A quantum query algorithm uses a quantum system described by tensor product
T ® W, where the T = Cl'8"l corresponds to the query indices, and W corresponds

to the workspace. So its state can be described by

n

) =3 ali wi),

i=1
where |w;) is a unit vector in W. To make a query, apply the query operator O, which

is a unitary transformation, defined as followsﬂ,

Z,U)Z>

A k query algorithm is the following sequence of operators applied on the initial state

|0,0) (note that 0 here is the 0 vector in the corresponding spaces),

U, O0,U4,0,...,0,Uy,

2The effect of the operator O on the entire vector space can be generalized by linearity.
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where U; can be arbitrary unitary transformations, corresponding to quantum com-

putations. After the running the algorithm, the final state is
|v) = UrO - - - OU;0U 0, 0).

To output, measure the last bit of [).

A quantum query algorithm is said to compute f with error ¢, if it outputs the correct
answer with probability at least 1 — ¢ on any input. The e-error quantum query
complexity of f, denoted Q4*(f), is the minimum number of queries of a quantum

query algorithm that computes f with error e. We omit € for e = 1/3.

Quantum query algorithm is more powerful than the classical query algorithm.
The well-known Grover’s search algorithm shows that Q¥(AND,,) = O(y/n), but
RY(AND,,) = Q(n). Like many other measures in the query model, Q4 and R4 are
also polynomially related for total functions. For partial functions, they can be ar-
bitrarily separated. We will discuss the relationship between quantum and classical

query complexity in more detail in Chapter [0}
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CHAPTER 3

Communication protocols and communication complexity

In this chapter, we define the communication protocol and provide a short introduc-
tion to the communication complexity. We will only cover the key definitions and
notations. A classical and excellent reference on communication complexity is the
monograph by Kushilevitz and Nisan [84]. A coverage on the more recent develop-

ment of this field is beautifully presented by Rao and Yehudayoff [102].

3.1. Communication models

3.1.1. Deterministic communication. We adopt the standard two-party
model of deterministic communication due to Yao [139]. In this model, Alice and
Bob receive inputs x € X and y € Y, respectively, where X and Y are some finite
sets fixed in advance. Their goal is to compute a given function f: X x Y — {0,1}.
They communicate by sending each other symbols from a fixed alphabet ¥. The most
common alphabet is 3 = {0, 1}, but we will encounter others as well. The commu-
nication between Alice and Bob is governed by an agreed-upon protocol w. At any
given time, the protocol specifies, based on the sequence of symbols exchanged so
far between Alice and Bob, whether the communication is to continue and if so, who
should send the next symbol. This next symbol is also specified by the protocol, based
on the sender’s input as well as the sequence of symbols exchanged so far between
Alice and Bob. Denote the entire communication history of the protocol running by
7(x,y). The communication cost of the protocol 7, denoted |r|, is the worst-case

number of transmissions, i.e., |1| = max,,|7(x,y)|. The output is determined by
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the entire communication history 7(x,y). In particular, the protocol = has a inter-
pretation function out : ¥* — {0,1}, and the output of 7 is out(w(z,y)). We say
that a protocol 7 computes f, if out(w(z,y)) = f(z,y) for all (z,y) € X x Y. The
communication complexity of f, is the minimum communication cost of a protocol

that computes f. Consider the classical example, the equality problem,

0 z=#uy.

A trivial protocol is the following: Alice sends Bob z, and Bob announces 1 if and

only if z = y. This is in fact the best we can do deterministically, thus,

D(EQ) = n + 1. (3.1.1)

A protocol 7 is said to be in canonical form if the following two conditions hold:
(i) the number of symbols exchanged between Alice and Bob is an even integer and
is the same for all inputs x € X and y € Y; (ii) Alice and Bob take turns sending
each other one symbol at a time, with Alice sending the first symbol. A moment’s
thought reveals that any protocol 7w can be simulated by a protocol in canonical form

with the same alphabet and at most double the communication cost.

A communication protocol 7 over alphabet ¥ can be visualized in terms of a regular
tree of depth |7|, called the protocol tree. Every internal vertex of the protocol tree
has precisely |%| outgoing edges, each labeled with a distinct symbol of the alphabet.
A vertex of the protocol tree corresponds in a one-to-one manner to a state of the
protocol at some point in time. Specifically, the vertex reachable from the root via the
path v € ¥* corresponds to the point in time when the symbols exchanged between
Alice and Bob so far are precisely vy, vs,. .., v}y, in that order. In particular, the root

vertex corresponds to the point in time just before the communication starts, and a
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leaf corresponds to a point in time when the communication has ended. Every internal
vertex of the protocol tree is said to be owned by either Alice or Bob, corresponding to
the identity of the speaker at that point in time. For a given input x € X, the protocol
specifies a unique outgoing edge for every vertex owned by Alice, corresponding to the
symbol that she would send at that point in time with x as her input. Analogously,
for any y € Y, the protocol specifies a unique outgoing edge for every vertex owned by
Bob. On any input pair z,y, Alice and Bob’s edges determine a unique root-to-leaf
path. Execution of the protocol corresponds to a walk down this unique root-to-leaf
path defined by Alice and Bob’s edges, and the output of the protocol is the label
on the corresponding leaf. Adopting this view of communication, we will henceforth
identify Alice’s input with a set of edges, one for each vertex that Alice owns; and
likewise for Bob. Observe that if the protocol is in canonical form, Alice and Bob’s
inputs are a set of outgoing edges for the even-depth vertices and a set of outgoing

edges for the odd-depth vertices, respectively, one such edge per vertex.

Finally, we make a remark on the key combinatorial property of a deterministic

protocol first observed by Yao [139].

PROPOSITION 3.1. For any z,2' € X, y,y €Y, if m(x,y) = w(a',y). Then,
m(@' y) = 7(z,y) = 7(z,y).

We refer to A x B a combinatorial rectangle or simply a rectangle for A C X, B CY.
The above proposition implies that a deterministic protocol 7 partitions X x Y into

at most 2/ rectangles according to all possible communication transcripts.

Sometimes the inputs are sampled from a prior distribution u. In this case, it is

reasonable to allow the protocol to err in a small fraction of the inputs. We can
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define distributional complexity of f with respect to distribution p as follows

D!(f) = min{|x| | Jout : ¥* — {0, 1},

€

(zgﬁﬂ[‘)‘“(ﬁ(x’ y)) = flz,y)] =21—¢}.

3.1.2. Randomized communication. In the randomized model, the parties
are provided with their own private source of unlimited random bits. The commu-
nication between Alice and Bob is governed by an agreed-upon protocol 7 and the
outcome of the random strings r, and r, owned by Alice and Bob, respectively. In par-
ticular, at any given time, the protocol 7 specifies, based on the sequence of symbols
exchanged so far between Alice and Bob, whether the communication is to continue
and if so, who should send the next symbol. This next symbol is specified by the
protocol, based on the sender’s input, the sender’s random string, and the sequence
of symbols exchanged so far. An e-error protocol for f is one which on every input
pair (z,y), produces the correct answer f(x,y) with probability at least 1 — . The
e-error randomized communication complezity of f, denoted R.(f), is the least cost
of an e-error randomized protocol for f. Since we can repeat a protocol for multiple
times using fresh random strings, and take the majority vote, it is immediate that for
any two constant 0 < ¢ < 0 < 1/2, R.(f) = ©(Rs(f)). This simple fact releases us
from worrying about the exact error parameter as long as it is a constant in (0, 1/2).

We use R(f) to denote Ry/3(f), where 1/3 is chosen for aesthetic reason.

A variance of the randomized model is the public randomized communication model.
The main difference is that in the public randomized communication model, Alice
and Bob have a shared source of unlimited random bits. In this model, the shared
random string r replaces the role of the private random strings in the former model.
In particular, the next symbol is specified based on the shared random string r,

sender’s input and the communication history so far. A moment thought reveals that
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a public random protocol can be viewed as a distribution on deterministic protocols.
It is clear that a protocol with public random bits can easily simulate a protocol with
private random sources without any effort. But it is not so obvious whether it is true
the other way around. Somewhat surprisingly, shared randomness has essentially
no effect on the randomized communication complexity R(f) for any f, due to the
well-known result by Newman [91]. Let RP'""(f) be the communication complexity
of the public randomized communication complexity, Newman proved the following

relationship between RPU(f) and R.(f).

THEOREM 3.2 (Newman). Let f: {0,1}" x{0,1}"* — {0,1} be any Boolean function.

For every e,6 > 0,

Rees(f) < BS(f) +0 (logn tlog %) |

The above theorem is very general. In essence, it proves that for any probabilistic
computation, O(logn + log1/0) number of random bits is sufficient at the cost of

increasing the error probability by at most 0 (at a cost of computation).

An randomized protocol can be much more efficient than that of a deterministic pro-

tocol. We take the equality function as an example. Consider the following protocol:

(i)  Alice and Bob use public randomness to sample z, 2’ € {0, 1}",
(ii) Interpreting x,y, z, 2’ as vectors in F%, Alice sends (x, z) and (x, 2’) to Bob,

(iii) Bob outputs 1 if and only if (z,2) = (y, z) and (z,2') = (y, 2').

It is easy to verify that if z = y, then Bob always outputs 1. Otherwise Bob outputs
1 with probability of 1/4.

Yao made the following astonishing observation that connects the randomized com-

munication complexity and distributional communication complexity.
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THEOREM 3.3 (Yao’s principle). RP™(f) = max, D*(f).

Finally, we mention the following proposition that generalizes Proposition [3.1] for the

randomized protocols.

PROPOSITION 3.4. Let T be the set of all possible transcripts of protocol w. There are

functions p, - T — [0,1], g, : T — [0,1] for allx € X andy €Y, such that

Pr(m(z,y) = 7] = pa(7)qy(7), VreT.

3.1.3. Unbounded-error communication. A particularly interesting situa-
tion is when the randomized protocols have error probability close to that of random
guessing, i.e., 1/2. There are two natural ways to define the communication complex-
ity of a problem f in this setting. The communication complexity of f with unbounded
error, introduced by Paturi and Simon [101], is the quantity

UPP(F) = min R.(F). (3.1.2)

0<e<1/2

Here, the error is unbounded in the sense that it can be arbitrarily close to 1/2. To
emphasize this difference of allowed error, we sometimes refer to the the communica-
tion complexity with constant error as the bounded-error communication complexity.
In contrast to the bounded-error communication model discussed in the previous sec-
tion, it is important here that Alice and Bob have access only to their private random
sources. Otherwise they can solve any problem exchanging 2 bits by the following
protocol: Alice sends 1 if the public random string » = x, sends 0 otherwise. Bob out-
puts a uniformly random bit if r # x, otherwise he sends f(r,y). Clearly, this protocol
has success probability better than 1/2; and costs only 2 bits. The unbounded-error

communication occupies a special place in the study of communication because it is
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more powerful than almost any other standard model, e.g., the randomized commu-
nication model and the quantum communication model. Unbounded-error protocols
represent a frontier in communication complexity theory in that they are the most

powerful protocols for which explicit lower bounds are currently known.

Babai et al. [I1] proposed an alternate quantity, which includes an additive penalty
term that depends on the error probability:

PP(f) = min {Ra(f)ﬂog T ! 5}' (3.1.3)

0<e<1/2

2
This quantity is known as the communication complexity of f with weakly unbounded

error. It is clear that
1 <UPP(f) <PP(f)<n+1

for every communication problem f, with an exponential gap achievable between the

two complexity measures [32, 113]. It is also clear that

PP(f) < R(f) + 3.

An exponential gap is achieved by the disjointness problem

DISJ,(z,y) =~ \/(xZ A Y;).

i=1
The celebrated result due to Kalyanasundaram and Schnitger [75] proves that
R(DISJ,) = Q(n). On the other hand, it is not hard to see that PP(DISJ,) =
O(logn).

3.1.4. Quantum communication. The quantum communication complexity
was first introduced by Yao [140]. As before, one considers the problem of solv-

ing a function f : X xY — {0,1}, with the inputs distributed between Alice and
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Bob. But now, Alice and Bob can exchange quantum bits, and take advantage of
quantum entanglement. There are various ways to define quantum communication
protocols. In this dissertation, we follow closely Razborov’s description [105]. We
will be working with the tensor product A®C ® B, where A, B, C are complex vector
spaces. A, B, C represent Alice’s workspace, Bob’s workspace, and the communication
channel respectively. C is a dimension 2 vector space with basis {|0), |1)}. Initially,

the quantum system without prior entanglement has state

|0) = [, 0)|0)]y, 0),

while the quantum system with prior entanglement has state

60} = —— 3 12,0, )0}l 0,¢),

VIEl
Here, |2,0,e) e A=X @W®E and |y,0,e) € B=YRIW®E, where X and ) are
the complex vector spaces describing the input sets X and Y, VW corresponds to the
auxiliary quantum bits and £ corresponds to the prior entanglements. A quantum
communication protocol can be described by a sequence of unitary operators acting

omARC®B:
Ul®187]A®U27U3®]B>”'7]A®U2k7

where I 4, Iz are identity transformation in A and B, respectively, and U; is a unitary
transformation in A ® C for odd ¢ and a unitary transformation in C ® B for even
i. The transformation U; corresponds to Alice (or Bob) making local computation
and then sending a quantum bit to Bob (or Alice). In the end of the protocol, the

quantum state is

|pore) = (T4 @ Usg) - (1a @ Us)(Uy @ I)| o).
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The cost of the protocol is the length of the sequence, e.g., 2k here. To output,
measure C. Mathematically, let v be the projection of |¢por) onto the subspace A4 ®
|1) ® B. Then the protocol outputs 1 with probability ||v||?, and outputs 0 with
probability 1 — ||v]|?>. The e-error quantum communication complexity without prior
entanglement of function f, denoted Q.(f), is the cost of a quantum protocol that
outputs a correct answer with probability at least 1 — ¢ on any input x,y. We
abbreviate Q(f) = Q1/3(f). The corresponding quantum communication complexity

with prior entanglement is denoted by QX(f).

It is clear that Q.(f) < R.(f) for any function f and ¢, as the quantum bits can
be used as private randomness. Quantum protocols can be strictly more powerful.
For example, the quantum communication complexity of the disjointness problem is
©(y/n) [105], 1], while we have discussed that the disjointness problem has linear
randomized communication complexity. However, how much more power a quantum
protocol can have is not completely understood. It is a major open problem to deter-
mine if the quantum communication complexity and the randomized communication
complexity are polynomially related for total functions. A detailed discussion on this

issue is deferred to Chapter [6]

3.1.5. Multiparty communication. The two-party communication models
have analogues for three or more parties. In this dissertation, we will only be in-
terested in the number-on-forehead model of multiparty communication, introduced
by Chandra et al. [40]. The model features ¢ communicating players, tasked with
computing a Boolean function F': X7 x X5 X -+ x X, — {0,1} for some finite sets
X1, Xo, ..., X¢. A given input (21, 29,...,2¢) € X;7 X Xo x -+ x X, is distributed
among the players by placing x;, figuratively speaking, on the forehead of the ith
player (for i = 1,2,...,¢). In other words, the ith player knows the arguments
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X1y, Ti 1,Tit1,- -, 2 but not x;. The players communicate by sending broadcast

messages, taking turns according to a protocol agreed upon in advance.

In a randomized protocol, each of the players privately holds an unlimited supply of
uniformly random bits, which he can use along with his available arguments when
deciding what message to send at any given point in the protocol. The players’ objec-
tive is to compute F'(xy, s, ..., x;). An e-error protocol for F' is one which, on every
input (x1,xs,...,x,), produces the correct answer F(xy,zs,...,x,) with probability
at least 1 —e. The cost of a protocol is the total bit length of the messages broadcast
by all the players in the worst caseE| The e-error randomized communication com-
plezity of F, denoted R.(F'), is the least cost of an e-error randomized protocol for F'.

As a special case of this model for ¢/ = 2, one recovers the original two-party model.

As combinatorial rectangles are fundamental objects for two-party protocols, the
counterpart in the multiparty protocols is cylinder intersections. An {¢-dimensional

cylinder intersection is a function x: X7 X X5 X --- x X, — {0,1} of the form

14
X(xlyl'% e 7$€> = HX’i(xla e =1, Lig 1y - - - 7']7@)7
=1

where y;: Xy X+ X X; 1 x X;41 X+ -+ x Xy — {0, 1}. In other words, an /-dimensional
cylinder intersection is the product of ¢ functions with range {0, 1}, where the ith
function does not depend on the ith coordinate but may depend arbitrarily on the
other ¢ —1 coordinates. Introduced by Babai et al. [12], cylinder intersections are the
fundamental building blocks of communication protocols and for that reason play a
central role in the theory. The 2-dimensional cylinder is a rectangle. A deterministic
protocol partitions the input space X; x X5 x --- X X, into cylinder intersections.

1 The contribution of a b-bit broadcast to the protocol cost is b rather than ¢ - b.
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3.2. Communication complexity lower bounds

In this section, we discuss several techniques to show strong communication lower
bounds. A common theme under these techniques is to relate the communication
complexity to some other measures easier to analyze. There are many other influ-
ential techniques to prove communication lower bounds like the rectangle bounds
and information complexity that are out of the scope of this dissertation. Interested

readers are referred to [86, 102].

3.2.1. Query-to-communication lifting. Query complexity are usually much
easier to analyze than the communication complexity. A powerful tool developed in
recent years transforms query complexity lower bounds to communication complexity
lower bounds in various models [64), [44], 65, [43]. The intuition behind this tool is very
simple. Let f: {0,1}" — {0, 1} be any Boolean function with large query complexity.
Consider a small-size gadget g : {0,1}¢ x {0,1}¢ — {0,1}, and the communication
problem fog:{0,1}" x {0,1}" — {0,1},

foglz,y) = flg(xr, 1), 9(x2,92), - - -, 9(Tn, Yn))-

A naive communication protocol is to simulate the query algorithm for f: whenever
the algorithm queries the ith variable, Alice and Bob compute g(x;,y;) by communi-

cating at most ¢ bits. Thus,

D(fog)=0(-D*(f)),

R(fog)=0((- RY(f)).
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For a gadget g complicated enough that hides g(z;,y;) well, we expect that there is

no better protocol than the naive protocol, thus,

D(f o g) =Q(l- D(f)),

R(fog) = Q- R(f)).

Of course, this cannot be true for every gadget g. For example, if f and g are both
the parity function, then the communication complexity of €., (x; @ v;) is only a

constant, but the query complexity of the parity function is n.

Ideally, we want g to be a constant-size gadget. However, whether there is such a

gadget is still open. A well-studied function ¢ in this line of research is the inner

product function IP,: {0,1}¢ x {0,1}* — {0, 1}, given by IP,(u,v) = @le(ui A ;).

In particular, Chattopadhyay, Filmus, Koroth, Meir, and Pitassi [43, Theorem 1]
prove that

Ruys(f 0 TPeiogn) = Q(Rjj5(f) logn) (3.2.1)
for every (possibly partial) function f on {0, 1}", where ¢ > 1 is an absolute constant.

OPEN PROBLEM 3.5. Find a constant-size gadget ¢ : {0,1}¢ x {0, 1}, such that for
any £ {0,1}" = {0,1},

D(f o g) = QD™(f)).

3.2.2. Discrepancy and Sign-rank. For a Boolean function F': X7 x X5 x---X
X, — {0,1} and a probability distribution p on X; x Xy X -+ x Xy, the discrepancy
of F' with respect to p is given by

disc,(F) =max| > (=1)"pu(x)x(z)]|,

zEX 1 X XX XXy
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where the maximum is over cylinder intersections y. The minimum discrepancy over

all distributions is denoted

disc(F) = min disc,(F).

m

The discrepancy method [47, 12, [84] is a classic technique that bounds randomized

communication complexity from below in terms of discrepancy.

THEOREM 3.6 (Discrepancy method). Let F': X7 x Xo x-+-x Xy, = {0,1} be a given

commumnication problem. Then

oRe(F) > 1—2e
— disc(F)

This theorem is an immediate corollary of the following proposition on distributional

communication complexity.

PROPOSITION 3.7. For any distribution u,

9DE(F) > 1—2e

2 G F) (3.2.2)

Proof. Let m be any deterministic protocol that realizes D#(F'). Then 7w partitions

the input space into N < 2P¢(F) ¢cylinder intersections, x1, X2, . - ., Xn. Sum the error

)

Rearranging the terms, we obtain (3.2.2)). 0

within each cylinder intersection,

e> Z% (N(Xi) -

1 1 )
> 5= §NdlscM(F).

Y. (D) P u@)(e)

rz€X1 X XoX--XXp

Combining Theorem [3.6| with the definition of PP(F) gives the following corollary.
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COROLLARY 3.8. Let F: X1 x Xo X -+- x Xy — {0,1} be a given communication

problem. Then

2

In fact, discrepancy characterizes the communication complexity with weakly un-

bounded error PP fully due to Klauck [76],

PP(F) <O (log —Hogn) .

1
disc(F)

Let me pause and make a remark that the discrepancy method also gives a lower
bound for the quantum communication complexity with or without prior entangle-

ment, see [83] [89].

The sign-rank of a real matrix A € R™™ with nonzero entries is the least rank of a
matrix B € R™™ such that sgn A; ; = sgn B, ; for all ¢, 7. In general, the sign-rank
of a matrix can be vastly smaller than its rank. For example, consider the following

nonsingular matrices of order n > 3:

1 i 1

1 1

These matrices have sign-rank at most 2 and 3, respectively. Indeed, the first matrix
has the same sign pattern as [2(j — i) + 1]; ;. The second has the same sign pattern
as [(v;,v;) — (1 — ¢€)];;, where vy, vy,...,v, € R? are arbitrary pairwise distinct unit
vectors and e is a suitably small positive real, cf. [101, Section 5|]. As a matter
of notational convenience, we extend the notion of sign-rank to Boolean functions

f: X xY — {0,1} by defining vk (f) = rky (M), where M; = [(—=1)/@9] cx ey
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is the matrix associated with f. A remarkable fact, due to Paturi and Simon [101],
is that the sign-rank of a two-party communication problem fully characterizes its

unbounded-error communication complexity.

THEOREM 3.9 (Paturi and Simon). Let F': X xY — {0, 1} be a given communication

problem. Then

logrky (F) < UPP(F) <logrky (F) + 2.

The first inequality is essentially a reformulation of Proposition [3.40 The second
inequality follows similar ideas as expressing the sign matrix as a sum of rank one
matrices u” - v by rank decomposition and then interpreting u” (), v(y) as the expec-

tations of sending —1 or 1 (under suitable normalization).

As Corollary [3.§ and Theorem [3.9show, the study of communication with unbounded

and weakly unbounded error is in essence the study of discrepancy and sign-rank.

3.2.3. The pattern matrix method. Discrepancy and sign-rank are difficult to
analyze from first principles. The pattern matriz method, developed in [114], [116], is
a technique that transforms lower bounds for polynomial approximation into bounds
on discrepancy, sign-rank, and various other quantities in communication complexity.
For our discrepancy bounds, we use the following special case of the pattern matrix

method [123], Theorem 5.7 and equation (119)].

THEOREM 3.10 (Sherstov). Let f: {0,1}" — {0,1} be given. Consider the (-party
communication problem F: ({0,1}"™)¢ — {0,1} given by F = f o NOR,, o AND,.
Then

Y

ot g deg=(f)/2
disc(F) < (%)
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where ¢ > 0 1s a constant independent of n,m, ¢, f.

We note that the case ¢ = 2 of Theorem [3.10| is vastly easier to prove than the
general statement; this two-party result can be found in [125, Theorem 7.3 and

equation (7.3)]. For our sign-rank lower bounds, we use the following theorem implicit

in [117).

THEOREM 3.11 (Sherstov, implicit). Let f: {0,1}" — {0,1} be given. Suppose that
deg (f,v) > d, where v and d are positive reals. Fiz an integer m > 2 and define

F:{0,1}™ x {0,1}™ — {0,1} by F = f 0 OR,, 0 AND,. Then

rky (F) > v L%J i :

For the reader’s convenience, we give a detailed proof of Theorem in Section 5.7}
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CHAPTER 4

Communication against noise

In this chapter, we discuss our contribution to communication in noisy environments.
We will study how to encode a protocol so that the encoded protocol can tolerate a
maximum fraction of adversarial corruptions of insertions, deletions and substitutions.

This is the interactive analogue of error correcting codes with optimal corruption rate.

4.1. Introduction

Consider the classical problem of transmitting a message over an unreliable channel.
In its most general formulation, the problem features an omniscient and computa-
tionally unbounded adversary who controls the communication channel and can alter
a small constant fraction of symbols that pass through the channel. The choice of
symbols to corrupt is up to the adversary; the only guarantee is an a priori bound
on the fraction of altered symbols, called the corruption rate. The sender’s objective
is to encode the message using a somewhat longer string so as to always allow the
receiver to recover the original message. Shannon’s problem is the subject matter
of coding theory and has been extensively studied. In particular, for any constant
e > 0, it is known [74] how to encode an n-bit message using a string of O(n) symbols
from a constant-size alphabet such that the receiving party will recover the original
message whenever the fraction of corrupted symbols is at most % — ¢. In seminal
work, Schulman [109], 110, 111] considered a generalization of Shannon’s problem
to the interactive setting. Here, two parties Alice and Bob communicate back and

forth according to a communication protocol agreed upon in advance. Alice and Bob
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privately hold inputs X and Y, respectively, which dictate their behavior through-
out the communication protocol. As before, the communication channel is controlled
by an adversary who can change a small constant fraction of symbols as they transit
through the channel. The goal is to overcome these corruptions by cleverly simulating
the original protocol with some redundant communication, as follows. The simula-
tion leaves Alice and Bob with a record of symbols exchanged between them, where
Alice’s record will generally disagree with Bob’s due to interference by the adversary.
Nevertheless, they each need to be able to determine, with no further communication,
the sequence of symbols that would have been exchanged in the original protocol on
the inputs X and Y in question. Ideally, Alice and Bob’s simulation should use an
alphabet of constant size and have communication cost within a constant factor of

the original protocol.

A naive solution to Schulman’s problem is for Alice and Bob to encode their indi-
vidual messages with an error-correcting code developed for Shannon’s setting. This
approach fails spectacularly because the adversary is only restricted by the total
number of corruptions rather than the number of corruptions on a per-message ba-
sis. In particular, the adversary may choose a specific message from Alice to Bob
and corrupt all symbols in it. As a result, the naive solution cannot tolerate any
corruption rate beyond %, where m is the total number of messages. Remark-

ably, Schulman [I111] was able to show how to simulate any communication protocol

1

3790 using a constant-size alphabet and a constant-factor

with corruption rate up to
overhead in communication. Interactive coding has since evolved into a highly ac-
tive research area with a vast literature on virtually every aspect of the problem,
e.g., |98, 26, 61, 20, 55, 80, 63, 24, 22, 62, 71, 51, 59, 6], from corruption

rate to communication overhead to computational complexity. We refer the reader to
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Gelles [58] for an up-to-date survey. Of particular interest to us is the work of Braver-
man and Rao [26], who proved that any communication protocol can be simulated
in Schulman’s model with corruption rate up to i — ¢ for any € > 0, and established
a matching impossibility result for corruption rate 1. Analogous to Schulman [111],
the simulation due to Braverman and Rao [26] uses a constant-size alphabet and

increases the communication cost only by a constant factor.

In the canonical model discussed above, the adversary manipulates the communica-
tion channel by altering symbols. This type of manipulation is called a substitution. In
a recent paper, Braverman, Gelles, Mao, and Ostrovsky [25] proposed a far-reaching
generalization of the canonical model, whereby the adversary can additionally manip-
ulate the channel by inserting and deleting symbols. As Braverman et al. point out,
insertions and deletions are considerably more difficult to handle than substitutions
even in the one-way setting of coding theory. To borrow their example, Schulman
and Zuckerman’s polynomial-time coding and decoding algorithms [I12] for insertion
and deletion errors can tolerate a corruption rate of roughly ﬁ, in contrast to the
corruption rate of % —cor i — ¢ (depending on the alphabet size) achievable in the
setting of substitution errors alone [74]. As their main result, Braverman et al. [25]
prove that any communication protocol can be simulated in the generalized model
with substitutions, insertions, and deletions as along as the corruption rate does not
exceed % — g, for an arbitrarily small constant € > 0. Analogous to previous work,
the simulation of Braverman et al. uses a constant-size alphabet and increases the

communication cost only by a multiplicative constant.

Braverman et al. [25] and Gelles [58] posed the problem of determining the high-
est possible corruption rate that can be tolerated in the generalized model, and of
achieving that optimal rate for every protocol. We give a detailed solution to this

problem, showing that any protocol can be simulated with corruption rate up to i —€
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for any € > 0. Recall that this corruption tolerance is optimal even in the setting of

substitutions alone.

4.1.1. The indels model. Following previous work, we focus on communication
protocols in canonical form. In such a protocol, the communication proceeds in
rounds. The number of rounds is the same on all inputs, and each round involves
Alice sending a single symbol to Bob and Bob sending a symbol back to Alice. The
canonical form assumption is without loss of generality since any protocol can be

brought into canonical form at the expense of doubling its communication cost.

We now describe the model of Braverman et al. [25] in more detail. Naively, one
may be tempted to give the adversary the power to delete or insert any symbol at
any time. A moment’s thought reveals that such power rules out any meaningful
computation. Indeed, deleting a single symbol en route from Alice to Bob will stall
the communication, forcing both parties to wait on each other indefinitely to send
the next symbol. Conversely, inserting a symbol into the communication channel
may result in crosstalk, with both parties trying to send a symbol at the same time.
Braverman et al. [25] proposed a natural and elegant formalism, to which we refer
as the BGMO model, that avoids these abnormalities. In their model, deletions and
insertions occur in pairs, with every deletion immediately followed by an insertion.
In other words, the BGMO model gives the adversary the capability to intercept
any symbol ¢ in transit from one party to the other and insert a spurious symbol
o’ in its place. Crucially, the adversary is free to decide which party will receive the
inserted symbol. This makes it possible for the adversary to carry out two types of
attacks, illustrated in Figure {.I1.1} In a substitution attack, the inserted symbol is
routed the same way as the original symbol. Such an attack is precisely equivalent
to a substitution in Schulman’s model [I11]. In an out-of-sync attack, on the other

hand, the inserted symbol is delivered to the sender of the original symbol. From
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FIGURE 4.1.1. A substitution attack (top) and an out-of-sync attack (bottom).

the sender’s point of view, an out-of-sync attack looks like a response from the other
party, whereas that other party does not even know that any communication has
taken place and continues to wait for an incoming symbol. Braverman et al. [25]
examine a variety of candidate models, including some that are clock-driven rather
than message-driven, and demonstrate that the BGMO model is essentially the only
reasonable interactive formalism that allows deletions and insertions. It is important
to note here that even though deletions and insertions in the BGMO model occur
in pairs, the corruption pattern experienced by any given party can be an arbitrary

sequence of deletions and insertions.

4.1.2. Our results. For the purposes of defining the corruption rate, a deletion-
insertion pair in the BGMO model counts as a single corruption. This means that
with corruption rate ¢, the adversary is free to carry out as many as oM attacks,
where M is the worst-case number of sent symbols. The main result of our work
is the following theorem, where |7| denotes the worst-case communication cost of a

protocol .
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THEOREM 4.1. Fix an arbitrary constant € > 0, and let m be an arbitrary protocol
with alphabet X. Then there exists a simulation for m with alphabet size O(1) and
communication cost O(|r|log|X|) that tolerates corruption rate  — & in the BGMO

model.

Theorem matches an upper bound of i on the highest possible corruption rate,
due to Braverman and Rao [26], which holds even if the adversary is restricted to

substitution attacks.

Theorem [£.1]is particularly generous in that it gives the adversary a flat budget of 6 M
attacks, where 0 is the corruption rate and M is the mazimum number of sent symbols
over all executions. Due to out-of-sync attacks, the number of symbols sent in a given
execution may be substantially smaller than M. This can happen, for example, if the
adversary uses out-of-sync attacks to force one of the parties to exit before his or her
counterpart has reached the end of the simulation. In such case, the actual ratio of the
number of attacks to the number of sent symbols may substantially exceed §. This
leads us to consider the following alternate formalism: with normalized corruption
rate (Esubs, €oos), the number of substitution attacks and out-of-sync attacks in any
given execution must not exceed an eqyp,s and €, fraction, respectively, of the number

of symbols sent in that execution. In this setting, we prove:

THEOREM 4.2 (Normalized corruption rate). Fiz an arbitrary constant € > 0, and
let ™ be an arbitrary protocol with alphabet . Then there exists a simulation for
7 with alphabet size O(1) and communication cost O(|m|log|X|) that tolerates any

normalized corruption rate (Esups, €oos) 10 the BGMO model with

Esubs + Zeoos S Z —E.
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We show that Theorem [£.2] too, is optimal with respect to the normalized corruption
rates that it tolerates (Section . In the interesting special case when the adver-
sary is restricted to out-of-sync attacks, Theorem tolerates normalized corruption
rate % — ¢ for any € > 0. This contrasts with the maximum possible corruption rate
that can be tolerated with substitutions alone, namely, Ll; — ¢. Thus, there is a pre-
cise technical sense in which substitution attacks are more powerful than out-of-sync
attacks. As we will discuss shortly, however, the mere presence of out-of-sync attacks

greatly complicates the analysis and requires a fundamentally different approach.

In Theorems[4.T|and [£.2] each player computes the transcript of the simulated protocol
based on his or her entire record of sent and received symbols, from the beginning of
time until the communication stops. In Section [4.5.8] we adapt Theorem to the
setting where Alice and Bob wish to know the answer by a certain round, according
to each player’s own counting. In particular, Braverman et al. [25] required each
player to know the answer by round (1 — 20) N, where N is the maximum number of
rounds and ¢ is the corruption rate. With that requirement, we give a simulation that
tolerates corruption rate % — ¢ for any ¢ > 0, which is optimal by the impossibility

result in [25, Theorem G.1].

4.1.3. Background on interactive coding. In what follows, we review rel-
evant previous work [111}, 26, 25] on interactive coding and contrast it with our
approach. A key tool in this line of research is a tree code, a coding-theoretic prim-
itive developed by Schulman [111]. Let X, and X, be nonempty finite alphabets.
A tree code is any length-preserving map C': ¥ — ¥’ . with the property that for
any input string s € 37 and any i = 1,2, 3, ..., the first i symbols of the codeword
C(s) are completely determined by the first i symbols of the input string s. A tree
code has a natural representation as an infinite tree in which every vertex has arity

|¥in| and every edge is labeled with a symbol from ¥,,. To compute the codeword
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corresponding to a given input string s = s155 ... s, one starts at the root and walks
down the tree for k steps, choosing at the i step the branch that corresponds to
s;. The sought codeword C'(s), then, is the concatenation of the edge labels along
this path. Tree codes are well-suited for encoding interactive communication because
Alice and Bob must compute and send symbols one at a time, based on each other’s
responses, rather than all at once at the beginning of the protocol. In more de-
tail, if Alice has used a tree code C to send Bob si, ss, ..., S;_1 and now wishes to
send him s, she need only send the &*® symbol of C(s;sy...s;) rather than all of
C(s182. .. sx). This works because by the defining properties of a tree code, the first
k — 1 symbols of C'(s18s... i) are precisely C(s18s...S,_1) and are therefore known
to Bob already. To additionally cope with adversarial substitutions, Schulman used
tree codes in which different codewords are “far apart.” More precisely, for any two
input strings s, s’ € Xf, of equal length with s1s5...5; = s155...5, but sp1 # s}, 4,
the codewords C(s) and C(s') disagree in a 1 — « fraction of positions beyond the k.
Schulman [111] showed the existence of such tree codes for any o > 0, where the size
of the output alphabet depends only on « and the input alphabet. Figure (left)
offers an illustration of the distance property for tree codes: the concatenation of the
labels on the solid path should disagree with the concatenation of the labels on the

dashed path in a 1 — « fraction of positions. Finally, when attempting to recover

*

ut, one outputs the codeword of length

the codeword from a corrupted string y € X
ly| that is closest to y in Hamming distance. This recovery procedure produces the
true codeword whenever y is sufficiently close to some codeword in suffiz distance, a

distance on strings that arises in a natural way from tree code properties.

We now review protocol terminology. Fix a deterministic protocol 7 in canonical
form that Alice and Bob need to simulate on their corresponding inputs X and Y.

Let 3 and n denote the alphabet and the communication cost of m, respectively.
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Associated to 7w is a tree of depth n called the protocol tree for m. Each vertex in
this tree corresponds to the state of the protocol at some point in time, with the root
corresponding to the initial state before any symbols have been exchanged, and each
leaf corresponding to a final state when the communication has ended. Each internal
vertex has arity |X|, corresponding to all possible symbols that can be transmitted at
that point. Execution of 7 corresponds to a walk down the protocol tree, as follows. A
given input X for Alice makes available precisely one outgoing edge for every internal
vertex of even depth, corresponding to the symbol that she would send if the execution
were to arrive at that vertex. Similarly, an input Y for Bob makes available precisely
one outgoing edge for every internal vertex of odd depth. To execute 7, Alice and Bob
walk down the protocol tree one edge at a time, at each step selecting the edge that is
dictated by the input of the player whose turn it is to speak. In this chapter, we will
assume that output of the protocol 7 on a given pair of inputs X, Y, is the complete
sequence of symbols exchanged between Alice and Bob on that pair of inputs. We
make this somewhat usual assumption here because in this chapter our focus is to

encode a protocol instead of computing a function.

We emphasize that there is no relation whatsoever between protocol trees and trees
representing tree codes. They are structurally unrelated and play entirely different

roles in the simulation of a protocol over an unreliable channel.

Given protocols m and Il with input space X x ), we say that Il simulates 7 if
7(X,Y) = f(II(X,Y)) for some fixed function f and all inputs X € X and Y € ).
To illustrate, any protocol m with alphabet ¥ can be simulated in the natural manner
by a protocol Il with the binary alphabet {0,1} and communication cost [II| <
|7| max{1, [log |X|]}. Observe that the “simulates” relation on protocols is transitive.
A protocol 7 is said to be in canonical form if the following two conditions hold:

(i) the number of symbols exchanged between Alice and Bob is an even integer and
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FIGURE 4.1.2. Distance constraints for codewords in a tree code (left)
and an edit distance tree code (right).

is the same for all inputs X € X and Y € Y; (ii) Alice and Bob take turns sending
each other one symbol at a time, with Alice sending the first symbol. A moment’s
thought reveals that any protocol 7w can be simulated by a protocol in canonical form

with the same alphabet and at most double the communication cost.

In this chapter, we view the transfer of an alphabet symbol from one party to the other
as an atomic operation to which we refer as a transmission. We also intentionally
avoid the term “message” in this chapter because it is ambiguous as to the length of

the content.

4.1.4. The Braverman—Rao simulation. We are now in a position to describe
the simulation of Braverman and Rao [26] for the model with adversarial substitu-
tions. Using the tree view of communication, we can identify Alice’s input X with
a set Fx of outgoing edges for the protocol tree vertices at even depths, one such
edge per vertex. Analogously, Bob’s input Y corresponds to a set Ey of outgoing
edges for the vertices at odd depths. Execution of 7, then, corresponds to identifying

the unique root-to-leaf path made up of edges in Ex U Ey. In Braverman and Rao’s

56



simulation, all communication is encoded and decoded using a tree code with the
parameter o > 0 set to a small constant. The simulation amounts to Alice and Bob
taking turns sending each other edges from their respective sets Ex and Ey. When it
is Alice’s turn to speak, she decodes the edge sequence received so far and attempts
to extend the path made up of her sent and received edges by another edge from FEx,
communicating this new edge to Bob. Bob acts analogously. When the communica-
tion stops, Alice decodes her complete sequence of received edges, identifies the first
prefix of that sequence whose edges along with Ey contain a root-to-leaf path, and
takes this root-to-leaf path to be the transcript of m on the given pair of inputs. Bob,

again, acts analogously.

In the described simulation, the edge that a player sends at any given point may be
irrelevant but it is never incorrect. In particular, Alice and Bob make progress in
every round where they correctly decode the edge sequences that they have received
so far. Braverman and Rao use a relation between suffix distance and Hamming
distance to argue that with overall corruption rate % — ¢, Alice decodes her received
edge sequence correctly more often than half of the time, and likewise for Bob. This
means that there are a considerable number of rounds where Alice and Bob both
decode their received sequences correctly. It follows that at some point t*, Alice
and Bob will have exchanged every edge in the root-to-leaf path in EFx U Fy. As a
final ingredient, the authors of [26] argue that the adversary’s remaining budget for
corruptions beyond time t* cannot “undo” this progress, in the sense that at the end
of the communication Alice and Bob will correctly decode a prefix that contains the

root-to-leaf path in Ex U Fy.

4.1.5. The BGMO simulation. We now describe the simulation of Braver-
man et al. [25] in the BGMO model with substitutions, insertions, and deletions.

The authors of [25] draw inspiration from the classic work of Levenshtein [87], who
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developed codes that allow recovery from insertions and deletions in the noninterac-
tive setting. Recall that when coding for substitution errors, one uses codewords that
are far apart in Hamming distance [74]. Analogously, Levenshtein used codewords
that are far apart in edit distance, defined for a pair of strings as the minimum number
of insertions and deletions needed to transform one string into the other. To handle
interactive communication, then, it is natural to start as Braverman et al. do with a
tree code in which the codewords are far apart in edit distance rather than Hamming
distance. They authors of [25] discover, however, that it is no longer sufficient to
have distance constraints for pairs of codewords of the same length. Instead, for any
two paths of arbitrary lengths that cross to form a lambda shape, such as the solid
and dashed paths in Figure (right), the associated codeword segments need to
be far apart in edit distance. Braverman et al. establish the existence of such edit
distance tree codes and develop a notion of suffix distance for them, thus providing a

sufficient criterion for the recovery of the codeword from a corrupted string.

Algorithmically, the BGMO simulation departs from Braverman and Rao’s in two
ways. First, all communication is encoded and decoded using an edit distance tree
code. Second, a different mechanism is used to decide which leaf of the protocol
tree for m to output, whereby each player keeps a tally of the number of times any
given leaf has been reached during the simulation and outputs the leaf with the
highest tally. The resulting analysis is quite different from [26], out-of-sync attacks
being the main source of difficulty. Braverman et al. start by showing that each
player correctly decodes his or her received sequence of edges often enough over the
course of the simulation. This does not imply progress, however. Indeed, all of
Alice’s correct decodings may conceivably precede all of Bob’s, whereas progress is
only guaranteed when the players’ correct decodings are interleaved. To prove that

this interleaving takes place, Braverman et al. split the simulation into n progress
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intervals, corresponding to the length of the longest segment recovered so far from
the root-to-leaf path in Fx U Ey. They use an amortized analysis to argue that the
number of unsuccessful decodings per interval is small on the average, allowing Alice
and Bob to reach the leaf on the root-to-leaf path in Ex U Fy at some point in the
simulation. They finish the proof by arguing that the players subsequently revisit
this leaf often enough that its tally outweighs that of any other leaf.

4.1.6. Our approach. There are several obstacles to improving the corruption

tolerance from 15 — ¢ in Braverman et al. [25] to an optimal ; —e. Some of these
obstacles are of a technical nature, whereas others require a fundamental shift in
approach and analysis. In the former category, we develop edit distance tree codes
with stronger guarantees. Specifically, Braverman et al. use tree codes with the
property that for any two paths that cross to form a lambda shape in the code
tree, the edit distance between the associated codeword segments is at least a 1 — «
fraction of the length of the longer path. We prove the existence of tree codes that
guarantee a stronger lower bound on the edit distance, namely, a 1 — « fraction of
the sum of the lengths of the paths. This makes intuitive sense because the typical
edit distance between randomly chosen strings of lengths ¢; and ¢, over a nontrivial
alphabet is approximately ¢; + (5 rather than max{/,¢s}; cf. Proposition {.4 Our
second improvement concerns the decoding process. The notion of suffix distance used
by Braverman et al. is not flexible enough to support partial recovery of a codeword.
We define a more general notion that we call k-suffiz distance and use it to give a
sufficient criterion for the recovery of the first & symbols of the codeword from a
corrupted string. This makes it possible to replace the tally-based output criterion of
Braverman et al. with a more efficient mechanism, whereby Alice and Bob compute

their output based on a prefiz on the received edge sequence rather than the entire

sequemnce.
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The above technical improvements fall short of achieving an optimal corruption rate
of i — e. The fundamental stumbling block is the presence of out-of-sync attacks. For
one thing, Alice and Bob’s transmissions can now be interleaved in a complex way,
and the basic notion of a round of communication is no longer available. Out-of-sync
attacks also break the symmetry between the two players in that it is now possible
for one of them to receive substantially fewer symbols than the other. Finally, by
directing a large number of out-of-sync attacks at one of the players, the adversary
can force the simulation to stop early and thereby increase the effective error rate
well beyond Lll —e. These are good reasons to doubt the existence of a simulation that

tolerates corruption rate i — ¢ with substitutions, insertions, and deletions.

Our approach is nevertheless based on the intuition that out-of-sync attacks should
actually help the analysis because they spread the brunt of a corruption between the
two players rather than heaping it all on a single player. Indeed, the deletion that
results from an out-of-sync attack only affects the receiver, whereas the insertion only
affects the sender. This contrasts with substitution attacks, where the deletions and
insertions affect exclusively the receiver. With this in mind, convexity considerations
suggest that out-of-sync attacks may actually be less damaging overall than substitu-
tion attacks. To bear out this intuition, we introduce a “virtual” view of communica-
tion that centers around the events experienced by Alice and Bob (namely, insertions,
deletions, and successful deliveries) rather than the symbols that they send. In this
virtual view, the length of a time interval and the associated error rate are defined in
terms of the number of alternations in events rather than in terms of the number of
sent symbols. Among other things, the virtual view restores the symmetry between
Alice and Bob and makes it impossible for the adversary to shorten the simulation
using out-of-sync attacks. By way of analysis, we start by proving that corruption

rate %1_5 translates into virtual corruption rate i—Q(e). Next, we split the simulation
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into n progress intervals, corresponding to the length of the longest segment recovered
so far from the root-to-leaf path in Ex U Ey, and a final interval that encompasses
the remainder of the simulation. We bound the virtual length of each interval in
terms of the number of corruptions and successful decodings. We then contrast this
bound with the virtual length of the overall simulation, which unlike actual length is
never smaller than the simulation’s worst-case communication complexity. Using the
previously obtained i — Q(e) upper bound on the virtual corruption rate, we argue
that Alice and Bob successfully output the root-to-leaf path in E'x U Ey when their

communication stops.

4.2. Preliminaries
We start with a review of the technical preliminaries.

4.2.1. Edit distance. Recall that the asterisk * is a reserved symbol that does
not appear in any alphabet 3 in this manuscript. For a string v € (X U {x})*,
we let *(v) and *(v) denote the number of asterisks and non-asterisk symbols in v,

respectively:
x(v) = {1 v; = *},
*(v) = [{i: vy # *}|.

In particular, *(v)+%(v) = |v|. We let #(v) stand for the string of length *(v) obtained
from v by deleting the asterisks. For example, #¥(xabxaa) = abaa and #(x) = ¢ for

any alphabet symbols a, b.
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An alignment for a given pair of strings s, € ¥* is a pair of strings S, R € (XU {x})*

with the following properties:

S| = |R],
#(5) =s,
#(R) =,
R #% V S; # x (i=1,2,3,...,15]),
(Ri#* A S;#£%) — R =5, (i=1,2,3,...,|9)).

To better distinguish alignments from ordinary strings, we reserve uppercase symbols
for the former and lowercase for the latter. We write S | R to indicate that S and
R are an alignment for some pair of strings. For an alignment S | R, the strings
S|a, R|a for any given subset A of indices also form an alignment, to which we refer

as a subalignment of S | R.

The notion of a string alignment arises in an auxiliary capacity in the context of edit
distance. Specifically, the edit distance between strings s, € ¥* is denoted ED(s, r)

and is given by

ED(s,r) = rgﬂi}g{*(S) +*(R)},

where the minimum is over all alignments for s, r. Letting LCS(s, ) denote the length

of the longest common subsequence of s and r, we immediately have
ED(s,r) = |s| + |r| — 2LCS(s, 7). (4.2.1)

The following equivalent definition is frequently useful: ED(s,r) is the minimum
number of insertion and deletion operations necessary to transform s into r. In this

equivalence, an alignment S | R represents a specific way to transform s into 7,
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indicating the positions of the insertions (S; = *, R; # %), deletions (S; # *, R; = %),
and unchanged symbols (S; = R; # *). The operational view of edit distance shows

that it is a metric, with all strings s, r, ¢ obeying
ED(s,r) = ED(r,s), (4.2.2)
ED(s,r) + ED(r,t) < ED(s,1). (4.2.3)
Another property of edit distance is as follows.

PROPOSITION 4.3. For any strings u,v € X%,
ED(u,v) = |Ju] = [v]|.

In particular,
ED(u,v) = [[u] = [v]]

whenever u is a subsequence of v or vice versa.

Proof. The proposition is immediate from . An alternate approach is to appeal
to the operational view of edit distance, as follows. An insertion or deletion changes
the length of a string by at most 1. Therefore, at least max{|u| — |v|, |v| — |u|} =
||u| — |v|| operations are needed to transform w into v. If one of the strings is a
subsequence of the other, then either of them can clearly be transformed into the

other using ||u| — |v|| deletions or ||u| — |v|| insertions. O

By definition, the edit distance between a pair of strings of lengths n and m is at
most n +m. We now show that this trivial upper bound is essentially tight when the

strings are chosen uniformly at random over an alphabet of nonnegligible size.
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PROPOSITION 4.4. For any nonnegative integers n and m and any 0 < a < 1,

a(n+m)
P [ED(u,v) < (1—a)(in+m)| < ¢ .
[ED(u,v) < (L—a)(n + )]<<a |z|>

Proof. We may assume that

e
ay/[X]

<1, (4.2.4)

the proposition being trivial otherwise. Letting ¢ = [a(n + m)/2], we have

f; [ED(u,v) < (1 —a)(n+m)] = PE [LCS(u,v) > ¢
ueXn uexn
veX™ vEX™

(N (m BE s
—\¢/\ ¢ ||t
_(rmy. L
-\ 2 ||
2
e(n+m) 1
20 V]2

2fa(n-+m)/2]
6 >

IN

IN

ay/[%|

a(n+m)
€
S| = ;
a |E|>

where the first and last steps follow from (4.2.1) and (4.2.4)), respectively. O

4.2.2. Suffix distance. We now discuss several other measures of distance for
alignments and strings. For an alignment S | R, define

*(S) + *(R)

A(S,R) = 5
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This quantity ranges in [0, 0], with the extremal values taken on. For example,
Ae,e) = A(a,a) = 0 and A(*,a) = oo, where a is any alphabet symbol. The

definition of A is motivated in large part by its relation to edit distance:
FAcT 4.5. For any alignment S | R with A(S, R) < oo,
ED(#(5), #(R)) < A(S, R) - %(5).
Proof. Immediate from the definitions of ED and A. O
The suffiz distance for an alignment S | R is given by
SD(S,R) = max A(Ssi, R>i).

This notion was introduced recently by Braverman et al. [25], inspired in turn by an
earlier notion of suffix distance due to Schulman [111]. In our work, we must consider
a more general quantity yet. Specifically, we define SD(S, R) for 0 < k < oo to be
the maximum A(Ss;, R>;) over all indices ¢ for which %(S.;) < k, with the convention

that SDy (S, R) = 0 for k = 0. As functions, we have

0=SDy < SD; <SDy < SD3 < -+ < SD., = SD. (4.2.5)

We generalize the above definitions to strings s,r € ¥* by letting

SD(s,r) = Iél“i]{zl SD(S, R), (4.2.6)
SDg(s,r) = Igluiél SDx(S, R), (4.2.7)

where in both cases the minimum is over all alignments S | R for s, r. Since there are
only finitely many alignments for any pair of strings s and r, the quantities (4.2.6)
and (4.2.7) can be computed in finite time.
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4.2.3. Trees and tree codes. In a given tree, a rooted path is any path that
starts at the root of the tree. The predecessors of a vertex v are any of the vertices on
the path from the root to v, including v itself. We analogously define the predecessors
of an edge e to be any of the edges of the rooted path that ends with e, including e
itself. A proper predecessor of a vertex v is any predecessor of v other than v itself;
analogously for edges. In keeping with standard practice, we draw trees with the root
at the top and the leaves at the bottom. Accordingly, we define the depth of a vertex
v as the length of the path from the root to v. Similarly, the depth of an edge e is the
length of the rooted path that ends with e. We say that a given vertex v is deeper
than another vertex w if the depth of v is larger than the depth of u; and likewise for
edges.

Fix alphabets ¥, and X,y. A tree code is any length-preserving map C': ¥f — 3% .

such that the first ¢ symbols of the output are completely determined by the first ¢
symbols of the input. Formally,

|C ()] = |,

(C(x))<i = C(x<s), 1=0,1,2,...,

for all x € ¥ . Recall that the codewords of C' are the elements of C'(3Y)), i.e., the
strings y € X7, such that y = C(z) for some z. A tree code can be represented
as an infinite rooted tree in which each node has precisely |%;,| outgoing edges, and
each edge is labeled with a symbol from .. To compute C(z) for a given string

T € X

m?

one starts at the root and walks down the tree for |z| steps, taking the edge
corresponding to z; in the i*® step. Then C(z) is the concatenation of the |z| edge
labels, in the order they were encountered during the walk. If there is an a priori

bound n on the length of the input string, as in this manuscript, it is sufficient to
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work with the restriction of the tree code to strings of length up to n. We refer to

such a restriction as a tree code of depth n.

To allow decoding in the presence of errors, structural properties of a tree code must
ensure that the encodings of distinct strings are sufficiently far apart. How this is
formalized depends on the kinds of errors that must be tolerated. Previous work
has considered substitution errors [111), [26] and more recently insertions and dele-
tions [25]. We work in the latter setting and adopt structural constraints similar to

those in [25].

DEFINITION 4.6 (a-violation). Fixatreecode C: Xf — Xf  andareal0 <a < 1. A
quadruple (A, B, D, E) of vertices in the tree representation of C' form an a-violation

if:

(i) B is the deepest common predecessor of D and F;
(ii) A is any predecessor of B; and

(ii) ED(AD,BE) < (1—a)(|AD|+|BE]|), where AD € ¥? , is the concatenation

[e]

E
out

of the code symbols along the path from A to D, and analogously BE € 3

is the concatenation of the code symbols along the path from B to F.

An a-good code is any tree code C' for which no vertices A, B, D, E in its tree repre-

sentation form an a-violation.

Definition [4.6] is illustrated in Figure [£.2.1] This definition strengthens an earlier
formalism due to Braverman et al. [25], in which the inequality ED(AD, BE) <
(1 — o) max{|AD|, |BE|} played the role of our constraint The strengthening is

essential to the tight results of our work.
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FIGURE 4.2.1. A quadruple of vertices A, B, D, E involved in an a-violation.

REMARK 4.7. Observe that A, B, D, E can form an a-violation for 0 < o < 1 only

when
D#FE,
B #FE.
Indeed, suppose that one or both of these conditions fail. Then BE = ¢ and therefore
ED(AD, BE) = ED(AD,¢)
= |AD|
=|AD|+ |BE|
> (1 - a)(|AD[ + [BE]),
where the second step follows from Proposition [£.3]

As the next observation shows, an a-good code allows for the unique decoding of

every codeword.
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Fact 4.8. Let C: ¥}, — X

out

be any a-good code, where 0 < a < 1. Then C is

one-to-one.
Proof. It will be convenient to prove the contrapositive. Let C': ¥} — 37, be a tree
code such that
C(z') = C ("), (4.2.8)
x # 2" (4.2.9)

for some strings z’,x” € X! . Let = be the longest common prefix of 2’ and z”.
Consider the vertices B, D, E/ in the tree representation of C' that correspond to the
respectively. Then

input strings x,2’, 2" € ¥} |

ED(BD, BE) =0 < (1 — a)(|BD| + |BE|),

where the first and second steps in the derivation follow from (4.2.8)) and (4.2.9),
respectively. Thus, the quadruple (B, B, D, F) forms an a-violation in C. O

The following theorem, proved using the probabilistic method, ensures the existence

of a-good codes with good parameters.

THEOREM 4.9. For any alphabet ¥, any 0 < o < 1, and any integer n > 0, there is
an a-good code C': X — X7 . of depth n with

<10|zm|>1/aer

«

|20ut| = ’V

This theorem and its proof are adaptations of an earlier result due to Braverman et

al. [25]. For the reader’s convenience, we provide a complete and self-contained proof

of Theorem in Section [£.3.2]
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4.2.4. The corruption model. We adopt the corruption model introduced by
Braverman et al. [25]. In this model, the communication channel between Alice
and Bob is controlled by an omniscient and computationally unbounded adversary.
In particular, the adversary knows Alice and Bob’s protocol and their inputs. The
adversary can interfere with a transmission in two different ways, illustrated in Fig-
ure [1.1.1] In a substitution attack, the adversary intercepts the sender’s symbol o and
replaces it with a different symbol ¢/, which is then delivered to the receiver. In an
out-of-sync attack, the adversary intercepts the sender’s symbol o, discards it, and
then sends a spurious symbol ¢’ back to the sender in lieu of a response. Both a sub-
stitution attack and an out-of-sync attack involve the deletion of a symbol from the
channel followed immediately by the insertion of a symbol; what makes these attacks
different is how the inserted symbol is routed. On arrival, symbols manipulated by
the adversary are indistinguishable from correct deliveries. As a result, Alice and Bob
cannot in general tell on receipt of a transmission if it is corrupted. We remind the
reader that a transmission is an atomic operation from the standpoint of interference
by the adversary: either a transmission is delivered correctly and in full, or else an

attack takes place and the transmission is considered to be corrupted.

Execution of a protocol is now governed not only by Alice and Bob’s inputs but
also by the adversary’s actions. Our objective is to faithfully simulate any protocol
m with only a constant-factor increase in communication cost. Our simulations will
all be in canonical form, with Alice and Bob taking turns sending one symbol at a
time. There are two immediate benefits to this strict alternation. First, it guarantees
that the adversary cannot force crosstalk, with Alice and Bob attempting to send a
transmission at the same time. Second, canonical form guarantees that the adversary
cannot cause Alice and Bob both to stall, i.e., wait indefinitely on each other to send

the next message. In particular, canonical form ensures that at least one of the parties

70



is able to run the protocol to completion. The adversary may still force one of the
parties to stall, e.g., by carrying out an out-of-sync attack during the next-to-last
transmission. We consider an execution of the protocol to be complete as soon as the

communication has stopped, due to Alice or Bob (or both) terminating.

With the adversary present, we must revisit the notion of protocol output. We de-
fine the output of a player in a particular execution to be the complete sequence
of symbols, ordered chronologically, that player sends and receives over the course
of the execution. There is a minor technicality to address regarding which received
symbols are counted toward a player’s output. Due to out-of-sync attacks, Alice and
Bob need not always be in agreement about how many rounds of communication
they have completed. As a result, it may happen that one of the players expects
the communication to continue when the other has already exited. In that case, the
latter player may have one last symbol addressed to him which he or she will never
retrieve from the communication channel. Since that symbol is not accessible to the
player, we do not count it toward his or her input. With this minor clarification, we

are prepared for formalize our notion of an interactive coding scheme.

DEFINITION 4.10 (Coding scheme). Let 7 be a given protocol with input space X x ).
We say that protocol II is an interactive coding scheme for m that tolerates corruption

rate € if:

(i) II has input space X x ) and is in canonical form;

(ii)) when II is executed on a given pair of inputs (X,Y) € X x ), the adversary
is allowed to subject any transmission in II to a substitution attack or out-
of-sync attack, up to a total of at most e|II| attacks;

(iii)  there exist functions f’, f” such that for any pair of inputs (X,Y) € X x Y
and any allowable behavior by the adversary, Alice’s output @ and Bob’s

output b satisty f'(a) = f"(b) = n(X,Y).
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In this formalism, the functions f’ and f” allow Alice and Bob to interpret their
respective outputs as an output of the simulated protocol 7, with the requirement
that these interpretations by Alice and Bob match the actual output of m on the

corresponding pair of inputs.

The previous definition gives the adversary a budget of ¢|II| attacks, where |II] is the
maximum length of any execution of II. This flat budget applies even to executions
that are significantly shorter than |II|, as may happen due to out-of-sync attacks.
This motivates us to define a second model, where the number of attacks in any given

execution is bounded by a fraction of the actual length of that execution.

DEFINITION 4.11 (Coding scheme with normalized corruption rate). Let 7 be a given
protocol with input space X x Y. We say that protocol Il is an interactive coding

scheme for m that tolerates normalized corruption rate (Esubs,€oos) if:

(i) II has input space X x ) and is in canonical form;

(ii)) when II is executed on a given pair of inputs (X,Y) € X x Y, the adversary
is allowed to subject any transmission in II to a substitution attack or out-
of-sync attack, where
— the number of substitution attacks in any execution is at most an eqyps

fraction of the total number of transmissions in that execution, and
— the number of out-of-sync attacks in any execution is at most an g
fraction of the total number of transmissions in that execution;

(iii)  there exist functions f’, f” such that for any pair of inputs (X,Y) € X x Y
and any allowable behavior by the adversary, Alice’s output a and Bob’s

output b satisfy f'(a) = f"(b) = 7(X,Y).

In this chapter, we will obtain an interactive coding scheme that achieves optimal

corruption tolerance in both models (Definition and [4.11]).
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4.3. Auxiliary results

We now prove a number of technical results on suffix distance and tree codes that
are used in the design and analysis of our interactive coding schemes. Some of these

results are new and some are adapted from previous work [111], 26, [25].

4.3.1. Bounds for suffix distance. Here, we collect several lower and upper
bounds on suffix distance. We start with a proposition that gives bounds for align-

ments in terms of their subalignments.
PROPOSITION 4.12. Let S" | R' and S” | R" be given alignments. Then:

(i) A(S'S", R'R") < max{A(S", R'), A(S", R")};
(i)  A(S'S",R'R") > min{A(S, R'), A(S", R")}:
(i) SD(S'S”, R'R") < max{SD(S', R'),SD(S", R")};

) SDW(S'S", R'R") < max{SDy(S', R'), A(S", R")} for k < %(S").

(iv
Proof. (1)} There are two cases to consider. If %(S”) > 0 and %(S”) > 0, we have

*(SISH) + *<R1RH)

A(S/S//’ R/R//) — ;<S/S”)

#(S") + =(R)  *(S") + =(R")

(S +%(S") T ®(S") +%(S")
I R € M
RS + %(S7) A(S’R)+¥(S’>+¥(S”> A% B

In other words, A(S’S”, R'R") is a weighted average of A(S’, R') and A(S”, R") and
therefore lies between the minimum and maximum of these quantities.

For the complementary case, by symmetry we may assume that *(S") = 0. If S’ = ¢,
then A(S'S”, R'R") = A(S", R") and therefore |(i)| and |(ii)| both hold. If S’ # ¢, then
we immediately have A(S", R') = oo and A(S'S”, R'R") > A(S", R"), whence (i) and
respectively.
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We have
SD(S'S", ) = max A((S'S")zi, (')
— max{max A(SL, R, max A(SL,S", B, 7))
< max{mlax A(S%;, RL,), max A(SL;, RL;), A(S", R")}
= max{miax A(S%;, RY,), max A(SL;, RS}

= max{SD(S", R"),SD(S’, R')},
where the third step uses
The proof is similar to the previous item:
SDi(S'S", R'R") = max{A((8'S")zi, (R'R")=:) - #((8'S")<i) < k}
= m?X{A<S/2iS”7RIZiR”) c®(SL,) < k}
< m?x{max{A(S’Zi, RL;), A(S", R")} - %(SL;) < k}
= max{SDy(5", R'), A(S", R")},

where the second step is valid because k < %(S”) and in particular ¢ < |S’|, whereas

the third step uses O

The following generic lower bound on suffix distance will also be useful.

PROPOSITION 4.13. Let k > 0 be given. Then for all r € ¥* and s € ¥T,

SDi(s,r) > 1— Ir]

o (4.3.1)
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Proof. Fix an arbitrary alignment S | R for s,r. Then

SD.(S, R) > A(S, R)
#(8) + *(R)
#(9)
#(8)+ +(R)
5|
_ *(8) +%(S) +|s] — Ir]
s

 lsl=1r

[s|

where the next-to-last step uses *(S) + |s| = *(R) + |r|. O

4.3.2. Existence of Good Tree Codes. The purpose of this section is to prove
Theorem on the existence of a-good codes, which we now restate for the reader’s

convenience.

THEOREM 4.14. For any alphabet Xy, any 0 < a < 1, and any integer n > 0, there
is an a-good code C': X — X% . of depth n with

(10|18 ) Ve e]?
- .

|Sous| = [ (4.3.2)

Our treatment is a reworked and simplified version of an argument of Braverman et

al. [25], who proved the existence of a closely related family of tree codes.

We fix « for the rest of the proof and define ¥,,; to be the alphabet of consecutive
natural numbers, with cardinality given by . For strings u and v, we write
u < v to mean that ED(u,v) < (1 — a)(Ju| + |v|). For a tree code C': 3§ — ¥ . of
depth n and a string u € ¥}, we let C,, denote the tree code C,,: ¥ — 3%, of depth

m?’

n — |u| given by Cy(v) = (C(uv))sjy-
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Our proof centers around two inductively defined families Cy,Cy,Cs,...,C,, ... and
0, Cr,C ..., Cr. ..., where C,, and C;; are sets of tree codes of depth n. As a base
case, we let Cyp = Cj be the family whose only member is the tree code € — ¢, which
is by definition the only tree code of depth 0. Assuming that Cy,Cy,Cs,...,C,_1 and
0, CY,C5, ... ,Cx_, have been constructed, we define C,, to be the family of all tree
codes C': ¥f — X7 . of depth n such that C, € C;_; for all o € %;,, and define C;
to be the family of all a-good codes in C,,. To settle Theorem it remains to prove
that each C? is nonempty. We will in fact prove the following stronger claim:
Gl
Cnl

> - n=01,23,.... (4.3.3)

N —

We will argue by induction on n. The base case n = 0 is trivial. For the inductive
step, fix n > 1 arbitrarily and assume that |C}|/|C;| > 1/2 for i =0,1,2,...,n—1. A

key technical element of our analysis is the following observation.

CLAIM 4.15. Let u,v,w € X}, be given, where v<q # w<1. Then

[u]+]v]+|w]
P [Cun) o Cyfw)] < (ﬁ) |

The hypothesis v<; # w<; above amounts to saying that the longest common prefix

of v and w is the empty string.
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Proof of Claim [£.15]. The claim follows from the following derivation, whose steps we

will justify shortly:

P [C(uv) o Cu(w)] <2 P [2C(v) o C(w)] (4.3.4)
CeCn ZGE‘ult
cec, |
= olul P| ‘ [2C"(v) o C"(w)] (4.3.5)
zezo?lt
C/,C/IECn_‘u‘
< gkt P 22 o O (w))] (4.3.6)
zeElu‘t
Zlezclzu‘t
C”Ecn,‘w
< lultlltivl p 5 o (4.3.7)
ZEELI‘LJL
Z,EZLIQ:
resi]
. a(lul+{o]+]wl)
< glulHlel+lwl (4.3.8)
« \V |Eout|

1

= IS e (4.3.9)

Inequality (4.3.4]) is trivially true for uw = €. To verify validity for |u| > 1, observe
that

P [Cwr) o Culw)] = P [51C(uz0) © C, (w)]
cecr

n—1

21 E€Xout
CECn—l

< P [zIC’(ngv) ¢ CUZQ (w)] ’

< P [51C0(uxv) 0 Cy,(w)] - 2,

21 EXout
CeCn-1

where the last two steps use use C}_; C C,—; and |C}_,| > |C,—1|/2. Applying this
maneuver an additional |u| — 1 times settles (4.3.4). The next step, (4.3.5), is valid
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because the longest common prefix of v and w is the empty string and therefore C'(v)
and C(w) are independent. Steps (4.3.6) and (4.3.7) can be verified in a manner
identical to (4.3.4). The final steps (4.3.8) and (4.3.9) follow from Proposition

and (4.3.2)), respectively. O

Armed with Claim [4.15 we are now in a position to complete the inductive step. Our
objective is to show that |C}|/|C,| > 1/2, or equivalently that a uniformly random
code C' € C, has an a-violation with probability at most 1/2. Recall that an a-
violation in C' is a quadruple of vertices (A, B, D, F) in the tree representation of C

with the following properties:

(i) B is the deepest common predecessor of D and E;
(ii) A is a predecessor of B;
(ili) AD o BE, where AD € ¥}, and BE € X}, denote the concatenation of

the code symbols along the path from A to D and the path from B to F,

respectively.
We further deduce that

(i) A is the root;
(i) B#E.

The former holds because the codes in C;_; have no a-violations, and the latter follows
from Remark [£.7] These structural constraints allow us to identify an a-violation
(A,B,D,E) in C in a one-to-one manner with a triple of strings w, v, w € Xf such

that v<; # w<y, w # ¢, and C(uv) ¢ Cy(w). Applying the union bound over all such
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triples u, v, w,

P [C has an a-violation]

CeCn
<> > Z C(uv) o Cy(w)].

wesr:  vex?
jul<n  Jv|<n— \ul \w\<n \u|
w<1£V<1

Appealing to Claim and simplifying,

P [C has an a-violation]

Z Z Z (5|;in‘ ) lul+v]+|w]

ueXy veEX
ul<n pl<ntlul pulen \u|
W<1AV<1

- z:in Z wz (5’; ‘)IUIHHw

I
[
Nk
@
3
L

The final inequality is equivalent to |C}|/|C,| > 1/2, completing the inductive step.
We have settled ([£.3.3) and thereby proved Theorem [4.9]

4.3.3. Longest prefix decoding. In interactive coding, a sequence of symbols
is encoded with a tree code and transmitted over an unreliable channel. On the
receiving end, an attempt is then made to decode the sequence. The encoding and
decoding are fundamentally different in that the former is fully determined by the

tree code, whereas the latter allows for several reasonable approaches. In contrast

79



to the work of Braverman et al. [25], our interactive coding schemes use longest
prefiz decoding, whereby the receiver attempts to correctly decode as long a prefix
of the original sequence as possible. The following key theorem relates the length
of such a prefix to the suffix distance between the original sequence and its received

counterpart.

THEOREM 4.16. Fiz an a-good code C: Xf — X%, with 0 < a < 1. Consider a

string r € Xt . and codewords s',s" of C with

SDi(s',7) <1 —«,

SDy(s",7) <1—a.
Then
Previous work [25] settled a special case of Theorem for k = oo, corresponding to

the correct decoding of the entire sequence. The extension to arbitrary k is essential

to the optimal interactive coding schemes in our work.

Proof of Theorem (cf. Braverman et al. [25]). Let s be the longest common pre-
fix of ¢ and s”. For the sake of contradiction, assume that (4.3.10|) fails. Then

s+ (4.3.11)

Is| < k. (4.3.12)

We will show that these two conditions force an a-violation in C| contrary to the

theorem hypothesis.
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Fix alignments S’ | R and S” | R” for the string pairs s, and s”,r, respectively,

such that
SDk(S’, R’) <1l-—aq, (4.3.13)
SDk(S", R”) <1-—a. (4.3.14)

Let ¢',7” > 0 be integers with

s = #(SLy), (4.3.15)
5 = #(S%). (4.3.16)

It follows from (4.3.11]) that
*(SL,) +%(S%,) > 0. (4.3.17)

Observe also that r contains both #(R.,) and #(R”

? ) as suffixes, which means that

one of those strings is a suffix of the other. Without loss of generality, assume that

#(RZ,,) is a suffix of #(R. ;) and fix an integer j” > 0 such that

j// < 7://

—_ Y

(4.3.18)
HRL) = KR, (4.3.19)

It follows from (4.3.12) and (4.3.15) that *(SL,) < k. Analogously, (4.3.12),

(4.3.16)), and (4.3.18)) give ¥(ng//) < k. Therefore, the suffix distance bounds (4.3.13|)
and (4.3.14)) guarantee that

A(SL, R.,) <1—a, (4.3.20)
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In addition, (4.3.17) and (4.3.18)) imply that
*(SL,) +*(S;0) > 0. (4.3.22)

Now

ED(#(5%,), #(5%;0))
< ED(#(S%:), A(RL:)) + ED(A(RS;), #(52;0))
= ED(#(5%:), #(RS)) + ED(#(SZ;0), #(RL))
= ED(¥(5%4), #(RL;)) + ED(#(S%0), #(RZ0))
< A(SLy, RLy) - #(S54) + A(SSju, RE ) - %(5%;0)

< (1—a)(F(SLy) +F(S" ), (4.3.23)

where the first four steps follow from (4.2.3)), (4.2.2), (4.3.19), and Fact [£.5] respec-
tively, and the final step is immediate from (4.3.20))—(4.3.22).

It remains to interpret our findings in terms of the tree representation of C. Let
A, B, D, E be the vertices reached by following the paths #(SZ,.), s, s", s', respectively,
from the root of the tree. Then is equivalent to ED(BE, AD) < (1—«)(|BE|+
|ADYJ), which is the promised a-violation. O

We are now in a position to describe our decoding algorithm and relate its decod-
ing guarantees to the suffix distance between the original sequence and its received

counterpart.

THEOREM 4.17. Let C': X} — X%, be an a-good code, 0 < oo < 1. Then there is an

out

algorithm DECODE¢ o X5, — X

ot rut that runs in finite time and obeys

(DECODEC’Q(T’))Sk = S<k (4324)
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for any real 0 < k < oo, any codeword s, and any string r € 3%, with SDg(s,r) <

1 —oa.
Proof. For a codeword s and a string r, define
K(s,r) =max{k € NU {oo} : SDi(s,7) <1 —a}.

The maximization on the right-hand side is over a nonempty set that contains k = 0,
so that K (s,r) is well-defined for every s, r pair. The algorithm is the natural one: on
input r, the output of DECODE¢, is any s* € argmax, K (s,7), where s ranges over
all codewords of C. To verify (£.3.24), let s be any codeword with SDy(s,r) <1 — av.
Then the algorithm output s* obeys SDy(s*,7) < 1 — a and hence s%, = s<; by
Theorem [£.16]

It remains to show that DECODE¢ , can be implemented to run in finite time. Clearly,
computing K (s, r) for any pair of strings s and r takes finite time. To find a codeword
in arg max, K (s, ), it is suffices to consider codewords of length at most r/« because

longer codewords s satisfy K (s,r) = 0 by Proposition [4.13] O

4.3.4. Frequency of good decodings. In the analysis of interactive coding
schemes, one typically needs to argue that there are many points in time when the
receiving party is able to correctly decode the sequence of symbols transmitted so far.
We estimate the number of such “good decodings” using the following technical fact,

closely analogous to previous work [26), [25].

PROPOSITION 4.18. Fiz an alignment S | R and define
G=1{i:S =R, #x},
D:{le#*,RZ:*},
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1
2

3
4

© 0w N o «

10
11
12

Ao

R4

while ¢ > 0 do

if SD(515;...5;, RRy...R;) <1— « then
A+ AU {i}

1i—1

else

find any index j with A(S;Sj11...5;, RjRj11...R) > 1—«a
1 j—1

end

end

return A

Algorithm 1: An algorithm to accompany the proof of Proposition

Then for all 0 < a < 1,

|{’l eG: SD(SlsQS“RlRQRl) <1 —Oé}‘

a 1

> |G| - D[ -

1]

1l—« 11—«

The notation in Proposition is mnemonic, with 7, D, and G denoting the positions
of the inserted, deleted, and “good” (unchanged) symbols, respectively. Note that
insertions and deletions play asymmetric roles in this result, insertions being more

damaging than deletions.

Proof of Proposition [£.1§ (adapted from |26}, [25]). Abbreviate ¢ = |S| = |R| and

consider Algorithm [} which iteratively constructs a subset

Since SD(5152...S;, RiRy ... R;) > A(S;, R;) > 1 for every i € I U D, we infer that
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A C G. In particular,

IINA|+|DnNA|
A(Sx Rz) = - ———= =
IGNA|+ |DNA|
]+ |D]
= . (4.3.26)
Gl = [A]+ D]
The complementary set A is the disjoint union of the intervals {j,j +1,...,4i} com-

puted by the else clause, each of which satisfies A(S;Sj11...5;, RjRjt1...R;) >
1 — a. It follows by Proposition that A(Sy, Rz) > 1 — «, which along
with (4.3.26|) gives

o 1

Al > |G| — D|— 1|.
412161 - +2-1D] — =1
In view of (4.3.25) and A C G, the proof is complete. O

4.4. A coding scheme with a polynomial-size alphabet

We will now show how to faithfully simulate any protocol in the adversarial setting
at the expense of a large increase in alphabet size and a constant-factor increase in
communication cost. For an arbitrary constant € > 0, we give an interactive coding
scheme that tolerates corruption rate %L — ¢ as well as any normalized corruption rate
(Esubss Eoos) With Egups + %5005 < % — ¢. In detail, the main result of this section is as

follows.

THEOREM 4.19. Fix an arbitrary constant € > 0, and let m be an arbitrary protocol
with alphabet . Then there exists an interactive coding scheme for m with alphabet

size (|2 - |7))°Y) and communication cost O(|x|) that tolerates

(i)  corruption rate 7 — ¢;

(ii)  any normalized corruption rate (Esups, Eoos) With Egups + %5005 < i — .
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As we will see later in this chapter, Theorem [4.19 is optimal with respect to the
corruption rate and normalized corruption rate that it tolerates. We have organized
our proof of the theorem around nine milestones, corresponding to Sections [£.4.1}-
[4.4.9, Looking ahead, we will obtain the main result of this chapter by improving the

alphabet size to a constant.

4.4.1. The simulation. Recall that any protocol can be brought into canonical
form at the expense of doubling its communication cost. We may therefore assume
that 7 is in canonical form to start with. As a result, we may identify Alice’s input
with a set X of odd-depth edges of the protocol tree for 7w, and Bob’s input with a
set Y of even-depth edges. Execution of 7 corresponds to a walk down the unique

root-to-leaf path in X UY, whose length we denote by
n = |ml.

Analogous to previous work [26], 25|, our interactive coding scheme involves Alice
and Bob sending edges from their respective input sets X and Y. At any given point,
Alice will send an edge e only if she has already sent every proper predecessor of e in
X, and likewise for Bob. This makes it possible for the sender to represent an edge e
succinctly as a pair (4, o), where i is the index of a previous transmission by the sender
that featured the grandparent of e, and o € ¥ x ¥ uniquely identifies e relative to
that grandparent. When transmitting an edge e of depth 1 or 2, the sender sets i = 0
to indicate that there are no proper predecessors to refer to. Viewing each (i, o) pair
as an alphabet symbol, the resulting alphabet ¥j, has size at most |X|? multiplied
by the total number of transmissions. The following lemma shows that given any
sequence of edge representations, it is always possible to recover the corresponding

sequence of edges.
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9
10

11
12

Input: X (set of Alice’s edges)

encode and send the edge in X incident to the root
foreach i =1,2,3,...,N do

receive a symbol r; € Yoyt

s <= DECODE¢ o (7172 .. . T)

interpret s as a sequence B of even-depth edges
¢ + maximum length of a rooted path in X U B

compute the shortest prefix of B s.t. X U B contains a rooted path of length ¢,
and let P be the rooted path so obtained

out < deepest vertex in P

if : <N —1 then
encode and send the deepest edge in P N X whose proper predecessors in X
have all been sent
end

end

Algorithm 2: Coding scheme for Alice

LEMMA 4.20. Consider an arbitrary point in time, and let
(ila 0-1)7 (7:27 0-2)7 L (ih Ut) (441)

be the sequence of edge representations sent so far by one of the players. Then the

sequence uniquely identifies the corresponding edges ey, e, ..., e; sent by that player.

Proof. The proof is by induction of ¢, the base case ¢ = 0 being trivial. For the
inductive step, let ey, e, ..., 6,1 be the unique sequence of edges corresponding to
(11,01), (i2,02), ..., (i4—1,04_1). Recall that i, € {0,1,2,... ,t—1}. If i, € {1,2,...,t—
1}, then by definition (i, 0¢) is the grandchild of e;, that corresponds to o, € ¥ x X.
If i, = 0, then by definition (i, 0;) is the edge of depth 1 in Alice’s case, or depth 2

in Bob’s, that corresponds to ;. [l
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Input: Y (set of Bob’s edges)
1 foreachi=1,2,3,...,N do

2 receive a symbol r; € Yoyt
3 s <= DECODEc (7172 .. . 7)
4 interpret s as a sequence A of odd-depth edges

5 ¢ + maximum length of a rooted path in Y U A

6 compute the shortest prefix of A s.t. Y U A contains a rooted path of length ¢,
and let P be the rooted path so obtained

7 out < deepest vertex in P

8 encode and send the deepest edge in P NY whose proper predecessors in Y
have all been sent

9 end
Algorithm 3: Coding scheme for Bob

A formal description of the interactive coding scheme is given by Algorithms [2| and
for Alice and Bob, respectively. In this description, @ = «a(e) € (0,1) and N =
N(n,e) are parameters to be set later, and C': ¥f — X! . is an arbitrary a-good
code whose existence is ensured by Theorem [£.9] Alice and Bob use C' to encode
every transmission. In particular, the encoded symbol from ¥, at any given point
depends not only on the symbol from ¥, being transmitted but also on the content
of previous transmissions by the sender. The decoding is done using the DECODE¢ ,
algorithm of Theorem [4.17] Apart from the initial send by Alice in line [I} the roles
of two players are symmetric. In particular, the pseudocode makes it clear that Alice
and Bob send at most N transmissions each. We conclude that |2;,| < |[X]? - 2N and
therefore by Theorem [4.9]

|Sout| = (|5] - NP, (4.4.2)

We pause to elaborate on the decoding and interpretation steps in lines for Al-
ice and lines for Bob. The decoding step produces a codeword s of C, which
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by Fact [1.§ corresponds to a unique string in X} . Recall that this string is of the
form for some integers iy, 1s,...,%; and some oy,09,...,0, € X X 2. The re-
ceiving party uses the inductive procedure of Lemma to convert to a
sequence of edges. It may happen that is syntactically malformed; in that
case, the receiving party interrupts the interpretation process at the longest prefix
of that corresponds to a legitimate sequence of edges. This completes the
interpretation step, yielding a sequence of edges A for Bob and B for Alice.

In Sections below, we examine an arbitrary but fixed execution of the
interactive coding scheme. In particular, we will henceforth consider the inputs X
and Y and the adversary’s actions to be fixed. We allow any behavior by the adversary
as long as it meets one of the criteria , in Theorem . We will show that as
soon as the communication stops, the variable out is set for both Alice and Bob to the

leaf vertex of the unique root-to-leaf path in X UY. This will prove Theorem [£.19]

4.4.2. Events. A central notion in our analysis is that of an event. There are
three types of events: deletions, insertions, and good events. A successful transmission
corresponds to a single event, which we call a good event. A transmission that is
subject to an attack, on the other hand, corresponds to two events, namely, a deletion
event followed immediately by an insertion event. Each event has an addressee. The
addressee of a good event is defined to be the receiver of the transmission. Similarly,
the deletion and insertion events that arise from a substitution attack are said to be
addressed to the receiver of the transmission. In an out-of-sync attack, on the other
hand, the deletion event is addressed to the intended receiver of the transmission,

whereas the insertion event is addressed to the sender.

To illustrate these definitions, consider the hypothetical execution in Table [I, The

columns of the table are numbered 1 through 10, corresponding the ten transmissions
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Transmission # | 1 2 3415 6 7 8 910
Addressee BI/AJA|BJ/A|BJ[A[BJA|BJA|BJ| A
Symbol sent OJ1]+«]O[1T]O]O[+x[1]JO[x[O0] 1
Symbolreceived [0 [« [OJO [T JO[+«[O0O]1[x]1]0] T

TABLE 1. A hypothetical execution.

sent in this execution. These ten columns are further split into subcolumns that

correspond to individual events, as follows.

()

(i)

(iii)

Transmissions 1,3,4,5,7,9, 10 result in successful deliveries, each contribut-
ing a good event addressed to the receiver of the transmission. For each of
these transmissions, the entries in the sent and received rows coincide and
show the symbol delivered from the sender to the receiver.

Transmission 2 is subject to a substitution attack, whereby the sent sym-
bol “1” is deleted (corresponding to the “1” and * entries in the sent and
received rows, respectively) and a symbol of “0” is inserted in its place (corre-
sponding to the x and “0” entries in the sent and received rows, respectively).
Transmission 2 thus contributes a deletion event and an insertion event, both
addressed to the receiver of the transmission.

Transmissions 6 and 8 are subject to out-of-sync attacks, each contributing
a deletion event and an insertion event. In both cases, the deletion event is
addressed to the transmission’s intended receiver, whereas the insertion event
is addressed to the transmission’s sender. In the case of transmission 6, the
sent symbol “0” is deleted (corresponding to the “0” and * entries in the sent
and received rows, respectively) and a new symbol of “0” is spuriously sent
back on behalf of the transmission’s intended receiver (corresponding to the

x and “0” entries in the sent and received rows, respectively).

Execution of the interactive coding scheme gives rise to a string alignment S’ | R’ for

Alice and a string alignment S” | R” for Bob. Each position i in the strings 5" and R’
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corresponds in a one-to-one manner to an event addressed to Alice, which is either a
good event (S; = R}), a deletion (5] # %, R, = %), or an insertion (S, = *, R, # *). An
analogous description applies to Bob’s strings S” and R”. To illustrate, the execution

in Table [T] corresponds to

S' = 1x101%1,

R = x01%111
and

S" = 00000,

R" = 0000x0.

For integers i < j, we let S[i,j] | R'[i,j] denote the subalignment of S’ | R’ that
corresponds to transmissions 7,7+ 1, ..., j. Analogously, S”[i, j] | R"[i, j] denotes the
subalignment of S” | R” that corresponds to transmissions i,i + 1,...,j. We alert
the reader that in our notation, S; and S’[i,i] have completely different meanings:
the former is the i'" symbol of S’, whereas the latter is the substring of S’ that

corresponds to the i*" transmission. We define
G ={i:Si,i| = R'[i,i] # e},
D' = {i: R'[i,i] = %},

I'={i: S'[i,i] = «}.

In words, G', D', I' are the sets of transmissions that contribute a good event, a

deletion event, and an insertion event, respectively, addressed in each case to Alice.
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We define analogous sets for Bob:
G"={i:5"[i,i] = R"[i,i] # e},
D" = {i: R"[i,i] = «},
I" = {i: S"[i,i] = «}.

We abbreviate

G=GUGg,
D=DUuUD"
I=rur.

We let T" denote the combined number of transmissions sent by Alice and Bob. Since

neither player can send more than N transmissions, we have
T <2N. (4.4.3)

The following lemma collects basic properties of the sets just introduced.
LEMMA 4.21. The following properties hold:

G’ and G" form a partition of G,

I'" and I" form a partition of I,

D' and D" form a partition of D;

I =D;

I'\D = D"\ I"

"\ D" = D'\ I';

G and I form a partition of {1,2,...,T};
G and D form a partition of {1,2,...,T}.
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Proof. Properties hold because any given transmission contributes at most
one good event, at most one deletion event, and at most one insertion event, where
each event is addressed to precisely one of the players. Property holds because
deletions and insertions always occur in pairs, with any given transmission generating

both or neither. Property follows set-theoretically from the preceding properties:

I'\D' = (I\I")\(D\D" by[(i1)] and|{iii)
= (D\I")\(D\D") by|(iv)

=DNnI"nDnD" by Boolean algebra
=DNI"Nn(DuD") by Boolean algebra
=DnNnI"NnD" by Boolean algebra
=I"nD" by|(iii)

=D"\I1" by Boolean algebra.

The proof of is entirely analogous. Properties |(vii)| and |(viii)| can be restated by

saying that the transmissions can be partitioned into those that result in successful

deliveries and those that are subject to an attack. 0]

4.4.3. Excellent transmissions. A straightforward consequence of Lemma[d.20]
is that the codewords #(S’[1,t]) and #(S”[1,t]) completely reveal the sequences of
edges sent by Bob and by Alice, respectively, over the course of the first ¢ transmis-

sions. We formalize this observation below.
LEMMA 4.22. Lett € {1,2,...,T} be given. Then:

(1)  the string #(S'[1,t]) uniquely identifies the sequence of protocol tree edges that

Bob sends Alice over the course of transmissions 1,2,...,t;
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(i) the string #(S"[1,t]) uniquely identifies the sequence of protocol tree edges

that Alice sends Bob over the course of transmissions 1,2,...,t.

Proof. By symmetry, it suffices to prove the former claim. By Fact [4.8] the codeword
#(5'[1,t]) € i, corresponds to a unique string in X7, which is the sequence of
edge representations that Bob sent Alice over the course of the first ¢ transmissions.
By Lemma [4.20] this sequence of edge representations uniquely identifies the edges

themselves. O

Of course, due to interference by the adversary, the receiving party rarely if ever
has access to the exact codeword sent by his or her counterpart. This motivates us
to identify sufficient conditions that allow for complete and correct decoding by the

receiving party. Define
E' ={ie G :SD(S'[1,i],R'[1,7]) <1 —a},
E"={ie G":SD(S"[1,i], R"[1,i]) < 1 — a}.

We refer to B/ and E” as the sets of excellent transmissions for Alice and Bob,

respectively. This term is borne out by the following lemma.
LEMMA 4.23. Lett € {1,2,...,T} be given.

(i) Ift € E', then on receipt of transmission t, Alice is able to correctly recover
the complete sequence of edges that Bob has sent her by that time.
(ii) Ift € E", then on receipt of transmission t, Bob is able to correctly recover

the complete sequence of edges that Alice has sent him by that time.

Proof. By symmetry, it again suffices to prove the former claim. Let ¢t € E’. Then by
definition, SD(S’[1,¢t], R'[1,t]) < 1 — a. Taking k = oo in Theorem we conclude
that DECODEq o (#(R'[1,1])) = #(S'[1,t]). This means that on receipt of transmission
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t, Alice is able to correctly recover the entire codeword #(S’[1,¢]) that Bob has sent
her so far. By Lemma [4.22] this in turn makes it possible for Alice to correctly identify

the corresponding sequence of edges. U

4.4.4. Bad transmissions. Recall that each symbol received by Alice from the
communication channel corresponds in a one-to-one manner to a good event or an
insertion. Put another way, each such symbol originates in a one-to-one manner from
a transmission in G’ U I'. As we saw in Section the symbols that correspond to
excellent transmissions £/ C G’ U I’ allow Alice to correctly recover the sequence of
edges that Bob has sent her so far. In all other cases, the conversion of the received
string to an edge sequence can produce unpredictable results and cannot be trusted.
This motivates us to define the sets of bad transmissions for Alice and Bob by

B =(GUI')\ F,

B// — (G// U _[”) \ E//
respectively. We abbreviate

B=DBUB".
LEMMA 4.24. The sets B and B" form a partition of B.
Proof:

BnB"C(Gul')n(G'ul")

=(GENnGEHUI'nI"YU(GNI")U(G"'NT)

CEnNnGEHYUI'NnIMU(GNI)

=g

Y
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where the last step follows from Lemma [(viD)] O

As one might expect, the number of bad transmissions is closely related to the number

of attacks by the adversary. This relation is formalized by the following lemma.

LEMMA 4.25. For any interval J with 1 € J,

2
Bl; < ——|D|;.
Bly < 1D,

The reader will recall that |B|; = |[BNJ| and |D|; = |D N J| in the lemma above.
We use this relative cardinality notation extensively in the rest of the chapter for

improved readability and ease of typesetting.

Proof of Lemma [£.25] Since B and D are sets of positive integers, it suffices to con-
sider an integer interval J = {1,2,...,t}. Applying Proposition to the alignment
S'[1,t] | R'[1,t] shows that

E'n{1,2,....t}| > |G’ N{L2,....t}]

«

1
D'n{L,2, ...t} — ——I'n{1,2,...,t},
—ID'n{ H=g—I'n{ }

which can be succinctly written as

«

1
By 216y = =Dy = 1Tl (4.4.4)
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Now

|B'l; = [(G"UI')\ £,
— |G,U]/|J_ |E,|J
=G, + 1, —|E];

« 2 —
D'+ 1

(6%
— ~|1, (4.4.5)

where the first step holds by definition, the second uses the containment £’ C G’, the
third is valid by Lemma [(vii), and the fourth follows from (4.4.4). A symmetric

argument gives

«Q 2—«
B, < D" I'l;. 4.4.6
1By < 71D s+ Il (4.4.6)
As a result,
o 2—«
B < o Dl D/l ]/ ]/l
||J_1_aﬂ 7+ MW+1_QU|J+||ﬁ
a 2 —«
= D 1
1_a|b+1_a!b
2
= 1— a’D’J>

where the first step follows from (4.4.5) and (4.4.6), the second uses
Lemma (i)} and the third uses Lemma [Giv)] O

4.4.5. Virtual length. Key to our approach is a virtual view of communication
that centers around events rather than actual transmissions. In particular, we focus
on alternations in event addressee as opposed to alternations in sender. To start with,

we define for an arbitrary set Z C R its wvirtual length by

1Z]| =1G'UTI'UD |z +|G"UT"U D" (4.4.7)

97



In other words, the virtual length HZ H is the number of transmissions in Z that have
an event addressed to Alice, plus the number of transmissions in Z that have an event

addressed to Bob. It follows immediately that
1zl < 2] <212

for any Z C {1,2,...,T}, and a moment’s thought reveals that the lower and upper
bounds can both be attained. We are of course interested only in subsets Z C
{1,2,...,T}, but defining virtual length as we did above for arbitrary Z C R greatly
simplifies the notation. We now show that in the special case when Z is an interval,

the two summands in (4.4.7) differ by at most 1.

LEMMA 4.26. For any interval J,

! ! /
=~ J , 4.
|| <2|G"UT'uD|;+1 (4.4.8)
7] <2/G"uI"uD"|, +1 (4.4.9)
and
7] >21¢'urup|, -1, (4.4.10)
7] > 21" urup”|, —1. (4.4.11)

Proof. Consider arbitrary integers i; < iy such that
i€ (G"UD"UI\(GUD UT),
in € (G"UD"UI"\(G'UD UT).

The first equation states that transmission 7; is sent by Alice and is not subject to an
out-of-sync attack. Recall that a transmission causes a change of speaker if and only

if it is not subject to an out-of-sync attack. As a result, a change of speaker from
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Alice to Bob happens immediately after transmission 7;. Since the later transmission
19 is again sent by Alice, there must be an intermediate transmission j that causes a

change of speaker from Bob to Alice. This implies
jeE(GUD U\ (G"UD"UI").

The previous paragraph shows that the interval between any two distinct integers in
(G"UD"UI")\ (G"UD'UI") contains at least one integer in (G'UD'UI")\ (G"UD"UI").

We conclude that for any interval J,
IG"uD"UI"|; <|GUD UTl;+1.

Adding |G" U D' U I'|; to both sides of this inequality yields (4.4.8), whereas adding
|G" U D" U I"|; to both sides yields (4.4.11). A symmetric argument settles the

remaining inequalities (4.4.9) and (4.4.10]). OJ

We now show that the combined virtual length of all transmissions is at least 2/N. This
contrasts with the number of transmissions themselves, which can be significantly less

than 2N due to out-of-sync attacks.

LEMMA 4.27. The total virtual length of all transmissions satisfies

1L, T = 2N.

Proof. For the communication to stop, one of the players needs to terminate. This
happens only when that player has sent N symbols and received as many. Formu-

laically, this translates to

|G”UD”| Z ]\[7

G'Ul'l| >N

99



if Alice terminates first, and

|G"UD'| > N,

|G”UI”| Z N

if Bob terminates first. Either way,

I[LT]=|G'uD UIl'l+|G"UD"UI"

> 2N. U

Next, we relate the virtual length of any interval to the number of attacks experienced

by Alice and Bob during that time.

LEMMA 4.28. Let i,j be given integers with i < j. Then

& 4Dl

It A1 < ="+ 1 (4.4.12)

for any 0 < § <1 such that
max{A(S[i, j], R'[i, 7]), A(S"[4, 5], R"[i, j])} > 6. (4.4.13)

Proof. By hypothesis, A(S'[4, j], R'[i, j]) > § or A(S"[4, 7], R"[i, j]) > 6. Without loss

of generality, assume the former. Abbreviating J = [i, j|, we have

/ /
D'y +|1']; >
D'+ |G|,

which along with 6 > 0 gives

|D'[; + 1],

D'y 4+ 1G] < 5

(4.4.14)
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Now

7] -1

= |G, +|D'UT',

=|G'[; 4+ |D'|; + [I"\ D'|;

D' I
BLIESII
< WD+ + [\ DY,
- )
s+ T"u D,

N )
_ i +11uD],
- )
_ 2[Dl,
5 Y

first step follows from Lemma [4.26] the second uses Lemma [4.21]|(vii)} ((viii), the
fourth is valid by (4.4.14])), the fifth uses 0 < § < 1, and the last step is immediate

from Lemma (V)] O

Finally, we derive a useful bound on the virtual length of an interval in terms of the

number of excellent and bad transmissions in it.

LEMMA 4.29. For any interval J,

17N < 2(1Bl; +1E']5) + 1, (4.4.15)

171 < 2(|Bls + |E"]) + L. (4.4.16)
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Proof. By symmetry, it suffices to prove (4.4.15). We have
D/\_[/ — ]//\D/l
C ]//
g ]'I/ U (GII \ E”)
— (I// U G/l) \ E//
=B, (4.4.17)

where the first and fourth steps use parts and , respectively, of Lemma m
Now ([4.4.15)) can be verified as follows:

“J”T_l <|G'urubpb,
=|G'UI'l;+|D'\(G'UT),;
=|G'UT'l;+[D'\TI|;

=|E';+ [(GUI)\ E'|;+ D'\ I,
=|E'|;+ B+ D"\ I,
<|E'|;+|B'l;,+ |B"|,

= |E'; +|Bls,

where the first step is valid by Lemma [4.4.8] the third step uses Lemma [(viiD))
the fourth step follows from the containment E' C G’, the fifth step applies the

definition of B’, the sixth step is immediate from (4.4.17)), and the final step is justified
by Lemma [£.24] O
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4.4.6. Virtual corruption rate. In keeping with our focus on events rather
than transmissions, we define

|DNJ|

corr J = ———=
el

for any interval J. We refer to this quantity as the virtual corruption rate of J. The
next lemma shows that over the course of the execution, the virtual corruption rate

is relatively low.

LEMMA 4.30. Assumptions|(i)] and [(ii)] in Theorem imply

1
corr[1,T] < 1€ (4.4.18)
and
< i€ (4.4.19)
corr - —= 4.
7 — 4 27
respectively.

Proof. Assumption states that the total number of attacks does not exceed a

;11 — ¢ fraction of the worst-case communication cost of the interactive coding scheme.

Formulaically,
< (1 ON
[R— 6 . .
—\4
As a result,
D 1
corr[1,T] = A < - —g
.oy — 4

where the second step uses Lemma [4.27]
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Assumption states that
3 1
T'subs + Z Toos S (Z - 5) T7
where Tyhs and T, denote the total number of substitution attacks and the to-
tal number of out-of-sync attacks, respectively. Straightforward manipulations now

reveal that

T'subs + Toos < 1
T+T, ~— 4

DO ™

By definition,
|D| == Tsubs + Toos-

On the other hand, the defining equation (4.4.7) of virtual length reveals that HZ H
for any set Z is the total number of transmissions in Z plus the total number of

out-of-sync attacks in Z. In particular,

I T =T + Toos.

The last three equations immediately give (4.4.19)). O

4.4.7. Finish times. Let ey, eq,..., e, be the edges of the unique root-to-leaf
path in X UY, listed in increasing order of depth. For ¢« = 1,2,...,n, define f; to be
the index of the first transmission when e; is sent (whether or not that transmission
is subject to an attack). If e; is never sent, we define f; = oco. For notational
convenience, we also define fo = f.1 = f_.o = --- = 0. Recall from the description

of the interactive coding scheme that Alice never sends an edge e unless she has
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previously sent all proper predecessors of e in X, and analogously for Bob. This gives

H< < fs <,
o< fi<fe <

The overall sequence fi, fa, f3, f4, f5, f6, - . . need not be in sorted order, however, due

to interference by the adversary. We abbreviate

fi = maX{0>f1af27"'afi}'

By basic arithmetic,

[fie1s 1) = [fim1, ), i=1,2,....n (4.4.20)

We now bound the virtual length of any such interval in terms of the number of bad
transmissions in it, thereby showing that Alice and Bob make rapid progress as long

as they do not experience too many attacks.

LEMMA 4.31. For any integers i and t with f;_ 1 <t < f;,

Ifi—r Il < 2B

Proof. We will only treat the case of ¢ odd; the proof for even i can be obtained by
swapping the roles of Alice and Bob below.

Consider any transmission j € E' N [f;_1, f;). Lemma ensures that on receipt of
transmission 7, Alice is able to correctly recover the set of edges that Bob has sent
her by that time, which includes e, ey, €, . . ., €;_1. At that same time, Alice has sent
Bob ey, es,es,...,e_o but not e;, as one can verify from j € [fi_1, fi). Therefore,
the arrival of transmission j causes Alice either to exit or to immediately send e;.
Either way, the interval [f;_i, f;) does not contain any transmissions numbered j + 1

or higher. We conclude that there is at most one transmission in E' N [f;_1, f;), and
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in particular

|E |7, < 1.

[fi—1,t] =

This upper bound directly implies (4.4.21)) in light of Lemma m O

4.4.8. The progress lemma. We have reached the technical centerpiece of our
analysis. The result that we are about to prove shows that any sufficiently long
execution of the interactive coding scheme with a sufficiently low virtual corruption
rate allows Alice and Bob to exchange all the n edges of the unique root-to-leaf path
in X UY, and moreover this progress is not “undone” by any subsequent attacks by

the adversary. The proof uses amortized analysis in an essential way.
LEMMA 4.32 (Progress lemma). Lett € {1,2,...,T} be given with

I, 8]l = : (4.4.22)

- a. (4.4.23)

Then there is an integer t* < t such that

[fu ) NE # 2, (4.4.24)
[fat')NE" # 2, (4.4.25)
A(S'[i, 1], Ri 1)) <1— a, i=1,2,....t (4.4.26)
A(S"[i,t], R"[i,t]) <1 — «, i=1,2,...,t". (4.4.27)

Proof. Equations (4.4.26]) and (4.4.27)) hold vacuously for t* = 0. In what follows, we
will take t* € {0,1,2,...,t} to be the largest integer for which (4.4.26]) and (4.4.27)
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hold. For the sake of contradiction, assume that at least one of the remaining desider-

ata (4.4.24)), (4.4.25) is violated, whence

1fns ) < 2Bl7 4y +1 (4.4.28)

by Lemma m The proof strategy is to show that (4.4.28)) is inconsistent with the
hypothesis of the lemma. To this end, let n* € {0,1,2,...,n} be the largest integer
such that fT < t*. Then we have the partition

[0,8] = [fo. f1) U[fi. f2) U U [faret, fur) U [fr £ U £ U (7,1,

The bulk of our proof is concerned with bounding the virtual length of each of the
intervals on the right-hand side.
To begin with,

I[fimrs Pl = [, £l
< 2Bl +3
< 2‘B|[ﬂ,ﬁ) +3 (4429)

for any i = 1,2,...,n*, where the first and third steps use (4.4.20f), and the second
step follows from Lemma [£.3T] Next, the upper bound

1[fae s ) < 21Bl gz +3 (4.4.30)

follows from Lemma if n* < n and from (4.4.28)) if n* = n. The virtual length of

the singleton interval {¢*} can be bounded from first principles:

1t} < 2. (4.4.31)
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Finally, recall from the definition of ¢* that either max{A(S’[t* + 1,¢], R'[t* + 1,t]),
A(S"[t* +1,t], R'[t* + 1,t])} > 1 — a or t* = t, leading to

I 4l <

|D

by Lemma [£.28 in the former case and trivially in the latter.
Putting everything together, we obtain

4
I[L,2]|] < 2Bl +3(n" +1)+2+ mm

(e 1

IN

4 . 4
—|D|[O,t*) + 3(n + 1) + 2 —|— E|D (t*,t} —|— 1

1l—«

4
——|D 3 6
o |Plog +3n+

IN

4 -
< 7= Ploa +3all[L 4], (4.4.33)

where the first step is the result of adding (4.4.29)—(4.4.32), the second step applies
Lemma and the final step uses (4.4.22)). Since 0 < a < 1, the conclusion
of (4.4.33)) is equivalent to

(1—-3a)(1—a)
1 )

corr[l,t] >

which is inconsistent with (4.4.23). We have obtained the desired contradiction and
thereby proved that ¢* satisfies each of the properties (4.4.24)—(4.4.27)). O

4.4.9. Finishing the proof. We have reached a “master theorem,” which gives a
sufficient condition for Alice and Bob to assign the correct value to their corresponding
copies of the out variable. Once established, this result will allow us to easily finish

the proof of Theorem [4.19

THEOREM 4.33. Consider a point in time when Alice updates her out wvariable, and

fix a corresponding integer t < T such that #(R'[1,t]) is the complete sequence of
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symbols that Alice has received by that time. Assume that

~ . n+2

I[L, 2] > , (4.4.34)
a
1

corr[1,t] < 1@ (4.4.35)

Then as a result of the update, out is assigned the leaf vertex in the unique root-to-leaf

path in X UY. An analogous theorem holds for Bob.

Observe that Theorem makes no assumption as to the actual timing of the update
to out. It may happen that the update takes place in response to the ¢ transmission;

but it may also take place significantly earlier, due to out-of-sync attacks.

Proof of Theorem [£.33] We will only prove the claim for Alice; the proof of Bob is
entirely analogous. Lemma implies the existence of j* € E' and j” € E” such

that
fnsi <t (4.4.36)
fo <" <t, (4.4.37)
A+ L, Rj + 1,t]) <1-a, (4.4.38)
AW "+ L R+ 1,1]) <1 -« (4.4.39)

By the definition of E' and E”,

SD(S'[L, 7], RL,7]) <1 — o, (4.4.40)

SD(S"[1, "], R"[1,5"]) < 1 — a. (4.4.41)

109



As a result,

SDs(s1,y) (S'[1, ¢], R'[1, 2])
= SDx sy (S'[L 719 + 1,8], R'[1,71R'[j' + 1,1])
< max{SDzgp1,;) (S'[1, 5], R[L, 7)), AS[" + L#], R'[j' + 1,¢])}
< max{SD(5'[1, 5], R'[L, j']), A(S[i"+1,¢], R'lj"+ 1,1])}

<1-a, (4.4.42)

where the second step is valid by Proposition the third step uses (4.2.5)),
and the final step is immediate from (4.4.38)) and (4.4.40)).

When Alice updates her out variable, the sequence of symbols that she has received

is #(R'[1,t]). By (4.4.42) and Theorem [4.17]

DECODE¢ (#(R'[1,1])) = (#(S'[1,1]))<(s'.51)

= A(5[L,J)-

Therefore, just prior to updating out, Alice is able to correctly recover the prefix
#(S'[1,5']) of the sequence of symbols sent to her by Bob. By Lemma [4.22] this
means that she correctly recovers the complete set of edges encoded by the string
#(S'[1,5']). By (4.4.36)), this prefix #(S’[1,j']) contains the encoding of every edge of
Y that appears in the root-to-leaf path in X UY. Moreover, every edge encoded in
#(S'[1,7]) is correct in that it is an element of Y. Alice’s pseudocode now ensures
that she assigns to out the leaf vertex on the unique root-to-leaf path in X UY.

The proof for Bob is entirely analogous, with (4.4.37), (4.4.39)), (4.4.41]), and j”
playing the role of (4.4.36)), (4.4.38)), (4.4.40), and j’, respectively. O

We are now in a position to establish the main result of this section.
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Proof of Theorem [.19 Recall that n = |r| denotes the communication cost of the
original protocol, and € > 0 is a constant in the statement of Theorem [4.19] Consider
the interactive coding scheme given by Algorithms [2] and [3] with parameters set

according to
(4.4.43)

N = [” * ﬂ . (4.4.44)

2a

By , the coding scheme uses an alphabet of size at most (|X| - n/e)?(1/e) =
O(IZ] - n)°W = O] - |x)°W. Furthermore, by , the combined number of
transmissions sent by Alice and Bob does not exceed 2N = O(n) = O(|~|).

It remains to show that when the communication stops, out is set for both Alice and

Bob to the leaf vertex on the unique root-to-leaf path in X UY. To this end, note

from (4.4.43)) and Lemma that

corr[1,T] < - — 2a. (4.4.45)

1 =

By (4.4.44) and Lemma {4.27]

S 4
i1 > 2 (4.4.46)
(6%
and therefore
. - 2
inr—1j>2=2 (4.4.47)
(0%
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Also,

corr[1,T — 1] < =————— . corr[1, T]

—a, (4.4.48)

where the third step uses (4.4.45) and (4.4.47)). Now, consider the last time that Alice

and Bob update their copies of out. The complete sequence of symbols that Alice has
received at the time of her last update is #(R'[1,T — 1]) or #(R'[1,T]). Likewise, the
complete sequence of symbols that Bob has received at the time of his last update is

#(R'[1,T —1]) or #¥(R"[1,T]). By (4.4.45)—(4.4.48) and Theorem [4.33 both players

set out to the leaf vertex in the unique root-to-leaf path in X UY. This completes the
proof of Theorem [£.19] O

4.5. A coding scheme with a constant-size alphabet

In this section, we will adapt the proof of Theorem to use an alphabet of constant
size. This modification will yield the main result of this chapter (Theorems
and , which we restate here for the reader’s convenience.

THEOREM 4.34. Fix an arbitrary constant € > 0, and let w be an arbitrary protocol
with alphabet . Then there exists an interactive coding scheme for m with alphabet

size O(1) and communication cost O(|m|log |X|) that tolerates

(i)  corruption rate 1 — ¢;

(ii)  any normalized corruption rate (Esups, Eoos) With Egups + %5005 < i —e.
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In Section , we further generalize Theorem to the setting when Alice and
Bob need to be ready with their answers by a certain round (based on each player’s
own counting) rather than when the communication stops. In that setting, too, our
interactive coding scheme is optimal and matches the lower bound due to Braverman
et al. [25]. At a high level, our proofs of Theorem and its generalization are
similar to the proof of Theorem [4.19) in the previous section, and we will be able
to reuse most of the auxiliary machinery developed there. The principal point of
departure is a new way of encoding and transferring edges, which in turn requires

subtle modifications to the amortized analysis.

4.5.1. Edge representation and transfer. We may assume without loss of
generality that 7 is in canonical form, which can be achieved for any protocol at the
expense of doubling its communication cost. Canonical form allows us to identify
Alice’s input with a set X of odd-depth edges of the protocol tree for 7, and Bob’s
input with a set Y of even-depth edges. Execution of 7 corresponds to following the

unique root-to-leaf path in X UY, whose length we denote by
n = |ml.

Recall that our previous interactive coding scheme in Section [4.4] involved Alice and
Bob sending each other edges from their respective input sets X and Y, with each
transmission representing precisely one such edge. The new coding scheme also
amounts to Alice and Bob exchanging edges from their respective input sets. This
time, however, any given transmission will contain information about as many as A2
edges, where A = A(g) > 0 is a constant to be chosen later. Moreover, to accommo-
date the size restriction on the alphabet, the encoding of any given edge will now be
split across multiple transmissions. We say that a transmission fulfills an edge e if it

carries the last bit of e’s encoding.
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Our approach to the encoding and transfer of edges is inspired by the interactive
coding schemes with constant-size alphabets due to Braverman and Rao [26] and
Braverman et al. [25]. We adapt their encoding and transfer in several ways to
support our more general setting and to make the overall proof simpler. A detailed

technical exposition follows.

Edge encoding. We will keep the policy that Alice does not start sending an edge
e unless she has already fulfilled all predecessors of e in X, and likewise for Bob. This
makes it possible for the sender to encode an edge e by referring to the previously
transmitted grandparent of e. Specifically, an edge is now encoded as a triple (m, j, o),
where m is the number of transmissions sent by the sender since his or her most
recent transmission that fulfilled the grandparent of e; the index j € {1,2,3,..., A%}
identifies that grandparent among the up to A% edges featured in that transmission;
and o € Y x X identifies e relative to that grandparent. As a base case, an edge of
depth 1 or 2 is encoded by a triple (m, j, o) where m is the number of transmissions
sent by the sender since the beginning of time, and j is ignored. Note that how an edge
is encoded is highly context-sensitive in that it depends on previous transmissions by
the sender. As a result, whenever we speak of the encoding of an edge e, we are

referring to the encoding of e at a particular time that will be clear from the context.

Chunking. A constant-size alphabet makes it in general impossible to deliver the
entire encoding of an edge in a single transmission. Instead, we split the encoding of
every edge into chunks. A chunk contains a single bit of the encoding of the edge as
well as 3 bits of metadata. Thus, the number of chunks needed to transfer an edge is
equal to the bit length of e’s encoding. Alice and Bob each maintain data structures
called encoding and numBitsSent, indexed by edges. These data structures store, for
each of the edges currently being transferred, its encoding and the number of bits

sent so far.
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Parallelism. Rather than send edges one by one, each player will send up to A?
edges in parallel. To see the intuitive reason for doing so, consider the transfer of a
typical edge e, which spans multiple transmissions. As Alice sends e chunk by chunk
to Bob, she simultaneously receives information from him, which in turn may lead
her to believe that she should be sending an edge other than e. The problem is, she
can never be sure! Simply aborting the transfer of e is wasteful if e later turns out to
be the right edge to send. Instead, we allow transfer of several edges in parallel and
use an additional, credit-based mechanism for identifying and aborting unpromising

transfers.

Specifically, each player maintains an ordered list L of edges that he or she is currently
transferring. New edges are inserted in L at the front rather than back, reflecting that
view that new information should be prioritized over old. To prepare a transmission,
a player looks at the first A% edges in L and takes a chunk of each. If L has fewer
than A% edges, the player simply takes a chunk of each edge in L. The concatenation
of these chunks, ordered the same way as the corresponding edges in L, forms a page,
which we view as a symbol from an auxiliary alphabet Y. Since an edge chunk is a

4 bits long, the size of ¥, is bounded by a constant:

A2 2
) 1647t — 1
Yin| = P —— 4.5.1
Sul =Y - (45.)

Credit. As a crucial component of the transfer scheme, Alice and Bob each main-
tain a data structure called credit. This data structure is indexed by edges and stores
the amount of “funds” available to pay for the transfer of any given edge e. The credit
of every edge is initialized to 0 at the beginning, and remains nonnegative from then
on. Every receive-send cycle identifies an edge e to send, which then gets a credit
increase of A and is additionally inserted in L unless it is already there. Any time an

edge chunk is sent, the credit of the corresponding edge is decreased by 1. An edge
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remains in L until its credit reaches 0 or until its last chunk is sent, whichever comes

first. At that point, the edge is removed from L.

Metadata. The purpose of the metadata in each edge chunk is to allow the receiver
to correctly piece together the encodings of the edges. A chunk for an edge e is always
prepared at send time rather than in advance and includes the following four bits:
the next bit of the encoding of e; a bit to indicate if this is the first chunk for e; a bit
to indicate if this is the last chunk for e; and a bit to indicate if e’s credit has reached
zero. The last two bits alert the receiver to the removal of e from the sender’s edge

list.

4.5.2. The simulation. Algorithm [ gives the pseudocode to support our edge
encoding and transfer scheme. The pseudocode is identical for Alice and Bob and

features the following three operations.

(i) ADDEDGE is executed once by each player during his or her receive-send
cycle. As an argument, it receives an edge which that player wants to send
next. If e is already on the player’s edge list, ADDEDGE simply increments
e’s credit by A. If not, ADDEDGE increments e’s credit by A, computes an
encoding of e relative to the player’s current transmission count, and adds e
to the edge list ahead of any existing edges.

(i) NEXTCHUNK receives as an argument an edge e and returns the next 4-bit
chunk of that edge, based on the stored encoding of e and the number of bits
of e’s encoding sent so far. This procedure uses numBitsSent(e), credit(e),
and encoding(e) to correctly set the metadata for the chunk. It then updates
numBitsSent(e) and credit(e) to reflect the remaining number of bits to send

and the edge’s available credit.
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Global variables: encoding, numBitsSent, credit, L

Procedure ADDEDGE(e, )

credit(e) + credit(e) + A

if e ¢ L then
encoding(e) < encoding of e based on current transmission count i
numBitsSent(e) + 0
prepend e to L, ahead of any existing edges

end

Procedure NEXTCHUNK(e)
// Update edge statistics
numBitsSent(e) < numBitsSent(e) + 1
credit(e) < credit(e) — 1
// Compute edge chunk
return (enCOding(e))numBitsSent(e)
o IlnumBitsSent(e) = 1]
o I[numBitsSent(e) = |encoding(e)|]
o I[eredit(e) = 0]

Procedure NEXTPAGE()

page <— NEXTCHUNK(L[1])
o NEXTCHUNK(L[2])
Q + -

o NEXTCHUNK (L[min{A?, |L|}])

// Clean up the edge list
foreach e € L do

if credit(e) = 0 or numBitsSent(e) = |encoding(e)| then
‘ remove e from L
end
end

return page

Algorithm 4: Edge operations (identical for Alice and Bob). In the pseudocode
above, o denotes string concatenation, |L| denotes the number of edges in L, and
L[i] denotes the i*" edge in L.

(ili)) NEXTPAGE is the procedure that assembles the next page to send. The page

is made up of at most A% chunks, one for each of the first A? edges on the
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Input: X (set of Alice’s edges)

L+

credit(e) <— 0 for every edge e

e < the edge in X incident to the root
ADDEDGE(e, 1)

page < NEXTPAGE()

encode and send page

foreach i =1,2,3,...,N do

receive a symbol r; € Yoyt

s <= DECODEC o (7172 .. . T)

interpret s as a sequence B of even-depth edges
{ < maximum length of a rooted path in X U B

compute the shortest prefix of B s.t. X U B contains a rooted path of length ¢,
and let P be the rooted path so obtained

out < deepest vertex in P

if : <N —1 then
e < the deepest edge in P N X whose proper predecessors in X have all
been sent

ADDEDGE(e, i + 1)

page < NEXTPAGE()

encode and send page
end

end

Algorithm 5: Coding scheme for Alice

edge list. The chunks are prepared using NEXTCHUNK. Once the page is
assembled, NEXTPAGE updates the edge list by removing edges that have

been fully sent or have no credit left.

The overall interactive coding scheme is given by Algorithms [p] and [6] for Alice and
Bob, respectively. The main novelty relative to the scheme of Section are the

calls to ADDEDGE and NEXTPAGE, which a player executes as soon as he or she has
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Input: Y (set of Bob’s edges)

L+

credit(e) <— 0 for every edge e

foreach i =1,2,3,...,N do

receive a symbol r; € Yoyt

s <= DECODE¢ o (7172 .. . 7)

interpret s as a sequence A of odd-depth edges
¢ + maximum length of a rooted path in Y U A

compute the shortest prefix of A s.t. Y U A contains a rooted path of length ¢,
and let P be the rooted path so obtained

out < deepest vertex in P

e < the deepest edge in P NY whose proper predecessors in Y have all been
sent

ADDEDGE(e, 1)

page <— NEXTPAGE()

encode and send page
end

Algorithm 6: Coding scheme for Bob

identified an edge e to send. Apart from that, the remarks made in Section [4.4] apply
here in full. In particular, o = a(e) € (0,1) and N = N(n, «) are parameters to be
chosen later. We set

A= PW (4.5.2)

(07

*
m

orem [4.9] That theorem implies, in view of (4.5.1)) and (4.5.2)), that

and fix an arbitrary a-good code C': ¥} — 3% . whose existence is ensured by The-

S| < 200797 (4.5.3)

Alice and Bob use C' to encode every transmission. In particular, the encoded sym-

bol from ¥, at any given point depends not only on the symbol from 3, being
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transmitted but also on the content of the previous transmissions by the sender. The
decoding is again done using the DECODE¢,, algorithm of Theorem Note from

the pseudocode that Alice and Bob send at most /N transmissions each.

It remains to elaborate on the decoding and interpretation steps in the interactive
coding scheme. To do so, we first prove that the sequence of pages sent by one of the
players at any given point reveals the sequence of edges that that player has fulfilled

so far.

LEMMA 4.35. Consider an arbitrary point in time, and let p1,pa,...,pr € Lin be the
sequence of pages sent by one of the players so far. Then that sequence uniquely

identifies the corresponding sequence of edges ey, es, ..., ey fulfilled by that player.

Proof. We first reconstruct as completely as possible the sender’s state at the times
when each of the pages pi,po,...,p: has just been assembled. Specifically, we de-
termine the length of the sender’s edge list, the transmission status of every edge
on the edge list (in progress, aborted, or fulfilled), and the corresponding part of
the encoding transferred for every edge so far. This reconstruction process involves
working inductively through the page sequence py, ps, ..., p; and using the metadata
to identify when an edge is new, in progress, aborted, or fulfilled. Recall that there is
at most one new edge per page, and it is always inserted at the front of the edge list.
The first stage reconstructs the complete list of edge encodings sent so far by the
sender, along with the final status of each encoding (in progress, aborted, or ful-
filled), and the start and end times of each fulfilled encoding. We then interpret the
fulfilled encodings as a sequence (myq, j1,01), (M2, jo, 02), ..., (Mmy, ju, oy ) of edge rep-
resentations. Using the end times of the fulfilled encodings and their indices inside
the pages than fulfilled them, we can reconstruct the corresponding sequence of edges

e1,es,...,ep via an inductive process analogous to that in Lemma [4.20] O
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With Lemma [£.35] in hand, the decoding and interpretation steps in lines [OHIO]| for
Alice and lines for Bob are implemented the same way they were for a large al-
phabet. Specifically, the decoding step produces a codeword s of C', which by Fact
corresponds to a unique string in > . This string is by definition a sequence of pages
P1, P2, P3, - - -, from which the receiving party can reconstruct the corresponding se-
quence of fulfilled edges using the inductive procedure of Lemma[4.35 It may happen
that the page sequence py, ps, p3, ... is syntactically malformed; in that case, the re-
ceiving party interrupts the interpretation process at the longest prefix of pq, pa, ps, . . .
that corresponds to a legitimate sequence of edges. This completes the interpretation

step, yielding a sequence of edges A for Bob and B for Alice.

Analogous to the interactive coding scheme of Section [4.4] Alice and Bob each main-
tain a variable called out. In Sections below, we will examine an arbitrary
but fixed execution of the interactive coding scheme. In particular, we will henceforth
consider the inputs X and Y and the adversary’s actions to be fixed. We allow any
behavior by the adversary as long as it meets one of the criteria , in Theo-
rem We will show that as soon as the communication stops, out is set for both
Alice and Bob to the leaf vertex of the unique root-to-leaf path in X UY. This will

prove Theorem [4.34

4.5.3. Fundamental notions and facts. We adopt the notation and definitions
of Sections 4.4.2 in their entirety. These items carry over without any changes
because they pertain to the lowest level of abstraction (the “data link layer,” as it
were), which cannot distinguish between the old and new interactive coding schemes.
As a consequence, all results proved in Sections apply here in full, with the
exception are Lemmas and whose wording needs to be clarified by replacing
“sent edges” with “fulfilled edges.” The result of this cosmetic modification is as

follows.
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LEMMA 4.36. Lett € {1,2,...,T} be given. Then:

(i)  the string ¥(S'[1,t]) uniquely identifies the sequence of protocol tree edges that
Bob fulfills over the course of transmissions 1,2,....t;
(ii)  the string #(S"[1,t]) uniquely identifies the sequence of protocol tree edges

that Alice fulfills over the course of transmissions 1,2, ... t.

Proof. By symmetry, it suffices to prove the former claim. By Fact [4.8] the codeword
#(S'[1,t]) € X, corresponds to a unique string in 7, which is the sequence of pages
that Bob sends Alice over the course of the first ¢ transmissions. By Lemma [4.35]

this sequence of pages uniquely identifies the corresponding fulfilled edges. O
LEMMA 4.37. Lett € {1,2,...,T} be given.

(i) Ift € E', then on receipt of transmission t, Alice is able to correctly recover
the complete sequence of edges that Bob has fulfilled by that time.
(ii) Ift € E", then on receipt of transmission t, Bob is able to correctly recover

the complete sequence of edges that Alice has fulfilled by that time.

Proof. By symmetry, it again suffices to prove the former claim. Let ¢t € E’. Then by
definition, SD(S’[1,¢], R'[1,]) < 1 — a. Taking k = oo in Theorem we conclude
that DECODEq o (#(R'[1,t])) = #(S’[1,t]). This means that on receipt of transmission
t, Alice is able to correctly recover the entire codeword #(S’[1,¢]) that Bob has sent
her so far. By Lemmal[4.36] this in turn makes it possible for Alice to correctly identify
the corresponding sequence of fulfilled edges. O

4.5.4. Full pages. Recall that a page can contain at most A? edge chunks. If a
page contains exactly A? chunks, we call it full. We define F’ C {1,2,...,T} as the

set of transmissions where Alice sends a full page, and analogously F” C {1,2,...,T}
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as the set of transmissions where Bob sends a full page. In other words,
F' = {i:S"[i,q] is a full page},
F" ={i: S'[i,q] is a full page}.

We abbreviate
F=FUF".

The following lemma, due to Braverman et al. [25] Lemma D.1], shows that full

pages are relatively uncommon.

PROPOSITION 4.38 (Braverman et al.). For any interval J such that 1 € J,

17N {1,2,3,....T}|

Fl; <
[F|; < 1

Proof (adapted from Braverman et al.) Since F' C {1,2,...,T}, the proposition is
equivalent to the following statement:

t
Fni{l2,...,t}| < —
P2t <

for all 1 <t < T. The proof proceeds by a potential argument. The potential function
to consider is the sum of the credit values of Alice’s edges. This quantity is always
nonnegative and is initially zero. Any full page sent by Alice causes a decrement of
the credit counter for each edge in the page, decreasing the potential function by AZ.
On the other hand, any increase in the potential function is due to the arrival of a
symbol (i.e., a good event or insertion addressed to Alice) and is precisely A. Since

the potential function is nonnegative, we conclude that

AF' O{L2,.. 8} <|(G'UI)N{L,2,... )]
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Analogously,
AF"nA{L2,...t} < |(G"UI"YN{1,2,... t}|
Therefore,

AFN{12,...,t}]
<AIF N{L2,.. 8+ AF N {1,2,... ¢}

<GUIYN{L2, B+ (G U N{L,2,. . . (4.5.4)

Parts , and of Lemma imply that G', G”, I', I" are pairwise disjoint.
Therefore, the right-hand side of (4.5.4)) does not exceed t. O

4.5.5. Finish times. We adopt the notation and definitions of Section [£.4.7]
and review them here for the reader’s convenience. Let ey, es, ..., e, be the edges of
the unique root-to-leaf path in X UY, listed in increasing order of depth. Recall that
a transmission fulfills an edge e if the corresponding page sent by the sender carries
the last bit of an encoding of e. For i« = 1,2,...,n, define f; to be the index of the
first transmission that fulfills e; (whether or not that transmission is subject to an
attack). If e; is never fulfilled, we set f; = co. For notational convenience, we also
define fo = f_1 = f_o = --- = 0. Recall from the description of the interactive coding
scheme that Alice never starts sending an edge e unless she has finished sending all

proper predecessors of e in X, and analogously for Bob. This gives

LSS <,

L<fulfe<---.
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The overall sequence f1, fa, f3, f1, f5, f6, - - - need not be in sorted order, however, due

to interference by the adversary. We abbreviate

fi = maX{07f17f27--~7fi}'

By basic arithmetic,

[firs fi) = [fir, £, i=1,2,....n. (4.5.5)

Analogous to the analysis in Section [£.4.7, we need to bound the virtual length of
each interval [f;_1, f;). To this end, we first bound the bit length of any encoding of

(8

LEMMA 4.39. For given integers © and t, suppose that an encoding of e; is computed

prior to the sending of transmission t. Then that encoding has bit length at most
[log(t — fi-2)] + [21og A[X]].

Proof. Recall that e; is encoded as a triple (m, j, o), where m is the number of trans-
missions sent by the sender since his or her page that contained the last bit of e; o
(for i > 3) or since the beginning of time (for 7 = 1,2); j € {1,2,..., A%} identifies
ei_o inside that page; and o € ¥ x ¥ identifies e; relative to e;_s. The pair (j,0)
takes on A?|X|? distinct values and can therefore be represented by a binary string
of fixed length [2log A|X|]. The remaining component m is a nonnegative integer of
magnitude at most t — f;_o — 1 and can therefore be represented by a binary string
of length [log(t — fi—2)] in the usual manner: ¢,1,10,11,100,... for 0,1,2,3,4,...,

respectively. 0

We are now in a position to analyze the virtual length of any interval [f;_1, f;). The

lemma that we are about to prove is a counterpart of Lemma [£.31]
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LEMMA 4.40. For anyt € {1,2,...,T} and i with fi_; <t < f;,

. 9
I[fiz1, 8] < —‘B’f g T 2F

fz lt]

+ 2[log(t — fi—2)] + 2[2log 2A|X]].

Proof. We will only treat the case of i odd; the proof for even i can be obtained by
swapping the roles of Alice and Bob below.

For an edge e of the protocol tree, let credit(e,j) denote the value of credit(e) on
Alice’s side at the moment when transmission j enters the communication channel,
i.e., immediately after the sender of transmission j has executed NEXTPAGE. For
notational convenience, we also define credit(e,0) = 0 for all e. Let s € [f;_1,t+1] be

the smallest integer such that credit(e;,j) > 0 for j = s,s+1,...,t. Then

[fi1,t] C [fic1, s — 1) U[s—1,5)U][s,t].

With this in mind, we complete the proof of the lemma by bounding the virtual length
of each interval on the right-hand side and summing the resulting bounds. Key to

our analysis are the following two claims.

CrAmM 441, B, ) < |B

7/ (A =1).

Proof. Consider any transmission j € E' N [fi_1,t). Lemma ensures that on
receipt of transmission j, Alice is able to correctly recover the complete set of edges
that Bob has finished sending her by that time, which includes es, e4, €g,...,€;_1. At
that same time, Alice has finished sending Bob ey, e3,e5,...,¢e;_o but not e;, as one
can verify from f;_; < j < t < f;. Therefore, the arrival of transmission j causes
Alice to increase the credit of e; by A in the call to ADDEDGE. The subsequent call

to NEXTPAGE either leaves e;’s credit unchanged or decreases it by 1.
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We now return to the proof of the claim. If [f;_1,s—1) = &, the claim holds trivially.

In the complementary case, the definition of s ensures that
credit(e;, s — 1) = 0. (4.5.6)

By the previous paragraph, the net effect of an incoming excellent transmission in the
interval [f;_1,t) is to increase e;’s credit by at least A — 1, whereas none of the other
incoming symbols decrease ¢;’s credit by more than 1. Since credit is always nonneg-
ative, we conclude from that the number of incoming excellent transmissions
in the interval [fi_i,s — 1) is at most a 1/(A — 1) fraction of the number of Alice’s
other incoming symbols in that interval. Formulaically, this conclusion translates to

| / < ;
[fi-ts=1) = A _ 1

(G'UT)\ E

[H’Sfly

which is equivalent to the claimed inequality by the definition of B’. 0
CrLAIM 4.42. |G" U D" |59 < [F' |15 + [log(t — fi—2)] + [21log A|X]].

Proof. By the choice of s, the credit of e; is positive when transmissions s, s+1,...,t
enter the communication channel. Since Alice does not fulfill e; before or during
transmission ¢ < f;, we conclude that e; is continuously present on Alice’s edge list
as transmissions s, s+ 1, ...,t are prepared by their respective senders. In particular,
every transmission among s,s + 1,...,¢ that is sent by Alice must contain a bit of

the encoding of e; unless it is a full page. We conclude that
|G" U D" | < |F'ljsg + L,

where by definition G” U D" is the set of transmissions sent by Alice, F’ is the set
of transmissions sent by Alice that are full pages, and L stands for the bit length
of e;’s encoding. This completes the proof in view of the upper bound on L in

Lemma [4.391 O
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It remains to put everything together. We have

1[fic1,s = DI < 2(1Bl6o0y T 1E

Firs—) T 1
20

1
<2 (|B|[f“,s1) + I8 [fz.l,sl)) +1
< 1 1Blgmsn t 1 (4.5.7)

where the first and second steps follow from Lemma[1.29 and Claim [£.41] respectively.

Similarly,

s, 81l < 2(|Blis.g + [E"[1s.0) + 1
<2(|Blisy +1G"|is9) +1
< 2(|B|[s,t] + |F/|[s,t} + ﬂog(t - fi—?ﬂ + (2 logA|EH) +1

< 2(|Blis + | Flg + Nog(t — fi2)] + [2log AIX[]) + 1, (4.5.8)

where the first and second steps follow from Lemma and Claim respectively.

Finally,
Ils = 1,8)[] = [[{s — 1}|
<2. (4.5.9)
Adding the bounds in (4.5.7)—(4.5.9) proves the lemma. O

4.5.6. The progress lemma. We have reached the technical centerpiece of our
analysis, which is the counterpart of Lemma for a large alphabet. Analogous
to that earlier lemma, the result that we are about to prove shows that any suffi-
ciently long execution of the interactive coding scheme with a sufficiently low virtual
corruption rate allows Alice and Bob to exchange all the n edges of the unique root-

to-leaf path in X UY, and moreover this progress is not “undone” by any subsequent
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attacks by the adversary. Our exposition below emphasizes the similarities between

Lemma [4.32] and the new result.
LEMMA 4.43 (Progress lemma). Lett € {1,2,...,T} be given with

I[L, ¢]|| > Elog—, (4.5.10)
—a, (4.5.11)

where ¢ > 1 is a sufficiently large absolute constant. Then there is an integer t* <t

such that
[fat')NE' # 2, (4.5.12)
[fu )N E" # 2, (4.5.13)
A(S'Ti 1], R'i,1]) < 1—a, i=1,2,... 1, (4.5.14)
A(S"[i,t], R"i,1]) <1 —a, i=1,2,...,t" (4.5.15)

Proof. Equations (4.5.14)) and (4.5.15)) hold vacuously for t* = 0. In what follows, we
will take t* € {0,1,2,...,t} to be the largest integer for which (4.5.14]) and (4.5.15))

hold. For the sake of contradiction, assume that at least one of the remaining desider-

ata (4.5.12)), (4.5.13) is violated, whence

1 )] < 2Bl oy + 1 (4.5.16)

by Lemma m The proof strategy is to show that (4.5.16)) is inconsistent with the

hypothesis of the lemma. To this end, let n* € {0,1,2,...,n} be the largest integer
such that fT < t*. Then we have the partition

[0,8] = [fo, /1) U [frs fo) U+ U [Faets fr) U [fur, ) U {E U (7, 1.
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The bulk of our proof is concerned with bounding the virtual length of each of the
intervals on the right-hand side.

Abbreviate
M = 2[2log 2A|S[] + 2. (4.5.17)

Then

|LFimr, Fll = N [fizr, £

2A
< A—1 |B|[K7fi) + 2|F|[K,fi) +2log(fi — fice) + M

2A
<——IB
_A—1|

g T21F

7o T 2log(fi — fie) + M (4.5.18)

for any ¢ = 1,2,...,n* where the first and third steps use (4.5.5)), and the second

step follows from Lemma [£.40] Next, the upper bound

oA
s = 7 1Bligeery + 2 |70

+ 2log(t* — frr1) + M (4.5.19)

follows from Lemma if n* < n and from (4.5.16)) if n* = n. The virtual length of

the singleton interval {t*} can be bounded from first principles:
Iy <2 (45.20)

Finally, recall from the definition of ¢* that either max{A(S'[t* + 1,t], R'[t* + 1,t]),
AS"[t* 4+ 1,t], R"[t* + 1,t])} > 1 — « or t* = t, leading to

1 2] <

|D

Dl +1 (4.5.21)

by Lemma [4.28| in the former case and trivially in the latter.

130



It remains to put together the upper bounds in (4.5.18)—(4.5.21)). We have

~ ~ 2A
I[Lt)] < A—|B|[Ot* + 2| Fljo4=) + (n* + 1)M
+2210g +210g(t — for 71)
2A ot*
<—'—D . 4+ 1)M
+2Zlog 2) + 2108(t" = fur 1)
2A Ot*
<2 D+ )M
S (fi — fima) + (8 — far)
2 1)1
+2(n" + 1) log P
2A 2 ot*
A—1 1—0[‘ ’[0,t)+A+(n+)
fn*+t*
2(n*+1)1
+2(n" +1)log =
2A 2 O
S v 71Dl 4+ 1)M
<577 1ol Plos + 5+ " +1)
2t*
2(n*+1)1
+2(n" + )ogn*+1
4 T T o 2
< T ap!Plos +allL il +2(n" +1) - |1+ 2log 23] | =
+2(n* +1)log 2/[L, 4]
n*+1
4 ~ -
S G oap Plos + 2Ll =3, (4.5.22)

where the first step follows from (4.5.18) and (4.5.19)); the second step applies Lem-
mas [4.25) and [4.38} the third step is valid by the concavity of the logarithm function;

the next-to-last step is immediate from (]4.5.2[), (]4.5.17[), and t* <t < H[l,t]ﬂ; and
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the last step follows from (4.5.10)) and n* < n. Adding (4.5.20)(4.5.22), we obtain

I[L, 2] < mu)ho,t] + 20 [1, 2],

or equivalently

(1—2a)(1 — 04)2'

corr[1,t] >

This conclusion is inconsistent with (4.5.11)) since 0 < a < 1. We have reached
the desired contradiction and thereby proved that t* satisfies each of the properties

[@5.12)-(E5.15). O

4.5.7. Finishing the proof. We have reached a “master theorem” analogous to
Theorem for a large alphabet, which gives a sufficient condition for Alice and
Bob to assign the correct value to their corresponding copies of the out variable. Once

established, this new result will allow us to easily finish the proof of Theorem [4.34]

THEOREM 4.44. Consider a point in time when Alice updates her out variable, and
fix a corresponding integer t < T such that #(R'[1,t]) is the complete sequence of
symbols that Alice has received by that time. Assume that

~ ~_en Y
1,tl]| > — log — 4.5.23
> Mg 2 (45.23)
1
corr[1,t] < 1@ (4.5.24)

where ¢ > 1 is the absolute constant from Lemma[£.43]. Then as a result of the update,
out is set to the leaf vertex in the unique root-to-leaf path in X UY. An analogous

theorem holds for Bob.

Proof. Analogous to the proof of Theorem[4.33for a large alphabet, with the difference
that the newly obtained Lemmas [£.36] and [£.43] should be used instead of their large-

alphabet counterparts (Lemmas and {4.32)). O
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We now establish the main result of this chapter.

Proof of Theorem [£.34. The proof is nearly identical to that for a large alphabet
(Theorem [4.19). Recall that n = || denotes the communication cost of the original
protocol, and £ > 0 is a constant in the statement of Theorem Consider the
interactive coding scheme given by Algorithms [5]and [6] with parameters set according

to
(4.5.25)

5
N = [@ log uw 11, (4.5.26)
2c 0"

where ¢ > 1 is the absolute constant from Lemma [4.43] Then by (4.5.3), the in-

teractive coding scheme uses an alphabet of size at most 2°0/¢") = O(1). Further-

more, the combined number of transmissions sent by Alice and Bob does not exceed
n D)

2N = O(2log Z) = O(|r| log |%]).

It remains to show that when the communication stops, out is set for both Alice and

Bob to the leaf vertex on the unique root-to-leaf path in X U Y. To this end, recall

from (4.5.25)) and Lemma that

corr[1,T] < = — 2a. (4.5.27)

1 =

By (4.5.26) and Lemma ,

. 5
7 > Prog 2! 4o (4.5.28)
[0 [0
and therefore
- - 5
T — 1] > D log = (4.5.29)
(6% (6%
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Also,

corr[1,T — 1] < M - corr[1, T
(LT = 1]]]

< (1 + ;> - corr[1, T
I, T —=1]|
(2 ()

1

—a, (4.5.30)

where the third step uses (4.5.27)) and (4.5.29). Now, consider the last time that Alice

and Bob update their copies of out. The complete sequence of symbols that Alice has
received at the time of her last update is #(R'[1,T — 1]) or #(R'[1,T]). Likewise, the
complete sequence of symbols that Bob has received at the time of his last update is

#(R'[1,T — 1)) or #¥(R"[1,T]). By (4.5.27)-(4.5.30) and Theorem [4.44] both players

set out to the leaf vertex in the unique root-to-leaf path in X UY. U

4.5.8. Generalization to early output. Following Braverman et al. [25], we
now consider the setting when Alice and Bob need to be ready with their answers
by a certain round (based on each player’s own counting) rather than when the
communication stops. Let IT be an interactive coding scheme. We define the §-early
output for a player in II as the chronologically ordered sequence of the player’s first
§|TI|/2 symbols sent (or all of them, if the player sends fewer than 4|I1]/2 symbols)
and first 0|II|/2 symbols received (or all of them, if the player receives fewer than
|11 /2 symbols). In this early output model, Alice and Bob are still expected to run
their protocol to completion, which happens when one or both of them have finished
ITT| /2 rounds of communication. The only difference is what information they use
when computing their answers. Both Definition and Theorem (4.34(1)| generalize

to the setting of early output, as follows.
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DEFINITION 4.45 (Coding scheme with early output). Let 7 be a given protocol with
input space X x ). Protocol II is an interactive coding scheme for @ with corruption

rate € and d-early output if:

(i) I has input space X x ) and is in canonical form;
(ii)  there are functions f’, f” such that for any pair of inputs X € X and Y € Y
and any actions by an adversary with corruption rate e, Alice’s §-early output

a and Bob’s d-early output b satisfy f'(a) = f”(b) = n(X,Y).

THEOREM 4.46. Fiz arbitrary constants € > 0 and 0 < § < 1, and let ™ be an
arbitrary protocol with alphabet 3. Then there exists an interactive coding scheme for
m with alphabet size O(1) and communication cost O(|r|log|X|) with d-early output

that tolerates corruption rate (3 — €)é.

Proof. Let n = |n| denote the communication cost of the original protocol. Con-
sider the interactive coding scheme given by Algorithms [5] and [6] with parameters set

according to

(4.5.31)

N = [— log — + w , (4.5.32)
o

where ¢ > 1 is the absolute constant from Lemma m Then by , the in-
teractive coding scheme uses an alphabet of size at most 20(1/<*) — O(1). Further-
more, the combined number of transmissions sent by Alice and Bob does not exceed
2N = O(Z log ) = O(|r| log |%]).

It remains to show that each player’s d-early output uniquely determines the output
of m. We will prove the following much stronger statement: at any point in time when
one of the players has processed §|I1|/2 = §N or more incoming symbols, the variable

out is set for both Alice and Bob to the leaf vertex of the unique root-to-leaf path
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in X UY. This will prove the theorem since one of the players is always guaranteed
to be able to run the protocol to completion and in particular to receive |II|/2 = N
symbols.

We now provide the details. Fix any integer ¢ € {1,2,...,T} such that at least one of
the players receives §|I1| /2 or more symbols over the course of transmissions 1,2, ..., t.
This is equivalent to saying that max{|G' U I'[;y 4, |G" U I"| 4} > 6N. Lemma [4.20]
implies that

I[1,¢]]] > 20N — 1. (4.5.33)
Now
D
max{corr[l,t — 1], corr[1,¢]} < ~|—|~
I[1,¢ = 1]]]
_ (3—¢)d-2N
- 20N-3
1
< o (4.5.34)

where the second step follows from the bound |D| < (1 — £)d - 2N in the hypothesis
of the theorem, and the third step uses (4.5.31)—(4.5.33]). Moreover, (4.5.32) and

(4.5.33)) ensure that

~ N ~_en . |Y
Lt > |||11,t —1]|| > — log —.
0,1 > it = 10> < tog =

(4.5.35)

Now, consider the last time that Alice and Bob update their copies of out over the
course of transmissions 1,2, ...,t. The complete sequence of symbols that Alice has
received at the time of her update is #(R'[1,t—1]) or #(R'[1,t]). Likewise, the complete
sequence of symbols that Bob has received at the time of his update is #(R"[1,t —1])
or ¥(R"[1,t]). By (4.5.34), (4.5.35)), and Theorem both players set out to the

leaf vertex in the unique root-to-leaf path in X UY. 0
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In the terminology of our work, Braverman et al. [25] studied interactive coding

schemes with (1 — 2n)-early output that tolerate corruption rate n. As their main

result, they proved the existence of such a scheme with alphabet size O(1) and com-

munication cost O(||log|¥|) for any constant n < 1/18. They also showed that no

such scheme exists in general for n > 1/6. Our work closes the gap between the 1/18

and 1/6, establishing the existence of an interactive coding scheme for any 7 and
1 1

any constant 7 < 1/6. This can be seen by taking =1 —2n and ¢ = ; — o in
Theorem [4.46

4.5.9. Optimality. We now establish the optimality of Theorem [£.34] showing
that it tolerates the highest possible corruption rate and normalized corruption rates.
We do so by studying the pointer jumping protocol PJP,,, defined for n > 1 as
the protocol with input space {0,1}" x {0,1}" in which Alice and Bob exchange
their strings one bit at a time, taking turns after every bit. Thus, the sequence of
symbols exchanged on input (z,y) is 19 - . . ,Yn. We show that no interactive coding
scheme with alphabet size 2°(" for PJP,, can tolerate a corruption rate, or normalized
corruption rates, higher than those tolerated by Theorem with a constant-size
alphabet. Our proof uses the “cut and paste” technique of previous impossibility
results [26), 25]. We will first establish a detailed technical theorem and then deduce

our impossibility results as corollaries.

THEOREM 4.47. Let egups, €oos = 0 be given. Suppose that 11 is an interactive coding

scheme with alphabet 2 for PJP,, that tolerates normalized corruption rate (Esubs, Eoos) -

Then

log ||

3 1
Esubs + —Eo00s < Z + (4536)

4 n

Proof. Let N = |1I|/2 be the number of communication rounds in II. Since II simulates

PJP,,, the former produces at least as many distinct transcripts as the latter. This
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leads to [Z[*Y > 4™ and

n
N > . 4.5.37
~ log |X| ( )
The centerpiece of the proof is the following claim.
CLAIM 4.48. The system
k< eoos(2N — k), (4.5.38)
N
{5—‘ —k < equps(2N — k) (4.5.39)

has no integral solution 0 < k < [N/2].

Proof. For the sake of contradiction, suppose that the system has a solution k €

{0,1,2,...,[N/2]}. Fix arbitrary z,y,y" € {0,1}" with y # ¢/, and consider the

following two executions of II.

(i)

Alice and Bob receive inputs z and y, respectively. The adversary uses substi-
tution attacks to replace Bob’s first [ N/2] —k responses to Alice with the corre-
sponding responses that he would send if his input were y’. Then the adversary
carries out k consecutive out-of-sync attacks, intercepting Alice’s transmissions
to Bob and sending back to Alice the responses that Bob would send at that
point if his input were y'. From then on, the adversary does not interfere with
the communication. We let 01,09, ...,05 € X denote the complete sequence of
symbols that Alice receives in this execution.

Alice and Bob receive inputs x and /', respectively. The adversary does not
interfere with the first | N/2| rounds of communication. As a result, the se-
quence of symbols that Alice receives in those rounds is 01,09, ..., 0| n/2). The
adversary tampers with every symbol delivered to Alice from then on, making

sure that she receives the sequence o|n/2j41,...,0n-1,0n. The adversary does
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so using [N/2] — k consecutive substitution attacks followed by k consecutive

out-of-sync attacks. At that point, the communication stops because Alice has

received N symbols.
Both executions feature 2N — k transmissions, [ N/2] — k substitution attacks, and
k out-of-sync attacks. By and , these numbers of substitution and
out-of-sync attacks are legitimate under normalized corruption rate (£sups,€oos). AS
a result, Alice and Bob’s simulation of PJP,, is correct in both executions. Since
PJP,, produces different transcripts on (z,y) and (z,y’), we conclude that both Alice
and Bob are able to distinguish between the two executions. We have reached the
promised contradiction because the two executions look identical to Alice. O
We now return to the proof of the theorem. The values k € [0,[N/2]] that sat-
isfy form a subinterval of [0,[N/2]] that contains 0. Analogously, the val-
ues k € [0, [N/2]] that satisfy form a subinterval of [0, [IN/2]] that contains
[N/2]. Since the system of these two inequalities has no integral solution in [0, [ N/2]],
there exists k* € [0, [N/2] — 1] such that &k = k* + 1 and k = k* violate and

(4.5.39)), respectively:

k*+ 1
2N — k* — 1’
[N/2] — k*

ON — k*

€oos <
Esubs <

Taking a weighted sum of these inequalities with weights 3/4 and 1,

3

B 1 LN +1)—k*
—Eoos + Esubs < 7

ON —h—1 1 N &
BN — k1
22N — b — 12N — k")

3
4 4
1
4
1

+

L
4N

where the last step uses k* < (N — 1)/2. By (4.5.37)), the proof is complete. O
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We now derive our claimed impossibility results as corollaries of Theorem [£.47]

COROLLARY 4.49. Suppose that for everyn > 1, there is an interactive coding scheme
for the pointer jumping protocol PJP,, with alphabet size 2°) that tolerates normalized

corruption rate (Esubs,Eoos). 1hen

Esubs T ~€oos < .
subs 4008_4

Proof. Substitute |2 = 2°™ in Theorem and pass to the limit as n — oco. O

COROLLARY 4.50. Suppose that for everyn > 1, there is an interactive coding scheme
for the pointer jumping protocol PJP,, with alphabet size 2°) that tolerates corruption

rate €. Then

e <

] =

Proof. Any scheme that tolerates corruption rate ¢ must also tolerate normalized

corruption rate (g,0). Therefore, the claim follows by taking egns = € and g405 = 0

in Corollary ]
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CHAPTER 5

Unbounded-error communication complexity of ACY

In this chapter, we discuss our lower bound results in the strongest communication
model, the unbounded-error communication complexity. Our proof relies on the ana-
lytic characterization described in Section[3.2.2] We first analyze the threshold degree
of AC". This implies lower bounds on communication with weakly unbounded error.
Then we strengthen our analysis to that of sign rank of ACY, which in turn implies

stronger lower bounds on communication with unbounded error.

5.1. Introduction

A real polynomial p is said to sign-represent the Boolean function f: {0,1}" — {0,1}
if sgnp(z) = (=1)7@ for every input x € {0,1}". The threshold degree of f, de-
noted deg, (f), is the minimum degree of a multivariate real polynomial that sign-
represents f. Equivalent terms in the literature include strong degree [10], voting
polynomial degree [81], PTF degree [96], and sign degree [32]. Since any func-
tion f:{0,1}" — {0,1} can be represented exactly by a real polynomial of de-
gree at most n, the threshold degree of f is an integer between 0 and n. Viewed
as a computational model, sign-representation is remarkably powerful because it
corresponds to the strongest form of pointwise approximation. The formal study
of threshold degree began in 1969 with the pioneering work of Minsky and Pa-
pert [90] on limitations of perceptrons. The authors of [90] famously proved that

the parity function on n variables has the maximum possible threshold degree,
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n. They obtained lower bounds on the threshold degree of several other func-
tions, including DNF formulas and intersections of halfspaces. Since then, sign-
representing polynomials have found applications far beyond artificial intelligence.
In theoretical computer science, applications of threshold degree include circuit lower
bounds |81, 82, 114), 4T, 14], size-depth trade-offs [100), 132], communication com-
plexity [114), 41], 116], 106, 14, 123], [122], structural complexity theory [16], 10|
and computational learning [78, [77, 97, O, 119, 121, 35, 122, 136].

The notion of threshold degree has been especially influential in the study of AC®,
the class of constant-depth polynomial-size circuits with A, V, = gates of unbounded
fan-in. The first such result was obtained by Aspnes et al. [10], who used sign-
representing polynomials to give a beautiful new proof of classic lower bounds for
AC°. In communication complexity, the notion of threshold degree played a critical
role in the first construction [114}, 116] of an AC? circuit with exponentially small
discrepancy and hence large communication complexity in nearly every model. That
discrepancy result was used in [114] to show the optimality of Allender’s classic
simulation of AC” by majority circuits, solving the open problem [81] on the relation
between the two circuit classes. Subsequent work [42, 14, 125], 123]| resolved other
questions in communication complexity and circuit complexity related to constant-

depth circuits by generalizing the threshold degree method of [114), [116].

Sign-representing polynomials also paved the way for algorithmic breakthroughs in
the study of constant-depth circuits. Specifically, any function of threshold degree
d can be viewed as a halfspace in (g) + (?) + o+ (Z) dimensions, corresponding
to the monomials in a sign-representation of f. As a result, a class of functions of
threshold degree at most d can be learned in the standard PAC model under arbitrary
distributions in time polynomial in (3) + (%) +--- + (}}). Klivans and Servedio [78]

used this threshold degree approach to give what is currently the fastest algorithm
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for learning polynomial-size DNF formulas, with running time exp(O(n'/?)). Another
learning-theoretic breakthrough based on threshold degree is the fastest algorithm for
learning Boolean formulas, obtained by O’Donnell and Servedio [97] for formulas of
constant depth and by Ambainis et al. [9] for arbitrary depth. Their algorithm runs
in time exp(O(n®'=1/2*-1))) for formulas of size n and constant depth k, and in

time exp(O(y/n)) for formulas of unbounded depth. In both cases, the bound on the

running time follows from the corresponding upper bound on the threshold degree.

A far-reaching generalization of threshold degree is the matrix-analytic notion of sign-
rank, which allows sign-representation out of arbitrary low-dimensional subspaces
rather than the subspace of low-degree polynomials. The contribution of this chapter
is to prove essentially optimal lower bounds on the threshold degree and sign-rank of
AC°, which in turn imply lower bounds on other fundamental complexity measures
of interest in communication complexity and learning theory. In the remainder of this
section, we give a detailed overview of the previous work, present our main results,

and discuss our proofs.

Depth Threshold degree Reference

2 Q(n'/3) Minsky and Papert [90]

2 O(n'/3logn) Klivans and Servedio [78]

k Q(n'/? 10g2(k1;2> n) O’Donnell and Servedio [97]
k Q(n;k_—ll) Sherstov [122]

4 Q(v/n) Sherstov [124]

3 Q(v/n) Bun and Thaler [39]

k Q(n%) This work

TABLE 1. Known bounds on the maximum threshold degree of A, V, —-
circuits of polynomial size and constant depth. In all bounds, n denotes
the number of variables, and k£ denotes an arbitrary positive integer.
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5.1.1. Threshold degree of AC°. Determining the maximum threshold de-
gree of an AC" circuit in n variables is a longstanding open problem in the area.
It is motivated by the algorithmic and complexity-theoretic applications discussed
above [78, 197, [79, 106, 35|, in addition to being a natural question in its own right.
Table[I] gives a quantitative summary of the results obtained to date. In their seminal
monograph, Minsky and Papert [90] proved a lower bound of Q(n'/3) on the threshold
degree of the following DNF formula in n variables:

nl/3 p2/3

fa)= N\ V =z

i=1 j=1
Three decades later, Klivans and Servedio [78] obtained an O(n'/logn) upper bound
on the threshold degree of any polynomial-size DNF formula in n variables, essen-
tially matching Minsky and Papert’s result and resolving the problem for depth 2.
Determining the threshold degree of circuits of depth & > 3 proved to be challenging.
The only upper bound known to date is the trivial O(n), which follows directly from
the definition of threshold degree. In particular, it is consistent with our knowledge
that there are ACY circuits with linear threshold degree. On the lower bounds side,
the only progress for a long time was due to O’Donnell and Servedio [97|, who con-
structed circuits of depth k with threshold degree Q(n'/3log?*=2/3n). The authors
of [97] formally posed the problem of obtaining a polynomial improvement on Min-
sky and Papert’s lower bound. Such an improvement was obtained in [122], with
a threshold degree lower bound of Q(n*=1/(k=1)) for circuits of depth k. A polyno-
mially stronger result was obtained in [124], with a lower bound of Q(y/n) on the
threshold degree of an explicit circuit of depth 4. Bun and Thaler [39] recently used
a different, depth-3 circuit to give a much simpler proof of an Q(\/ﬁ) lower bound
for AC®. We obtain a quadratically stronger, and near-optimal, lower bound on the

threshold degree of ACP.
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THEOREM b5.1. Let k > 1 be a fized integer. Then there is an (explicitly given)
Boolean circuit family { f,}2,, where f,: {0,1}" — {0, 1} has polynomial size, depth
k, and threshold degree

deg:l:(fn) = (n% . (10gn) k+1[ 221|.k 2J> )

Moreover, f,, has bottom fan-in O(logn) for all k # 2.

For large k, Theorem essentially matches the trivial upper bound of n on the
threshold degree of any function. For any fixed depth k, Theorem subsumes all
previous lower bounds on the threshold degree of AC®, with a polynomial improve-
ment starting at depth k& = 4. In particular, the lower bounds due to Minsky and
Papert [90] and Bun and Thaler [39] are subsumed as the special cases k = 2 and
k = 3, respectively. From a computational learning perspective, Theorem defini-

tively rules out the threshold degree approach to learning constant-depth circuits.

5.1.2. Sign-rank of AC°. The sign-rank of a matrix A = [A;;] without zero

entries is the least rank of a real matrix M = [M;;] with sgnM,; = sgn A;; for
Depth Sign-rank Reference
3 exp(Q(n'/?)) Razborov and Sherstov [106]
3 exp(Q(n?/)) Bun and Thaler [37]
7 exp(Q(yv/n) Bun and Thaler [39]
3k exp(Q(n'~ T)) This work
3k+1 exp(£2 (nkm)) This work

TABLE 2. Known lower bounds on the maximum sign-rank of A, V, —-
circuits of polynomial size and constant depth. In all bounds, n denotes
the number of variables, and k denotes an arbitrary positive integer.
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all 7,7. In other words, the sign-rank of A is the minimum rank of a matrix that
can be obtained by making arbitrary sign-preserving changes to the entries of A.
The sign-rank of a Boolean function F': {0,1}" x {0,1}" — {0,1} is defined in the
natural way as the sign-rank of the matrix [(—1)F@%], . In particular, the sign-rank
of F'is an integer between 1 and 2". This fundamental notion has been studied in
contexts as diverse as matrix analysis, communication complexity, circuit complexity,
and learning theory [101), [7, 17, 53, 54, 78|, 88, 113, 117, 106], 37, B39]. To a
complexity theorist, sign-rank is a vastly more challenging quantity to analyze than
threshold degree. Indeed, a sign-rank lower bound rules out a sign-representation out
of every linear subspace of given dimension, whereas a threshold degree lower bound
rules out a sign-representation specifically by linear combinations of monomials up to

a given degree.

Unsurprisingly, progress in understanding sign-rank has been slow and difficult. No
nontrivial lower bounds were available for any explicit matrices until the breakthrough
work of Forster [53], who proved strong lower bounds on the sign-rank of Hadamard
matrices and more generally all sign matrices with small spectral norm. The sign-rank
of constant-depth circuits F': {0,1}" x {0,1}" — {0,1} has since seen considerable
work, as summarized in Table [2] The first exponential lower bound on the sign-rank
of an AC" circuit was obtained by Razborov and Sherstov [106], solving a 22-year-old
problem due to Babai, Frankl, and Simon [11]. The authors of [106] constructed a
polynomial-size circuit of depth 3 with sign-rank exp(€Q(n'/?)). In follow-up work,
Bun and Thaler [37] constructed a polynomial-size circuit of depth 3 with sign-
rank exp(Q(n?®)). A more recent and incomparable result, also due to Bun and
Thaler [39], is a sign-rank lower bound of exp(Q(y/n)) for a circuit of polynomial
size and depth 7. No nontrivial upper bounds are known on the sign-rank of AC.

Closing this gap between the best lower bound of exp(£2(y/n)) and the trivial upper
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bound of 2" has been a challenging open problem. We solve this problem almost
completely, by constructing for any € > 0 a constant-depth circuit with sign-rank
exp(Q(n'~°)). In quantitative detail, our results on the sign-rank of AC" are the

following two theorems.

THEOREM 5.2. Let k > 1 be a given integer. Then there is an (explicitly given)
Boolean circuit family {F,}22,, where F,,: {0,1}" x {0,1}" — {0,1} has polynomial
size, depth 3k, and sign-rank

rky (F,) = exp (Q <n1*k%1 - (log n)_%>> '

As a companion result, we prove the following qualitatively similar but quantitatively

incomparable theorem.

THEOREM 5.3. Let k > 1 be a given integer. Then there is an (explicitly given)
Boolean circuit family {G,,}°2,, where G,,: {0,1}" x {0,1}" — {0, 1} has polynomial
size, depth 3k + 1, and sign-rank

rky (G),) = exp (Q <n1_ﬁ11»5 - (log n)_ﬁid)) )

For large k, the lower bounds of Theorems [5.2] and approach the trivial upper
bound of 2" on the sign-rank of any Boolean function {0,1}" x {0,1}* — {0,1}.
For any fixed depth %k, Theorems [5.2] and subsume all previous lower bounds
on the sign-rank of AC, with a strict improvement starting at depth 3. From a
computational learning perspective, Theorems and state that AC® has near-
maximum dimension complexity [113), 115], 106, [39], namely, exp(Q2(n'~¢)) for any
constant € > 0. This rules out the possibility of learning AC? circuits via dimension
complexity [106], a far-reaching generalization of the threshold degree approach from

the monomial basis to arbitrary bases.
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5.1.3. Communication complexity. Theorems[5.TH5.3|imply strong new lower
bounds on the communication complexity of AC®. To begin with, combining Theo-

rem |5.1| with the pattern matriz method [114,, 116] gives:

THEOREM b5.4. Let k > 3 be a fized integer. Then there is an (explicitly given)
Boolean circuit family {F,}22 ,, where F,,: {0,1}" x {0,1}" — {0, 1} has polynomial

size, depth k, communication complexity

ko

PP(Fn) =0 (nkT_—% . (logn)_fiﬂ%ﬂ%g

and discrepancy

k—

disc(F,) = exp (=9 (nf7 - (logn) #1552 ) )

Discrepancy is a combinatorial complexity measure of interest in communication
complexity theory and other research areas; see Section [3.2.2) for a formal defini-
tion. As k grows, the bounds of Theorem approach the best possible bounds for
any communication problem F': {0,1}" x {0,1}" — {0,1}. The same qualitative be-
havior was achieved in previous work by Bun and Thaler [39], who constructed,
for any constant ¢ > 0, a constant-depth circuit F,: {0,1}" x {0,1}" — {0,1}
with communication complexity PP(F) = Q(n'™¢) and discrepancy disc(F) =
exp(—Q(n'~)). Theorem strictly subsumes the result of Bun and Thaler [39]
and all other prior work on the discrepancy and PP-complexity of constant-depth
circuits [114), 116, 14, 125, 123|. For any fixed depth k£ > 4, the bounds of Theo-
rem are a polynomial improvement in n over all previous work. We further obtain
a counterpart of Theorem for number-on-the-forehead model, the strongest formal-
ism of multiparty communication. This result, presented in detail in Section [5.4.5|

uses the multiparty version [123] of the pattern matrix method.
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Our work also gives near-optimal lower bounds for AC? in the much more powerful
unbounded-error model. Specifically, it is well-known [101] that the unbounded-error
communication complexity of any Boolean function F': X x Y — {0,1} coincides

up to an additive constant with the logarithm of the sign-rank of F. As a result,

Theorems [5.2] and [5.3] imply:

THEOREM 5.5. Let k > 1 be a given integer. Let {F,}>2, and {G,}5°, be the
polynomial-size circuit families of depth 3k and 3k + 1, respectively, constructed in

Theorems 5.2l and B.3. Then

k(k—1)

UPP(F,) =Q (nlf’“%rl - (log n)fm> 7

2
UPP(G,) = Q (nl—ﬁ . (1ogn)—sz> _

For large k, the lower bounds of Theorem essentially match the trivial upper
bound of n + 1 on the unbounded-error communication complexity of any function
F: {0,1}"x{0,1}" — {0, 1}. Theorem [5.5|strictly subsumes all previous work on the
unbounded-error communication complexity of AC°, with a polynomial improvement
for any depth k£ > 3. The best lower bound on the unbounded-error communication
complexity of AC? prior to our work was Q(\/ﬁ) for a circuit of depth 7, due to Bun
and Thaler [39]. Finally, we remark that Theorem gives essentially the strongest
possible separation of the communication complexity classes PH and UPP. We refer
the reader to the work of Babai et al. [11] for definitions and detailed background on

these classes.

Qualitatively, Theorem [5.5]is stronger than Theorem [5.4] because communication pro-
tocols with unbounded error are significantly more powerful than those with weakly

unbounded error. On the other hand, Theorem is stronger quantitatively for
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any fixed depth k and has the additional advantage of generalizing to the multiparty
setting.

5.1.4. Threshold weight and threshold density. By well-known reductions,
Theorem implies a number of other lower bounds for the representation of AC®
circuits by polynomials. For the sake of completeness, we mention two such conse-
quences. The threshold density of a Boolean function f: {0,1}" — {0,1}, denoted
dns(f), is the minimum size of a set family S C P({1,2,...,n}) such that

sgn (Z /\5(—1>Eiesmi> = (-1)/@

s5es
for some reals Ag. A related complexity measure is threshold weight, denoted W (f)

and defined as the minimum sum Zsc{1 5} |As| over all integers Ag such that

sen | D0 As(=n)Tes ) = (<),

SC{1,2,...,n}

It is not hard to see that the threshold density and threshold weight of f correspond
to the minimum size of a threshold-of-parity and majority-of-parity circuit for f, re-
spectively. The definitions imply that dns(f) < W(f) for every f, and a little more
thought reveals that 1 < dns(f) < 2" and 1 < W(f) < (2v/2)". These complex-
ity measures have seen extensive work, motivated by applications to computational

learning and circuit complexity. For a bibliographic overview, we refer the reader

to [122], Section 8.2].

Krause and Pudlak [81], Proposition 2.1| gave an ingenious method for transforming
threshold degree lower bounds into lower bounds on threshold density and thus also
threshold weight. Specifically, let f: {0,1}" — {0, 1} be a Boolean function of inter-
est. The authors of [81] considered the related function F': ({0,1}")* — {0, 1} given
by F(x,y,2) = f(...,(Z Ax;) V (2i Ays), ... ), and proved that dns(F) > 2d°e+(f) In
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this light, Theorem [5.1| implies that the threshold density of AC" is exp(Q(n!~*)) for

any constant € > 0.

COROLLARY 5.6. Let k > 3 be a fized integer. Then there is an (explicitly given)
Boolean circuit family {F,}22,, where F,: {0,1}" — {0,1} has polynomial size and
depth k and satisfies

W (F,) > dns(F,)

— exp (Q (nf . (logn)—%ﬂr%n%)) .

Observe that the circuit family {F,}>°, of Corollary has the same depth as the
circuit family { f,,}°°, of Theorem[5.1] This is because f,, has bottom fan-in O(logn),
and thus the Krause-Pudlak transformation f,, — F, can be “absorbed” into the
bottom two levels of f,. Corollary subsumes all previous lower bounds [81]
35|, 122, 124), [39] on the threshold weight and density of AC°, with a polynomial
improvement for every k > 4. The improvement is particularly noteworthy in the case

of threshold density, where the best previous lower bound [124, [39] was exp(2(y/n)).

5.1.5. Previous approaches. In the remainder of this section, we discuss our
proofs of Theorems [5.145.3] The notation that we use here is standard, and we defer
its formal review to Section [5.2l We start with necessary approximation-theoretic
background, then review relevant previous work, and finally contrast it with the
approach of this paper. To sidestep minor technicalities, we will represent Boolean
functions in this overview as mappings {—1,1}" — {—1,1}. We alert the reader
that we will revert to the standard {0,1}" — {0,1} representation starting with
Section

Background. Recall that our results concern the sign-representation of Boolean

functions and matrices. To properly set the stage for our proofs, however, we need to
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consider the more general notion of pointwise approximation [93]. Let f: {—1,1}" —
{=1,1} be a Boolean function of interest. The e-approzimate degree of f, denoted
deg_(f), is the minimum degree of a real polynomial that approximates f within e
pointwise: deg.(f) = min{degp: ||f — pllooc < €}. The regimes of most interest are
bounded-error approximation, corresponding to constants € € (0,1); and large-error
approzimation, corresponding to ¢ = 1—o(1). In the former case, the choice of the error
parameter € € (0, 1) is immaterial and affects the approximate degree of a Boolean
function by at most a multiplicative constant. It is clear that pointwise approximation
is a stronger requirement than sign-representation, and thus deg, (f) < deg_(f) for
all 0 < e < 1. A moment’s thought reveals that threshold degree is in fact the limiting

case of e-approximate degree as the error parameter approaches 1:

deg.. (/) = lim deg, (/). (5.1.1)

Both approximate degree and threshold degree have dual characterizations [116],
obtained by appeal to linear programming duality. Specifically, deg_(f) > d if and
only if there is a function ¢: {—1,1}" — R with the following two properties: (¢, f) >
el|@||1; and (¢, p) = 0 for every polynomial of degree less than d. Rephrasing, ¢ must
have large correlation with f but zero correlation with every low-degree polynomial.
By weak linear programming duality, ¢ constitutes a proof that deg.(f) > d and for
that reason is said to witness the lower bound deg,(f) > d. In view of (5.1.1)), this
discussion carries over to the case of threshold degree. The dual characterization here
states that deg, (f) > d if and only if there is a nonzero function ¢: {—1,1}" — R
with the following two properties: ¢(x)f(z) > 0 for all x; and (¢,p) = 0 for every

polynomial of degree less than d. In this dual characterization, ¢ agrees in sign
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with f and is additionally orthogonal to polynomials of degree less than d. The sign-
agreement property can be restated in terms of correlation, as (¢, f) = ||¢|l;. As

before, ¢ is called a threshold degree witness for f.

What distinguishes the dual characterizations of approximate degree and threshold
degree is how the dual object ¢ relates to f. Specifically, a threshold degree witness
must agree in sign with f at every point. An approximate degree witness, on the
other hand, need only exhibit such sign-agreement with f at most points, in that the
points where the sign of ¢ is correct should account for most of the ¢; norm of ¢. As
a result, constructing dual objects for threshold degree is significantly more difficult
than for approximate degree. This difficulty is to be expected because because the gap
between threshold degree and approximate degree can be arbitrary, e.g., 1 versus ©(n)

for the majority function on n bits [99].

Hardness amplification via block-composition. Much of the recent work on approx-
imate degree and threshold degree is concerned with composing functions in ways
that amplify their hardness. Of particular significance here is block-composition,
defined for functions f: {—1,1}" — {—1,1} and g: X — {—1,1} as the Boolean
function f o g: X™ — {—1,1} given by (f o g)(z1,...,2,) = f(g(z1),...,9(xn)).
Block-composition works particularly well for threshold degree. To use an already fa-
miliar example, the block-composition AND,,1/50OR,,2/s has threshold degree Q(n'/3)
whereas the constituent functions AND, /s and OR,2/s have threshold degree 1. As
a more extreme example, Sherstov [121] obtained a lower bound of Q(n) on the
threshold degree of the conjunction hy A hy of two halfspaces hy, hy: {0,1}" — {0, 1},
each of which by definition has threshold degree 1. The fact that threshold degree
can increase spectacularly under block-composition was the basis of much previous
work, including the best previous lower bounds [122], 124] on the threshold degree
of AC. Apart from threshold degree, block-composition has yielded strong results

153



for approximate degree in various error regimes, including direct sum theorems [119]
and direct product theorems [118] for approximate degree and error amplification for

approximate degree [118, 35, 136, [36].

How, then, does one prove lower bounds on the threshold degree or approximate de-
gree of a composed function fog? It is here that the dual characterizations take center
stage: they make it possible to prove lower bounds algorithmically, by constructing
the corresponding dual object ¢ for the function of interest. Such algorithmic proofs
run the gamut in terms of technical sophistication, from straightforward to lengthy
and highly technical, but they have some structure in common. In most cases, one
starts by obtaining dual objects ¢ and v for the constituent functions f and g, re-
spectively, either by direct construction or by appeal to linear programming duality.
They are then combined to yield a dual object ® for the composed function, using

dual block-composition [119), [85]:

n

O(xq, 29, ..., 0,) = d(sgn(xq),...,sgnp(z,)) H [P (). (5.1.2)

i=1
This composed dual object often requires additional work to ensure sign-agreement or
correlation with the composed Boolean function. Among the generic tools available
to assist in this process is a “corrector” object ¢ due to Razborov and Sherstov [106],
with the following four properties: (i) ¢ is orthogonal to low-degree polynomials; (ii) ¢
takes on 1 at a prescribed point of the hypercube; (iii) ¢ is bounded on inputs of low
Hamming weight; and (iv) ¢ vanishes on all other points of the hypercube. Using the
Razborov—Sherstov object, suitably shifted and scaled, one can surgically correct the
behavior of a given dual object ® on a substantial fraction of inputs, thus modifying
its metric properties without affecting its orthogonality to low-degree polynomials.

This technique has played an important role in recent work, e.g., |37, [38) 33, 39].
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Hardness amplification for approximate degree. While block-composition has pro-
duced a treasure trove of results on the polynomial representation of Boolean func-
tions, it is of limited use when it comes to constructing functions with high bounded-
error approximate degree. To illustrate the issue, consider arbitrary functions
f{-1,1}" — {-1,1} and g: {—1,1}" — {—1,1} with 1/3-approximate degrees
n{' and ny?, respectively, for some 0 < oy < 1 and 0 < ap < 1. It is well-known [120]
that the composed function f o g on njny variables has 1/3-approximate degree
O(n{'ny?) = O(nyng)™@{era2} This means that relative to the new number of vari-
ables, the block-composed function f o g is no harder to approximate to bounded
error than either of the constituent functions f and ¢g. In particular, one cannot use
block-composition to transform functions on n bits with 1/3-approximate degree at

most n® into functions on N > n bits with 1/3-approximate degree w(N?).

Until recently, the best lower bound on the bounded-error approximate degree of
AC’ was Q(n*3), due to Aaronson and Shi [5]. Breaking this n?? barrier was a
fundamental problem in its own right, in addition to being a hard prerequisite for any
future threshold degree lower bounds for AC® better than Q(n?/?). This barrier was
overcome in a brilliant paper of Bun and Thaler [38], who proved, for any constant
e > 0, an Q(n'~°) lower bound on the 1/3-approximate degree of AC’. In more
detail, let f: {—1,1}" — {—1,1} be a function of interest, with 1/3-approximate
degree n® for some 0 < o < 1. Bun and Thaler consider the block-composition
F = f o ANDg@ogm) © OR,, for an appropriate parameter m = poly(n). As shown
in earlier work [119), 35] on approximate degree, dual block-composition witnesses
the lower bound deg; 5(F) = Q(deg; 3(OR,) degy 5(f)) = Q(v/mdeg,5(f)). Here,
Bun and Thaler make the crucial observation that the dual object for OR,,, has most
of its ¢, mass on inputs of Hamming weight O(1), which in view of implies

that the dual object for F' places most of it /; mass on inputs of Hamming weight

155



O(nlogn). The authors of [38] then use the Razborov—Sherstov corrector object to
transfer the small amount of /; mass that the dual object for F' places on inputs of
high Hamming weight, to inputs of low Hamming weight. The resulting dual object
for I is supported entirely on inputs of low Hamming weight and therefore witnesses a
lower bound on the 1/3-approximate degree of the restriction F’ of F' to inputs of low
Hamming weight. By re-encoding the input to F’, one finally obtains a function F”

O(1) variables with 1/3-approximate degree polynomially larger than that

on n(logn)
of f. This passage from f to F” is the desired hardness amplification for approximate
degree. We find it helpful to think of Bun and Thaler’s technique as block-composition
followed by input compression, to reduce the number of input variables in the block-
composed function. To obtain an Q(n'~¢) lower bound on the approximate degree of
AC?, the authors of [38] start with a trivial circuit and iteratively apply the hardness

amplification step a constant number of times, until approximate degree Q(n'=*) is

reached.

In follow-up work, Bun, Kothari, and Thaler [33] refined the technique of [38] by
deriving optimal concentration bounds for the dual object for OR,,. They thereby
obtained tight lower bounds on the 1/3-approximate degree of surjectivity, element
distinctness, and other important problems. The most recent contribution to this
line of work is due to Bun and Thaler [39], who prove an Q(n'~¢) lower bound on
the (1 — 27" °)-approximate degree of AC® by combining the method of [38] with
Sherstov’s work [118] on direct product theorems for approximate degree. This new
result substantially strengthens the authors’ previous result [38] on the bounded-error

approximate degree of AC” but falls short of a threshold degree lower bound.

5.1.6. Our approach.

156



Threshold degree of AC°. Bun and Thaler [39] refer to obtaining an (n!'~*)
threshold degree lower bound for AC? as the “main glaring open question left by
our work.” It is important to note here that lower bounds on approximate degree,
even with the error parameter exponentially close to 1 as in [39], have no implica-
tions for threshold degree. For example, there are functions [121] with (1 — 2-9™)-
approximate degree ©(n) but threshold degree 1. Our proof of Theorem is unre-
lated to the most recent work of Bun and Thaler [39] on the large-error approximate
degree of AC® and instead builds on the earlier and simpler “block-composition fol-
lowed by input compression” approach of [38]. The centerpiece of our proof is a hard-
ness amplification result for threshold degree, whereby any function f with threshold
degree n® for a constant 0 < o < 1 is transformed efficiently and within AC® into a

function F' with polynomially larger threshold degree.

In more detail, let f: {—1,1}" — {—1,1} be a function of interest, with threshold
degree n® We consider the block-composition f o MP,,, where m = n°® is an
appropriate parameter and MP,, = AND,, o OR,,2 is the Minsky—Papert function
with threshold degree Q(m). We construct the dual object for MP,, from scratch to
ensure concentration on inputs of Hamming weight O(m). By applying dual block-
composition to the threshold degree witnesses of f and MP,,, we obtain a dual object
¢ witnessing the Q(mn®) threshold degree of f o MP,,. So far in the proof, our
differences from [38] are as follows: (i) since our goal is amplification of threshold
degree, we work with witnesses of threshold degree rather than approximate degree;
(ii) to ensure rapid growth of threshold degree, we use block-composition with inner

function MP,, = AND,, o OR,,2 of threshold degree ©(m), in place of Bun and
Thaler’s inner function ANDg(iogm) © OR,, of threshold degree ©(log m).

Since the dual object for MP,,, by construction has most of its £; norm on inputs of

Hamming weight O(m), the dual object ® for the composed function has most of its
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¢, norm on inputs of Hamming weight O(nm). Analogous to [38, 133, [39], we would
like to use the Razborov—Sherstov corrector object to remove the ¢; mass that ® has
on inputs on high Hamming weight, transferring it to inputs of low Hamming weight.
This brings us to the novel and technically demanding part of our proof. Previous
works [38), 33, 39| transferred the ¢; mass from inputs of high Hamming weight to
the neighborhood of the all-zeroes input (0,0, ...,0). An unavoidable downside of the
Razborov—Sherstov transfer process is that it amplifies the /1 mass being transferred.
When the transferred mass finally reaches its destination, it overwhelms ®’s original
values at various points, destroying ®’s sign-agreement with the composed function
foMP,,. It is this difficulty that prevented earlier works |38, [33), [39] from obtaining

a strong threshold degree lower bound for AC".

We proceed differently. Instead of transferring the ¢; mass of ® from inputs of high
Hamming weight to the neighborhood of (0,0, ...,0), we transfer it simultaneously
to exponentially many neighborhoods of inputs with low Hamming weight. Split
this way across many neighborhoods, the transferred mass does not overpower the
original values of ® and in particular does not change any signs. Working out the
details of this transfer scheme requires subtle calculations; it is in fact surprising that
such a scheme exists. Once the transfer process is complete, we obtain a witness for
the 2(mn®) threshold degree of f o MP,, even for the restriction of the domain to
inputs of low Hamming weight. Compressing the input as in [38}, [33], we obtain an
amplification theorem for threshold degree. With this work behind us, the proof of
Theorem [5.1| for any depth k£ amounts to starting with a trivial circuit and amplifying
its threshold degree O(k) times.

Sign-rank of AC°. It is not known how to transform a threshold degree lower
bound in a black-box manner into a sign-rank lower bound. In particular, Theo-

rem has no implications a priori for the sign-rank of AC’. Instead, our proofs
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of Theorems [5.2] and [5.3] are based on a stronger approximation-theoretic quantity
that we call v-smooth threshold degree. Formally, the y-smooth threshold degree of
a Boolean function f: X — {—1,1} is the largest d for which there is a nonzero
function ¢: X — R with the following two properties: ¢(z)f(x) > v - ||o|l1/|X]| for
all x € X; and (¢, p) = 0 for every polynomial of degree less than d. Taking v = 0
in this formalism, one recovers the standard dual characterization of the threshold
degree of f. In particular, threshold degree is synonymous with 0-smooth threshold
degree. The general case of v-smooth threshold degree for v > 0 requires threshold
degree witnesses ¢ that are min-smooth, in that the absolute value of ¢ at any given

point is at least a v fraction of the average absolute value of ¢ over all points.

The substantial advantage of smooth threshold degree is that it has immediate sign-
rank implications. Specifically, any lower bound of d on the 27°@_smooth threshold
degree can be transformed efficiently and in a black-box manner into a sign-rank
lower bound of 29 using a combination of the pattern matrix method [114) 116]
and Forster’s spectral lower bound on sign-rank [53), [54]. Accordingly, we obtain
Theorems and by proving an Q(n'~¢) lower bound on the 27" “-smooth
threshold degree of AC, for any constant ¢ > 0. At the core of this result is an
amplification theorem for smooth threshold degree, whose repeated application makes
it possible to prove arbitrarily strong lower bounds for AC?. Amplifying smooth
threshold degree is a complex juggling act due to the presence of two parameters—
degree and smoothness—that must evolve in coordinated fashion. The approach of
Theorem is not useful here because the threshold degree witnesses that arise from
the proof of Theorem are highly nonsmooth.

When amplifying the threshold degree of a function f as in the proof of Theo-
rem [5.1, two phenomena adversely affect the smoothness parameter. The first is

block-composition itself as a composition technique, which in the regime of interest
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to us transforms every threshold degree witness for f into a hopelessly nonsmooth
witness for the composed function. The other culprit is the input compression step,
which re-encodes the input and thereby affects the smoothness in ways that are hard
to control. To overcome these difficulties, we develop a novel approach unrelated to

our proof of Theorem [5.1]

Central to our work is an analytic property that we call local smoothness. Formally, let
®: N” — R be a function of interest. For a subset X C N" and a real number K > 1,
we say that ® is K-smooth on X if |®(z)| < Kl*=*'l|®(a")| for all z,2’ € X. Put
another way, for any two points of X at ¢; distance d, the corresponding values of ®
differ in magnitude by a factor of at most K¢. In and of itself, a locally smooth function
® need not be min-smooth because for a pair of points that are far from each other,
the corresponding ®-values can differ by many orders of magnitude. However, locally
smooth functions exhibit extraordinary plasticity. Specifically, we show how to modify
a locally smooth function’s metric properties—such as its support or the distribution
of its ¢; mass—without the change being detectable by low-degree polynomials. This
apparatus makes it possible to restore min-smoothness to the dual object ® that
results from the block-composition step and preserve that min-smoothness throughout
the input compression step, eliminating the two obstacles to min-smoothness in the
earlier proof of Theorem The block-composition step here uses a locally smooth
witness for the threshold degree of MP,,,, which needs to be built from scratch and is
quite different from the witness in the proof of Theorem [5.1]

Our described approach is quite different from previous work on the sign-rank of
constant-depth circuits [106], 37, 39]. The analytic notion in those earlier papers is
weaker than y-smooth threshold degree and in particular allows the dual object to be
arbitrary on a v fraction of the inputs. This weaker property is acceptable when the

main result is proved in one shot, with a closed-form construction of the dual object.
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By contrast, we must construct dual objects iteratively, with each iteration increasing
the degree parameter and proportionately decreasing the smoothness parameter. This
iterative process requires that the dual object in each iteration be min-smooth on the
entire domain. Perhaps unexpectedly, we find y-smooth threshold degree easier to
work with than the weaker notion in previous work [106], 37, 39]. In particular,
we are able to give a new and short proof of the exp(€2(n!/3)) lower bound on the
sign-rank of AC, originally obtained by Razborov and Sherstov [106] with a much
more complicated approach. The new proof can be found in Section [5.5.1], where it

serves as a prelude to our main result on the sign-rank of AC".

5.2. Preliminaries

5.2.1. Products. For a set X, we let RX denote the linear space of real-valued
functions on X. The tensor product of f € R¥ and g € RY is denoted f ® g € R¥*Y
and given by (f ® g)(x,y) = f(x)g(y). The tensor product f @ f ®---® f (n times)
is abbreviated f®". For a subset S C {1,2,...,n} and a function f: X — R, we
define f®%: X" — R by f®(z1,29,...,2,) = [[,cq f(2:). As extremal cases, we have
f®? =1 and fo12nt = £ Tensor product notation generalizes naturally to sets
of functions: FRG ={f®g: fe€ F,ge G}and F" = {/iR bR - ® f :
fi, f2s ooy fn € F}. A conical combination of fi, fo, ..., fr € R is any function of
the form A1 fi + Aofo + - -+ + Apfx, where Aq, Ag,..., \p are nonnegative reals. A
convex combination of fi, fa,..., fr € RY is any function A1 fi + Xofo + -+ + \e fxs
where A\i, Ao, ..., \; are nonnegative reals that sum to 1. The conical hull of F C RX,
denoted cone F, is the set of all conical combinations of functions in F. The convex

hull, denoted conv F', is defined analogously as the set of all convex combinations of
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functions in F. For any set of functions I C R¥, we have

(conv F)®™ C conv(F®"). (5.2.1)

Throughout this manuscript, we view probability distributions as real functions. This
convention makes available the shorthands introduced above. In particular, for prob-
ability distributions p and A, the symbol supp i denotes the support of p, and p® A
denotes the probability distribution given by (u® \)(x,y) = u(x)A(y). If 1 is a prob-
ability distribution on X, we consider y to be defined also on any superset of X with
the understanding that u = 0 outside X. We let ®(X) denote the family of all finitely
supported probability distributions on X. Most of this chapter is concerned with the
distribution family ®(N") and its subfamilies, each of which we denote with a Fraktur

letter. For any sets X C N and W C R, we define
Xlw={xe X:|z|] e W}

In the case of a one-element set W = {w}, we further shorten X|g,) to X|,. To
illustrate, N"|<,, denotes the set of vectors whose components are natural numbers
and sum to at most w, whereas {0, 1}"|,, denotes the set of Boolean strings of length
n and Hamming weight exactly w. For a function f: X — R on a subset X C N", we
let f|w denote the restriction of f to X|y . A typical use of this notation would be

fl<w for some real number w.

5.2.2. Orthogonal content. For a multivariate real polynomial p: R" — R, we
let degp denote the total degree of p, i.e., the largest degree of any monomial of p.
We use the terms degree and total degree interchangeably in this chapter. It will be
convenient to define the degree of the zero polynomial by deg() = —oo. For a real-
valued function ¢ supported on a finite subset of R", we define the orthogonal content

of ¢, denoted orth ¢, to be the minimum degree of a real polynomial p for which
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(¢, p) # 0. We adopt the convention that orth ¢ = oo if no such polynomial exists. It
is clear that orth ¢ € NU{oo}, with the extremal cases orth¢ =0 < (¢,1) # 0 and
orthg = 0o < ¢ = 0. This gives us a simpler definition of the threshold degree and
the smooth threshold degree for any f : {0,1}" — R, in view of Equation (2.6.1])-
26.9),

degs (f) = max, orth((=1) - p),

d = th((—=1) - ).
egy (f,7) Dax - or (1) - p)
n=y/|X] on X

Our next three results record additional facts about orthogonal content.
PROPOSITION 5.7. Let X andY be nonempty finite subsets of Euclidean space. Then:

(i) orth(¢ + 1) > min{orth ¢, orth ¢} for all ¢,¢: X — R;
(ii) orth(¢ ®¥) = orth(¢) + orth(y)) for all p: X — R and ¢: Y — R;
(i)  orth(¢p®™ — p®™) > orth(¢ — ) for all ¢,1p: X — R and all n > 1.

Proof. Ttem is immediate, as is the upper bound in For the lower bound
in , simply note that the linearity of inner product makes it possible to restrict
attention to factored polynomials p(z)q(y), where p and ¢ are polynomials on X and
Y, respectively. For , use a telescoping sum to write

n—1

¢®n = ¢®n _ Z(¢®(n—i) ® w@i . ¢®(n—i—1) Q ¢®(i+1))
i=0
n—1
=365 (6 — ) ® B

i=0
By each term in the final expression has orthogonal content at least orth(¢ — ).
By then, the sum has orthogonal content at least orth(¢ — 1) as well. 0
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PROPOSITION 5.8. Let ¢, ¢1: X — R be given functions on a finite subset X of Eu-
clidean space. Then for every polynomial p: X™ — R, the mapping z — (Q);—_, ¢2:, D)
is a polynomial on {0,1}" of degree at most (degp)/ orth(¢r — ¢o).

Proof. We may assume that orth(¢; — ¢g) > 0 since the proposition holds trivially
otherwise. By linearity, it suffices to consider factored polynomials p(xy,...,x,) =

[T;_, pi(z;), where each p; is a nonzero polynomial on X. In this setting, we have

<® ¢Zi7p> = H <¢zivpi> : (5.2.2)

i=1
By definition, {¢g,p;) = (¢1,p;) for any index ¢ with degp; < orth(¢; — ¢p). As a
result, such indices do not contribute to the degree of the right-hand side of as
a function of z. The contribution of any other index to the degree is clearly at most 1.
Summarizing, the right-hand side of is a polynomial in z € {0,1}" of degree
at most |{i : degp; > orth(¢; — ¢o)}| < (degp)/ orth(pr — ¢o). O

COROLLARY 5.9. Let X be a finite subset of Fuclidean space. Then for any functions
¢0,01: X = R and ¢: {0,1}" — R,

orth | Y ¥(2) X ¢, | > orth(y) - orth(pr — go).
=1

ze{0,1}m

Proof. We may assume that orth(v) - orth(¢; — ¢g) > 0 since the claim holds trivially
otherwise. Fix a polynomial any polynomial P of degree less than orth(¢)) - orth(¢; —
¢0). The linearity of inner product leads to

< >, w(z>®¢zi,P>: 3 @/}(z)<®gbzi,]3>.
ze{0,1}" i=1 ze{0,1}n i=1

By Proposition [5.8] the right-hand side is the inner product of ¢ with a polynomial

of degree less than orth ) and is therefore zero. O
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Observe that Corollary [5.9 gives an alternate proof of Proposition [5.7(iii). Our next
proposition uses orthogonal content to give a useful criterion for a real-valued function

to be a probability distribution.

PROPOSITION 5.10. Let A be a probability distribution on a finite subset X of Eu-
clidean space. Let A: X — R be gien with A > 0 and orth(A — A) > 0. Then A is a
probability distribution on X.

Proof. By hypothesis, A is a nonnegative function. Moreover, ||Al; = (A1) =
(A, 1) — (A — A, 1) = (A, 1) = 1, where the third step uses orth(A — A) > 0. O

Consider the real vector space of functions {0,1}" — R. The linear subspace of real
polynomials on {0, 1}" of degree at most d is easily seen to be span{xs : |S| < d}. Its
orthogonal complement, span{ys: |S| > d}, is then the linear subspace of functions
that have zero inner product with every polynomial of degree at most d. As a result,

the orthogonal content of a nonzero function ¢: {0,1}" — R is given by
orth ¢ = min{|S| : ¢(S) # 0}, ¢ # 0. (5.2.3)

5.2.3. Symmetrization. Let S, denote the symmetric group on n elements.
For a permutation o € S,, and an arbitrary sequence z = (x1, s, ...,T,), we adopt
the shorthand oz = (2(1), To(2), - - -, To(n)). A function f(z1, 29, ..., x,) is called sym-
metric if it is invariant under permutation of the input variables: f(xy,zo,...,2,) =
f(Zo(1), To(2)s - - - To(ny) for all z and o. Symmetric functions on {0, 1}™ are intimately
related to univariate polynomials, as was first observed by Minsky and Papert in their

symmetrization argument [90].
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PROPOSITION 5.11 (Minsky and Papert). Let p: R" — R be a given polynomial.

Then the mapping

xe{ovl}nh

is a univariate polynomial on {0,1,2,...,n} of degree at most deg p.

Minsky and Papert’s result generalizes to block-symmetric functions:

PROPOSITION 5.12. Let nq,...,n; be positive integers. Let p: R™ x --- x R™ — R

be a given polynomial. Then the mapping

(tl,tg,...,tk>i—> p(Il,JIQ,...,.Ik)

21€{0,1}"1 |¢; 2€{0,1}"2 |z, 2, €{0,1}"k ¢,

is a polynomial on {0,1,...,n1} x {0,1,...,n2} x --- x {0,1,...,n} of degree at
most deg p.

Proposition follows in a straightforward manner from Proposition by induc-
tion on the number of blocks k, as pointed out in [106, Proposition 2.3]. The next
result is yet another generalization of Minsky and Papert’s symmetrization technique,

this time to the setting when x1, zo, ..., z, are vectors rather than bits.

PROPOSITION 5.13. Let p: (R™)" — R be a polynomial of degree d. Then there is

a polynomial p*: R™ — R of degree at most d such that for all xq,x2,...,2, €

{e1,e9, ..., €m, 0™},

UE}% p(xcr(l)a To(2)y - 7xo(n)) = p*(ajl +x2+ -+ xn)

Proof. We closely follow an argument due to Ambainis [8, Lemma 3.4], who proved

a related result. Since the components of x1, 2o, ..., x, are Boolean-valued, we have

zj = 3. = --- and therefore we may assume that p is multilinear. By

Tij = & i
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linearity, it further suffices to consider the case when p is a single monomial:

p(T1, @2, @) = H H Tij (5.2.4)

j=14i€S,;
for some sets S1,Ss,...,5, C {1,2,...,n} with Z;”:l |S;| < d. If some pair of sets
S;, Sy with j # j' have nonempty intersection, then the right-hand side of (5.2.4)
contains a product of the form x; jx; j for some 7 and thus p = 0 on the domain in
question. As a result, the proposition holds with p* = 0. In the complementary case

when 57, Sy, ..., S, are pairwise disjoint, we calculate

E p(To(1): To@2), - - > Ta(n))

O’ESn
H ng(z Hmm s =1forall j/<j
7j=1 i€S; ’LES/
ﬁ(flﬂ%’zy '+$w‘) (n—|51|—|52|—"'—|5j—1|)_
- 551 |51

Expanding out the binomial coefficients shows that the final expression is an m-variate
polynomial whose argument is the vector sum z; + 29 + --- 4+ z, € R™. Moreover,

the degree of this polynomial is ) |5;] < d. O

COROLLARY 5.14. Let p: (R™)" — R be a polynomial of degree d. Then the mapping

v E p (5.2.5)
z€{0™ e1,€2,....em } ™
T1+x2+ -+ Tn=v

is a polynomial on N™|<,, of degree at most degp.

Minsky and Papert’s symmetrization corresponds to m = 1 in Corollary [5.14]
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Proof of Corollary [5.14] Let v € N™|<,, be given. Then all representations v = x; +
To + -+ 4+ x, with z1,29,...,2, € {0™,€1,€,...,€,} are the same up to the order
of the summands. As a result, (5.2.5) is the same mapping as

v E p(o(er,... e, e, €0, . €my. .y €y, 0™ 0™ 0™)),

oeSy N e N ~ ~
v1 v2 Um n—v1—"—Um

which by Proposition is a polynomial in

at+-tetet-tettept+ote,+0" 4+ +0" =0

o v vm n—vi——vm
of degree at most deg p. O

Analogous to symmetrized polynomials, it will be also helplful to work with sym-

metrized versions of Boolean functions. We define AND? OR*: {0,1,2,...,n} —
{0,1} by

1 ift=n, 0 ift=0,
AND’ (1) = OR’(t) =

0 otherwise, 1 otherwise.

The symmetrized variant of the Minsky—Papert function is MP}, . = AND,, o OR;.

5.3. Auxiliary results

In this section, we collect a number of supporting results on approximate degree
that have appeared in one form or another in previous work. For the reader’s con-
venience, we provide self-contained proofs whenever the precise formulation that we

need departs from published work.

5.3.1. Basic dual objects. As described in the introduction, we prove our main

results constructively, by building explicit dual objects that witness the corresponding
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lower bounds. An important tool in this process is the following lemma due to
Razborov and Sherstov [106]. Informally, it is used to adjust a dual object’s metric
properties while preserving its orthogonality to low-degree polynomials. The lemma

plays a basic role in several recent papers [106], 38, [33] as well as our work.

LEMMA 5.15 (Razborov and Sherstov). Fiz integers d and n, where 0 < d < n. Then

there is an (explicitly given) function ¢: {0,1}" — R such that
SUPPC - {07 1}n|Sd U {]'n}a
¢1") =1,
n
ot < 1+ 24(7).

orth( > d.

In more detail, this result corresponds to taking £ = d and { = (—1)"g in the proof of
Lemma 3.2 of [106]. We will need the following symmetrized version of Lemma [5.15|

LEMMA 5.16. Fiz a point u € N" and a natural number d < |u|. Then there is

Cu: N = R such that

supp ¢, C {u} U{v e N : v < and |v] < d}, (5.3.1)
Gulu) =1, (5.3.2)
1Culli <1+ 2‘1(’3‘), (5.3.3)
orth ¢, > d. (5.3.4)

169



Proof. Lemma m gives a function ¢: {0,1}* — R such that

supp ¢ C {0, 1} <q U {11}, (5.3.5)
¢ty =1, (5.3.6)
1Kl < 1+ 2d(|zl), (5.3.7)
orth ¢ > d. (5.3.8)

Now define (,: N* — R by

xlE{Ovl}‘ullhvﬂ x"e{o’l}lun||lvn|

Then (5.3.1)—(5.3.3)) are immediate from (5.3.5)—(5.3.7)), respectively. To verify the
remaining property (5.3.4)), fix a polynomial p: R™ — R of degree at most d. Then

(Cusp) = Z Z Z C(xy...zp) | plvr, ..., 0p)

’UZ'US’U, Z‘le{o,l}‘ul‘hvl‘ x”e{071}|un|||vn|

— Z Z Z C(zy ... xn)p(|za], .-y |20

vosu \gyefo,flal| o enef{o,1}lenl|

= Y Y Cmp(lnl o )

x1€{0,1}u1l xn€{0,1}unl

=0,

where the last step uses (5.3.8]). O

When constructing a dual polynomial for a complicated constant-depth circuit, it
is natural to start with a dual polynomial for the OR function or, equivalently, its

counterpart AND. The first such dual polynomial was constructed by épalek [137],
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with many refinements and generalizations [34), 122, 124, 38, 33] obtained in follow-
up work. We augment this line of work with yet another construction, which delivers

the exact combination of analytic and metric properties that we need.

THEOREM 5.17. Let 0 < & < 1 be given. Then for some constants ¢',¢” € (0,1) and
all integers N > n > 1, there is an (explicitly given) function v: {0,1,2,...,N} = R
such that

1—¢
vy > 1o
9]l =1,
orth > d\/n,
sgni(t) = (1), t=0,1,2,..., N,

/
1

W(t)| € ¢ t=0,1,2,... N.

)

(t—i— 1)2 o't/ C’(t—i— 1)2 ot/ |’
A self-contained proof of Theorem [5.17]is available in Appendix [5.6

5.3.2. Dominant components. We now recall a lemma due to Bun and
Thaler [38] that serves to identify the dominant components of a vector. Its primary

use [38), 133] is to prove concentration-of-measure results for product distributions on

N™.

LEMMA 5.18 (Bun and Thaler). Let v € R™ be given, v # 0™. Then there is S C
{1,2,...,n} such that

[v]lx
|S| > )
2[|vls
. o]l
S >
[S] min foi] = 2(1 + Inn)
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Proof (adapted from [38]). By renumbering the indices if necessary, we may assume
that |v1| > |vg| > -+ > |v,| > 0. For the sake of contradiction, suppose that no such
set S exists. Then

wjed vl
0 2(1+1nn)
for every index i > QHZH; As a result,

o]

Il
]
=

=, _|_
]
=

IN
g
=
g
+
g

| —
/[p\.
—
+|=
5=
2

i< ol i=[ 5]

2[[vlloo

n

[[v]]x o]l 1
< —
> " 2(1+1Inn) ; i

where the final step uses

Z—.=1+Z—.§1+/ Z—1+4mn
? 1 1t

=1

We have arrived at ||v||; < ||v]|1, a contradiction. O

We will need a slightly more general statement, which can be thought of as an extremal

analogue of Lemma [5.18|
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LEMMA 5.19. Fiz 0 > 0 and let v € R"™ be an arbitrary vector with ||v||y > 6. Then
there is S C {1,2,...,n} such that

o]l

= : (5.3.9)
2||v]] oo
1 0
info| > — 3.1
mip fuil = S| 2(1+1Inn)’ (5.3.10)
> vl <. (5.3.11)
i¢S

Proof. Fix n, v, and 6 for the remainder of the proof. We will refer to a subset

S CA{1,2,...,n} as regular if S satisfies (5.3.9) and ([5.3.10)). Lemma along with

|||y > 6 ensures the existence of at least one regular set. Now, let S be a mazimal
regular set. For the sake of contradiction, suppose that (5.3.11]) fails. Applying
Lemma to v|g produces a nonempty set T C S with

1 0
> .
minlvil 2 o s
But then S UT is regular, contradicting the maximality of S. O

Lemmas[5.18 and imply the following concentration-of-measure result for product
distributions on N", due to Bun and Thaler [38].

LEMMA 5.20 (Bun and Thaler). Let A\j, Ag, ..., A\, € D(N) be given with

Catl
(1) <
Aill) < (t+1)2°

teN, (5.3.12)
where C' >0 and 0 < a < 1. Then for all § > 8Cen(1 + Inn),
P (ol >6) <
VAL XA X X Ay

Proof (adapted from [38]). For a nonempty subset S C {1,2,...,n} and a vector

v € N" we say that v is S-heavy if the following conditions are simultaneously
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|vi| > |—;| : m, i€ S, (5.3.13)
> vl > g. (5.3.14)
€S
Now, consider a random vector v € N” distributed according to Ay X Aoy X -+ X A,.
We have

Pl||v]|1 > 0] < P[v is S-heavy for some nonempty S # 9|

IN

Z P[v is S-heavy]

SC{1,2,...,n}
S#@

0/2 ¢
Z ol Z (t+1)2

SC{1,2,..., 1. e
™ P2 187 2t

o gt |S]
E a?/? (C’/ —)
a0 {2
SQ{I,Q,...,’R} [S] 4(1+Inn)

S#@

- 3 (C|S! -4%1 —i—lnn))'S'

SC{1,2,...,n}
545

-y (n) Y (Cs-4<1+lnn>)s
s 0
s=1
<y (. Cotl sy

|5

IN

IN

s 0

s=1

< a?

— Y

where the first inequality holds by Lemma [5.19; the second step applies the union
bound; the third step uses 0 < o < 1 and the upper bound ([5.3.12)) for the \;; and the
last two steps use ([2.1.1)) and the hypothesis that § > 8Cen(1+Inn), respectively. [
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5.3.3. Input transformation. We work almost exclusively with Boolean func-
tions on N"| <4, where the dimension parameter n is polynomially larger than the Ham-
ming weight parameter §. This choice of domain is admittedly unusual but greatly
simplifies the analysis. Fortunately, approximation-theoretic results obtained in this
setting carry over in a blackbox manner to the hypercube. In more detail, we will now
prove that every function on N"|<4 can be transformed into a function on O(6logn)
Boolean variables with similar approximation-theoretic properties. Analogous input
transformations, with similar proofs, have been used in previous work to translate re-
sults from {0, 1}"| or {0, 1}"|<4 to the hypercube setting [38), [33]. The presentation

below seems more economical than previous treatments.

Recall that eq,eq,..., e, denote the standard basis for R™. The following encoding

lemma was proved in [124] Lemma 3.1].

LEMMA 5.21 (Sherstov). Let n > 1 be a given integer. Then there is a surjection
g: {0,1}6Mos(+DT 5 £0m ¢ ey, ..., e,} such that

pr— pr— P — E
g~1(om) P g~ (e1) b g~ (e2) b g~ (en) b

for every polynomial p of degree at most [log(n+1)]. Moreover, g can be constructed

determanistically in time polynomial in n.

Observe that the points 07, ey, es, . . ., €, in this lemma act simply as labels and can be
replaced with any other tuple of n+1 distinct points. Indeed, this result was originally
stated in [124] for a different choice of points. A tensor version of Lemma is as

follows.

LEMMA 5.22. Let g: {0,1}608(+D1 07 ¢} e5....,e,} be as constructed in

Lemma m Then for any integer § > 1 and for any polynomial p: (RSMos(+1DTY0 _y
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R, the mapping

(y1’y27"'7y9) =

g7 (y1)xg (y2) x--x g7 (yo)

is a polynomial in y € {07, ey, e, ...,e,}0 of degree at most (degp)/[log(n + 1) +1].

Proof. By linearity, it suffices to prove consider factored polynomials of the form
p(z1,x9,. .., 29) = p1(z1)pa(22) - - - Po(g), Where p1, po, . .., pg are real polynomials on
{0, 1}6Mee(+11 For such a polynomial, the defining equation simplifies to

n

= E p;. 5.3.15
g‘l(yl)xg‘l(yz)X---xg‘l(ye)p g g‘l(yi)p ( )
We now examine the individual contributions of pi,ps,...,ps to the degree of the

right-hand side as a real polynomial in y. For any polynomial p; of degree at most
[log(n + 1)], Lemma ensures that the corresponding expectation Eg-1(,,) p; is
a constant independent of the input g;. Thus, polynomials p; of degree at most

[log(n+1)] do not contribute to the degree of the right-hand side of ([5.3.15]). For the

other polynomials p;, the expectation Eg-1(,,) p; is a linear polynomial in y;, namely,

E pp=vi1 E pityio E pi+---+vy, E p;
P it ey BT o2 iy P gty

97 (ys) g er
+ 11— Yi j E p;,

where we are crucially exploiting the fact that y; € {0, ey, e, ..., e,}. Thus, polyno-
mials p; of degree greater than [log(n + 1)] contribute at most 1 each to the degree.
Summarizing, the right-hand side of (5.3.15]) is a real polynomial in y, s, ..., ys of

degree at most

degp
[log(n+1)] +1°

|{i : degp; > log(n+1)] +1}| <
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We have reached the claimed result on input transformation.

THEOREM 5.23. Let n,0 > 1 be given integers. Set N = 6[log(n + 1)]6. There is a
surjection G: {0,1}Y — N"|<4 such that:

(i)  for every polynomial p: RN — R, the mapping v — Eg-1() p 15 a polynomial
on N"| <y of degree at most (degp)/[log(n + 1)+ 17;

(ii)  for every coordinate i = 1,2,...,n, the mapping x — ORy(G(x);) is com-
putable by an explicitly given DNF formula with O(6n®) terms, each with at
most 6[log(n + 1)] variables.

Applying Theorem to a function f: N"|<p — {0, 1} produces a composed func-
tion f o G: {0, 1}6Mos(+1)10 _ £ 1} in the hypercube setting. The theorem ensures
that lower bounds for the pointwise approximation, or sign-representation, of f apply
to f o G as well. Moreover, the circuit complexity of f o G is only slightly higher
than that of f. This way, Theorem [5.23] efficiently transfers approximation-theoretic
results from N"| <4 (or any subset thereof, such as {0, 1}"|<y or N"|y) to the traditional

setting of the hypercube.

Proof of Theorem [5.23 Define G: ({0, 1}6Mos(n+1)1)0 s N»|_, by
G(z1,x9,...,29) = g(x1) + g(x2) + - - - + g(24g),

where g: {0, 1}6Me(m+ D1 5 £0" ¢ ¢ey,...,e,} is as constructed in Lemma m The
surjectivity of G follows trivially from that of g. We proceed to verify the additional
properties required of G.

For v € N"|<4, we have the partition

Gl (v) = U 97 () X g7 (y2) X -+ X g™ (ya)- (5.3.16)

yE{O”,el,eg,...,en}G:
Y1t+y2+-+ye=v
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All representations v = y1+yo+- - - +yp With y1,vs,...,ys € {0", €1, €9,...,€,} are the
same up to the order of the summands. As a result, each part g7 (y;) x g7 (y2) X+ - - x
g '(yp) in the partition on the right-hand side of (5.3.16) has the same cardinality.
We conclude that for any given polynomial p,

E p= E E . (5.3.17)

G=1(v) ye{0™,e1,e2,.mnen}f: g7 (Y1) xg 7 (y2) X xg7 1 (yo)
Y1+y2+-+ys=v

Recall from Lemma [5.22] that the rightmost expectation in this equation is a polyno-
mial in y1,Ya,...,y0 € {0, €1, €,...,6,} of degree at most (degp)/[log(n + 1) + 1].
As a result, Corollary implies that the right-hand side of is a polynomial
in v of degree at most (degp)/[log(n + 1) + 1].

Fix an index 7. Then

0
OR;(G();) = \/ Tlg(w;) = ei]

Each of the disjuncts on the right-hand side is a function of 6[log(n + 1)] Boolean
variables. Therefore, OR;(G(x);) is representable by a DNF formula with O(6n®)
terms, each with at most 6[log(n + 1)] variables. O

5.4. The threshold degree of AC°

This section is devoted to our results on threshold degree. While we are mainly inter-
ested in the threshold degree of AC?, the techniques developed here apply to a much
broader class of functions. Specifically, we prove an amplification theorem that takes
an arbitrary function f and builds from it a function F' with higher threshold degree.
We give analogous amplification theorems for various other approximation-theoretic
quantities. The transformation f + F' is efficient with regard to circuit depth and

size and in particular preserves membership in AC®. To deduce our main results for
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ACP, we start with a single-gate circuit and iteratively apply the amplification the-
orem to produce constant-depth circuits of higher and higher threshold degree. We
develop this general machinery in Sections followed by the application to
AC? in Section [5.4.5

5.4.1. Shifting probability mass in product distributions. Consider a
product distribution A on N™ whereby every component is concentrated near 0. The
centerpiece of our work, presented here, is the construction of an associated proba-
bility distribution A that is supported entirely on inputs of low weight and cannot be
distinguished from A by a low-degree polynomial. More formally, define B(r, ¢, a) to
be the family of probability distributions A on N such that

supp A = {0,1,2,...,7"}

for some nonnegative integer ' < r, and in addition
Ct-i—l 1

— < A\Nt) L ————
(t+1)220t — ()= c(t +1)2 20

t € supp \. (5.4.1)
Distributions in this family are subject to pointwise constraints, hence the symbol 8
for “bounded.” Our choice of bounding functions is motivated mainly by the metric

properties of the dual polynomial for OR,,, constructed in Theorem [5.1

In this notation, our analysis handles any distribution A € B(r, ¢, «)®™. It would be
possible to generalize our work further, but the lower and upper bounds in
are already exponentially far apart and capture a much larger class of probability
distributions than what we need for the applications to AC°. The precise statement

of our result is as follows.
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THEOREM 5.24. Let A € B(r,c, @)™ be given, for some integer r > 0 and reals ¢ > 0

and o > 0. Let d and 6 be positive integers with

0 > 2d, (5.4.2)
den(1+1

0 > M_ (5.4.3)

c
Then there is a function A: N* — R such that

supp A C (supp A)| <9, (5.4.4)

orth(A — A) > d, (5.4.5)
~ 8nr\ ¢ ~

IA—A| < (—) 9 M6/r1-al6/21+2 § on supp A. (5.4.6)

c

In general, the function A constructed in Theorem may not be a probability
distribution. However, when 6 is large enough relative to the other parameters,
the pointwise property 1' forces |A — /~\| < A and in particular A > 0. Since
orth(A — /~\) > ( by construction, Proposition m guarantees that A is a probability

distribution in that case.

Proof of Theorem [5.24, For ¢ > 1, we have B(r,c,a) = @ and the theorem holds
vacuously. Another degenerate possibility is 7 = 0, in which case A is the single-point
distribution on 0", and therefore it suffices to take A = A. In what follows, we treat
the general case when

ce (0,1],

r > 1.
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For every vector v € N” with [|v|; > 0, let S(v) C {1,2,...,n} denote the corre-

sponding subset identified by Lemma [5.19] To restate the lemma’s guarantees,

|S(v)| > g, v € (supp A)|>90, (5.4.7)

ireréi(r;) v; > 2|S(v)|(01 )’ v € (supp A)|>90, (5.4.8)

||v|%||1 < 0. v € (supp A)|>20. (5.4.9)
Property implies that

v]s@ |1 >0, v € (supp A)|>90, (5.4.10)
and in particular

|v]s)lli > d, v € (supp A)|>9. (5.4.11)

For each i = 1,2,...,n and each u € N'|.4, Lemmam gives a function (,: N* — R

such that
supp (, C {uy U{v € N': v <w and |v| < d}, (5.4.12)
Culu) =1, (5.4.13)
ICulli <1+ 2d(”1;”1>, (5.4.14)
orth (, > d, (5.4.15)

and in particular

1€ulloe < max{|Cu(w)], [IGullt — [Cu(u)[}

< g lull
<o

< 2w, (5.4.16)
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The central object of study in our proof is the following function (: N* — R, built

from the auxiliary objects S(v) and ¢, just introduced:

(@)= Y AW G (@l Tielsgy = sl (5.4.17)

vE(supp A)|>2¢

The expression on the right-hand side is well-formed because, to restate (5.4.11)), each

string v|s(,) has weight greater than d and can therefore be used as a subscript in
Colg(ry - Opecializing (5.4.15) and (5.4.16),
orth Cy|s,, > d, v € (supp A)|>a0, (5.4.18)

”Cv\sw) oo < 2(nr)d, v € (supp A)|>a0. (5.4.19)

Property (5.4.12) ensures that Gy, (%|s(v)) IMW = v\%] # 0 only when x < v. It
follows that

supp ¢ C U {r eN": 2z <w}

vEsupp A

— supp A\, (5.4.20)

where second step is valid because A € B(r, ¢, a)®".
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Before carrying on with the proof, we take a moment to simplify the defining expres-

sion for (. For any v € N"|>9, we have

Colsco (#ls) Mz lsmy = vls)]
= Gl (@ls0) Tlels) = vlsiy or llelswll < d] Talsey = visg)
- Cv|s<v)(=”|5(v))<1[$|5(v) = v|s)] +I[[|z|s@| < d])IM% — U|W]
= Gl (%]s ) Mz = 0]

= Iz = 0] + Gis,y (@lse) I swy 11 < d] Tzlsey = vlsgy),

where the first, second, and fourth steps are valid by (5.4.12), (5.4.11]), and (5.4.13)),

respectively. Making this substitution in the defining equation for (,

()= > AW, @lse)Illzlswlh < dIzlggy = vlgy]

vE(supp A)|>29

+ > AWz =) (5.4.21)

vE(supp A)|>26

We proceed to establish key properties of (.

STEP 1: ORTHOGONALITY. By Proposition [5.7(ii), each term in the summation on
the right-hand side of (5.4.17)) is a function orthogonal to polynomials of degree less

than orth |4, . Therefore,

|S(v

orth > min  orth(,

vE(supp A)| 30 I5)

> d, (5.4.22)

where the first step uses Proposition [5.7(i)| and the second step applies (5.4.18)).
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STEP 2: HEAVY INPUTS. We now examine the behavior of ( on inputs of weight at

least 260, which we think of as “heavy.” For any string v € (supp A)|>20, we have

S Nn‘zgg — Hle >d+0
= |zlswlh>d VvV zlzglh >0

= |zlswli>d VvV zlggy # vlsm:

where the final implication uses (5.4.9). We conclude that the first summation
in ([5.4.21]) vanishes on N"|>q9, so that

C(CL’) = A(l’), T € Nn|229. (5423)

This completes the analysis of heavy inputs.
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STEP 3: LIGHT INPUTS. We now turn to inputs of weight less than 26, the most

technical part of the proof. Fix an arbitrary string = € (supp A)|<29. Then

A
|/<\((i))| = Z AE;; Cv\S(u)<$|S(v)> I[||:L’|S(v)||1 < d] I[xlw _ Ul%}
vE(supp A)[>2¢
A
Sy AEZ; |Gl (@15 T2 150 I < ) Xzl575 = vIzqy]

veE(supp A)|>20

Alv
<2t Y M plselh < ATl = ols]

A
vE(supp A)|>2¢ (:E)

oyt Y Telsh<d Y Ay

SC{1 }: €( A : (Qf)
c{1,..., n}: vE(supp A)|>2¢:
|S|>0/r S(v)=S
Av)
<2nr)’ Y A[zls]h < d] >, Aw) Iz|g = vlg],
S%S{‘lﬁg/m’} ZUENH;O
>0/r ies ViZb,
min;eg vizm

(5.4.24)

where the first step uses ; the second step applies the triangle inequality; the
third step is valid by ; the fourth step amounts to collecting terms according
to S(v), which by has cardinality at least 6/r; and the fifth step uses
and (5.4.10).
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Bounding (5.4.24)) requires a bit of work. To start with, write A = @, \; for some
A, A2, ooy Ap € B(r, ¢, ). Then for every nonempty set S C {1,2,...,n},

tlalsih < d) [[ 2w > Wielslh < d T oo gyegen
€S ies (LUZ + 1) 20T
2ies Ti 1
=1 < dl S (i)
llzlstlh < d]e™ {5 L4 (@i + 1)

C Ziesxi S 215
> I[||z|s|l < d] (27) (%)
ies(Ti

d S’ 2|5
S s (& sk
= ¢ <2a> <\S\+d)

zdsl( ¢ )d, (5.4.25)

where the first step applies the definition of B(r, ¢, av); the third step is valid by the

arithmetic-geometric mean inequality; and the last step uses the bound 1+t < ¢! for
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real ¢. Continuing,

> el ok

veEN"™:
Y ies vi>0,

minjes Vi > 51 Fn )

minges v; > 2\3\(1+1nn)v
v;=xz; for i¢S

1
< g 9« 2ies Vi
o g ovi + 1)*Aifx:)
D ies vi>0,

0
Mines Ui 2 5rgimn)
v;=x; for i¢S

1
S 2—046'
v§” g C(UZ‘ + 1)2)\2(1‘1)

0
miNies Vi 2 g5ty »
v;=x; for i¢S

S|

o0

B 1 |
=2 Y G EA(:C)

t=

[ st |

(WW €S

< gab (2|5|(1 +1Inn) )|S|

(5.4.26)

)\
€S

where the first step uses A = @), \;, and the second step applies the definition of
B(r,c, ).
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It remains to put together the bounds obtained so far. We have:

¢(2)] oo (218]1(1 +1nn)\ " 1
R S 200" ZHZI[HxlsHlSd]-Q 9(—09 ) by

< 2(nr)? Z 9-ad (W)S | (20662)(1

SC{1,...,n}:
|S|=26/r

(e2nr/c)? 21S|(1 +Inn)\ "
=2 9af6/2] Z 20

SC{1,...,n}:
|S|1=26/r

_ (e2nr/c)d = () [(2s(1+1Inn)\’
T2 T 9al0/2] Z s 20
s=[0/r]
(e?nr/c)d = [en 2s(1+4+1Inn)\°
<2 Smm 2\ e

s=[0/r]

<‘enr/c 225

- 2a[0/2]
s=[0/r]

(e2nr/c)?

" 9al6/2]+[6/r]’

where the first step follows from ([5.4.24)) and ({5.4.26)); the second step substitutes the
bound from ([5.4.25)); the third step uses (5.4.2)); and the next-to-last step uses (5.4.3)).

In summary, we have shown that

e?nr/c)?
IC(x)] < 4- 22[%% A(z), x € (supp A)|<20. (5.4.27)

STEP 4: FINISHING THE PROOF. Define A = A — (. Then the support prop-

erty (5.4.4) follows from (5.4.20) and (5.4.23)); the analytic indistinguishability
property m ) follows from ([5.4.22)); and the pointwise property ([5.4.6) follows
from ([5.4.4)) and ( m 0
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We record a generalization of Theorem [5.24] to translates of probability distributions
in B(r,c,a)®", and further to convex combinations of such distributions. Formally,
define B(r,c,a, A) for A > 0 to be the family of probability distributions A on N
such that A(t) = XN (t — a) for some N € B(r,¢,a) and a € [0, A]. We have:

COROLLARY 5.25. Let A € conv(B(r, ¢, a, A)®™) be given, for some integers r, A > 0

and reals ¢ > 0 and o« > 0. Let d and 6 be positive integers with

0 > 2d, (5.4.28)
den(1 +1
0> M7 (5.4.29)
c
[0/r]+af6/2] (8”T>d
2T > 4 — ) . (5.4.30)
c
Then there is a probability distribution A: N* — R such that
supp A C (supp A)|<204na, (5.4.31)
orth(A — A) > d. (5.4.32)

Proof. We first consider the special case when A € B(r,c,a, A)®". Then by def-
inition, A(tq,...,t,) = A(t; — aq,...,t, — a,) for some probability distribution
AN € B(r,c,)®" and integers ay,...,a, € [0,A]. Applying Theorem to A
yields a function A’: N* — R with

supp A’ C (supp A)| <20, (5.4.33)
orth(A' — A') > d, (5.4.34)
N — A <N on supp A'. (5.4.35)

The last property implies in particular that A’ is a nonnegative function. As a result,

(5.4.32)) and Proposition m guarantee that A’ is a distribution. Now the sought
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properties (5.4.31)) and ((5.4.32)) follow from (5.4.33)) and ([5.4.34)), respectively, for the
probability distribution ]\(tl, coty) = /N\’(tl —a, ...ty — ay).

In the general case of a convex combination A = A\ A; + -+ + A\yA, of probability

distributions Ay, ..., Ay € B(r, ¢, a, A)®" one uses the technique of the previous para-
graph to transform Ay, ..., As individually into corresponding functions A1, ..., Ay,
and takes A = )\1/~Xl + -+ )\k]\k. OJ

5.4.2. A bounded dual polynomial for MP. We now turn to the construc-
tion of a gadget for our amplification theorem. Let B*(r, ¢, a) denote the family of

probability distributions A on N such that
suppA ={0,1,2,...,7'}

for some nonnegative integer ' < r, and moreover

c 1

< A(t) <

—_— _— t € supp .

(t + 1)2 oat — - C(t + ]_)2 9at bp

In this family, a distribution’s weight at any given point is prescribed up to the
multiplicative constant ¢, in contrast to the exponentially large range allowed in the

definition of B(r, ¢, ). For all parameter settings, we have
B*(r,c,a) CB(r,c,a). (5.4.36)

Indeed, the containment holds trivially for ¢ < 1, and remains valid for ¢ > 1 because
the left-hand side and right-hand side are both empty in that case. As before, it will
be helpful to have shorthand notation for translates of distributions in B(r, ¢, a): we
define B*(r,c,a, A) for A > 0 to be the family of probability distributions A on N
such that A(t) = N (¢t — a) for some X € B*(r,c,«) and a € [0, A].
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As a first step toward analyzing the threshold degree of AC®, we will construct a dual

object that witnesses the high threshold degree of MP; . and possesses additional

metric properties in the sense of B*. To simplify the exposition, we start with an

auxiliary construction.

LEMMA 5.26. Let 0 < e < 1 be given. Then for some constants c1,co € (0,1) and all

integers R > r > 1, there are (explicitly given) probability distributions X\, A1, Ay such

that:
supp Ao = {0}, (5.4.37)
suppA; = {1,2,..., R}, i=1,2, (5.4.38)
A\ € B* <R, e, % 1) , i=0,1,2, (5.4.39)
orth((1 —&)Xg + Xy — A1) > 1/ (5.4.40)

Our analysis of the threshold degree of AC® only uses the special case R = r of
Lemma [5.26l The more general formulation with R > r will be needed much later,

in the analysis of the sign-rank of AC".

Proof. Theorem constructs a function ¢: {0,1,2,..., R} — R such that

1

¥(0) > ——=, (5.4.41)
[¥fh =1, (5.4.42)
orth > ¢\/r, (5.4.43)
(1)) € < ! P01 (5.444)

(t + 1)2 o't /T Cl(t + 1)2 o't/ |7
for some absolute constants ¢, ¢’ € (0,1). Property ([5.4.42)) makes it possible to view
|1)| as a probability distribution on {0,1,2,..., R}. Let uo, p1, pto be the probability
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distributions induced by |¢| on {0},{t # 0 : ¢(t) < 0}, and {t # 0 : ¢(t) > 0},
respectively. It is clear from that the negative part of ¥ is a multiple of
11, whereas the positive part of ¢ is a nonnegative linear combination of py and ps.
Moreover, it follows from (i,1) = 0 and [[¢)]]; = 1 that the positive and negative

parts of ¢ both have ¢;-norm 1/2. Summarizing,

1—9 1 o

_ _ - z 4.4
(0 5 Ho 2M1+2M2 (5.4.45)

for some 0 < § < 1. In view of (5.4.41)), we infer the more precise bound

0<4< g (5.4.46)
We define

o = fio, (5.4.47)

A = 1:—2‘3/“ 46 f_;;uz, (5.4.48)

Ao gé - 22)“1 44 5(11_——552)“2‘ (5.4.49)

It follows from 0 < § < e that A\; and Ay are convex combinations of p; and uo and

are therefore probability distributions with support
supp A\, C {1,2,..., R}, i=1,2. (5.4.50)

Recall from (|5.4.45)) that || = %,uﬁ—gp,g on{1,2,..., R}. Comparing the coefficients
in || = S + gug with the corresponding coefficients in the defining equations for
A1 and Ay, where 0 < 0 < £/2 by (5.4.46)), we conclude that A1, Ay € [¢"|¢], [¢]/"]
on {1,2,..., R} for some constant ¢” = ¢’(¢) € (0,1). In view of (5.4.44)), we arrive
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at

CIC/// 1
)‘i )] € m ) 17 )
‘ ( )| (t+ 1)2 9c t/\/T C'C/”(t—i— 1)2 9c t/\/F:|
i=1,2; t=1,2,...,R. (5.4.51)
Continuing,

l—e (1= 1 )
orth((1 —&)\g + X2 — A;) = orth (2 15 ( 5 Mo~ 5 + iug))

1—e¢

=orth ( 2-
or ( T 5¢>

> /T, (5.4.52)

where the first step follows from the defining equations (5.4.47)—(5.4.49)), the second

step uses , and the final step is a restatement of .

We are now in a position to verify the claimed properties of Ay, A1, A2 in the theorem
statement. Property follows from (5.4.47|), whereas property is im-
mediate from (5.4.50) and . The remaining properties and

for small enough constants c1,cs € (0,1) now follow from (5.4.51)) and (5.4.52)), re-
spectively. O

We are now in a position to construct our desired dual polynomial for the Minsky—

Papert function.
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THEOREM 5.27. For some absolute constants ci,cs € (0,1) and all positive integers

m and r, there are probability distributions Ay, A1 such that

X@m
C2 .
A; € conv (%* (r, c1,—, 1 , 1=0,1, (5.4.53)

vr

supp A; € (MP}, )71 (i), i=0,1, (5.4.54)

orth(A; — Ag) > min{m, c;\/7}. (5.4.55)

The last two properties in the theorem statement are equivalent, in the sense of linear
programming duality, to the lower bound deg, (MP}, ) > min{m, c¢;\/r} and can be
recovered in a black-box manner from many previous papers, e.g., [90}, 114, 122|. The

key new property that we prove is (5.4.53|), with the newly established Lemma

playing an essential role.

Proof of Theorem [5.27. Take e = 1/2 and R = r in Lemma and let A\g, A1, Ay be
the resulting probability distributions. Let

Ao= _E A7 NP7
SC{1,2,...,m}
|S] odd
— \®@m
Al — )\1 .

Then (5.4.53) is immediate from (5.4.39)), whereas (5.4.54) follows from ([5.4.37))
and (5.4.38)). To verify the remaining property ([5.4.55)), rewrite

AO — 2—m+1 Z )\83)5 . /\§§§

SC{1,2,...,m}
|S] odd

1 1.\ 1 1.\
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Observe that
orth(A; — \;) > 1, ij=0,1,2, (5.4.56)
which can be seen from (\; — A;,1) = (\;, 1) — (A\;,1) =1 —1=0. Now

Orth(Al — AO)

1 1.\®™" 1 1.\®™"
= OI‘th ()\?m — (5)\0 + 5)\2) + (—5)\0 + 5)\2> )
_ o 1.\ 1 1.\®™"
> min < orth [ A7™ )\0 + 5/\2 ,orth —5)\0 + 5)\2
1 1 1 1.\®"

> Z - _Z Z

min {orth ()\1 2 ~ 3 ) ,orth ( 2)\0 + 2)\2) }

1 1

2> ,morth (—§A0 + 5)\2> }
2> 7m}

where the last four steps are valid by Proposition [5.7(i), Proposition [5.7(iii)|, Propo-
sition [5.7(ii)], equation ([5.4.56)), and equation ([5.4.40|), respectively. O

= {orth Al —

= min {orth ()\1
m

> min{c\/7,

l\’)l}—k [\')I»—k
[\DI)—* [\:>|>—l

2

5.4.3. Hardness amplification for threshold degree and beyond. We now
present a blackbox transformation that takes any given circuit with threshold de-
gree n'~¢ into a circuit with polynomially larger threshold degree, Q(nl_l%s). This
hardness amplification procedure increases the circuit size additively by n®® and the
circuit depth by 2, preserving membership in AC®. We obtain analogous hardness
amplification results for a host of other approximation-theoretic complexity measures.

For this reason, we adopt the following abstract view of polynomial approximation.

Let Iy, I, I, be nonempty convex subsets of the real line, i.e., any kind of nonempty
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intervals (closed, open, or half-open; bounded or unbounded). Let f: X — {0,1, %}
be a (possibly partial) Boolean function on a finite subset X of Euclidean space.
We define an ([, I1, I..)-approximant for f to be any real polynomial p that maps
F7Y50), 741, f~H(*) into Iy, Iy, I, respectively. The (I, I, I.)-approvimate de-
gree of f, denoted degy, 1, ;.(f), the least degree of an ([, I1, I.)-approximant for

f. Threshold degree corresponds to the special case

degi = deg(O,oo),(—oo,O),(—oo,oo) : (5457>

Other notable cases include e-approximate degree and one-sided e-approximate degree,

given by

degs - deg[—s,s},[l—g,l-&-s},[—5,1—}—5]7 (5458)

deg! = deg_ (5.4.59)

€,e],[1—€,00),(—00,00)

respectively. Our hardness amplification result applies to (ly, I1, I, )-approximate de-
gree for any nonempty convex Iy, [1, I, C R, with threshold degree being a special

case. The centerpiece of our argument is the following lemma.

LEMMA 5.28. Let ¢,d, " > 0 be the absolute constants from Theorem [5.27 Let

n,m,r,d,0 be positive integers such that

0 > 2d, (5.4.60)

4enm(1 + In(nm))
> o2 ;

6> 2" (dlog <8mf”") + 2) . (5.4.62)
C C

Then for each z € {0,1}", there is a probability distribution A, on N"™ such that:

(5.4.61)

(i)  the support of A, is contained in (ITi (MPy, ) 7 (20)) | <26-4nms
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(ii)  for every polynomial p: R™ — R of degree at most d, the mapping z — Ej_p

is a polynomial on {0,1}"™ of degree at most W - deg p.

Proof. Theorem [5.27] constructs probability distributions Ay and A; such that

" ®@m
A; € conv (%*(r, ¢, % 1) ) : i=0,1, (5.4.63)

supp A; € (MP}, )7'(4), i=0,1, (5.4.64)

orth(A; — Ag) > min{m, c\/r}. (5.4.65)

As a result, the probability distributions A, = Q). A, for z € {0,1}" obey

/" Xnm
C conv (% (7", d, %, 1) ) . (5.4.66)

By (5.4.60)—(5.4.62), (5.4.66)), and Corollary [5.25| there are probability distribution

A.: N" — R for z € {0,1}" such that

supp Az C (Supp Az) |<29+nm7 (5467)

orth(A, — A,) > d, (5.4.68)

We proceed to verify the properties required of A,. For it follows from (|5.4.64|)

and that each A, has support contained in (IT= (MP;, )7 (2:)) | <26-4nm- For
let p be any polynomial of degree at most d. Then guarantees that E5_p =
E,. p, where the right-hand side is by and Proposition a polynomial in
z € {0,1}" of degree at most degp/ orth(A; — Ag) < degp/ min{m, c¢\/r}. O
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At its core, a hardness amplification result is a lower bound on the complexity of
a composed function in terms of the complexities of its constituent parts. We now

prove such a composition theorem for (Iy, Iy, I, )-approximate degree.

THEOREM b5.29. There is an absolute constant 0 < ¢ < 1 such that

X . cl
degfo,h,f*((f o MP7 )|<¢) > min {cm deg[@,fl,l*(f)a m — n} ,
X . cl
deglo,ll,l* ((fo _‘MPm>|S9) > min {cm deg[g,h,l* (f), m — n}

for all positive integers n,m, 0, all functions f: {0,1}" — {0, 1, %}, and all nonempty

conver sets Iy, I, I, C R.

As a practical matter, note that the left-hand sides of the inequalities in Theorem [5.29
are monotonic functions of m. Therefore, the theorem implies that (f o MP} )|<s and

(f o =MP; )|<¢ have (1o, I1, I)-approximate degree at least

cl
. /d b .
max min {cm egr,.n.1.(f); m! log(n + m') n}

Proof of Theorem [5.29. Negating a function’s input has no effect on the (Io, Iy, I.)-
approximate degree, so that f(zy,xs,...,2,) and f(-zy, "xe,...,7x,) both have
(o, I, I..)-approximate degree deg;, 5, ;. (f). Therefore, it suffices to prove the lower
bound on degy, ., ((f @ MP},)| <) for all f.

Let ¢ € (0,1) be an absolute constant that is sufficiently small relative to the constants
in Lemma W For < % -nmlog(n + m), the lower bounds in the statement of
the theorem are nonpositive and therefore trivially true. In the complementary case

0 > % -nmlog(n + m), Lemma applies to the positive integers n',m’,r’, d’, @',
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where

n =n,
!/

m =m,
/

r = m?,

J - cl
mlog(n+m) |
We thus obtain, for each z € {0,1}", a probability distribution A, on N"™ such
that: O

(i) the support of A, is contained in (T, (MP:,) ™" (2:))|<o;
(ii) for every polynomial p: R™ — R of degree at most d’, the mapping z —

Ej;_p is a polynomial on {0,1}" of degree at most # - deg p.

Proof. Now, let p: R™ — R be an (1o, I, I.)-approximant for (foMP} )|<s of degree
at most d'. Consider the mapping p*: z — Ejz_p, which we view as a polynomial
in z € {0,1}". Then (i) along with the convexity of Iy, I, I, ensures that p* is an
(o, I, I..)-approximant for f, whence degp* > deg;, 1, ;. (f). At the same time, (ii)

guarantees that degp* < # - deg p. This pair of lower and upper bounds force

degp > cm deglo,ll,]* (f)

Since p was chosen arbitrarily from among (ly, [1, I, )-approximants of (f o MP} )|<p

that have degree at most d’, we conclude that

degy, 1, 7.((f o MPy,)|<p) > min{em degy, 1, 1. (f), d' +1}

' cl
> min {cm degy, 1,1 (f); m} . -
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The previous composition theorem has the following analogue for Boolean inputs.

THEOREM 5.30. Let 0 < ¢ < 1 be the absolute constant from Theorem [5.29, Let
n,m, N be positive integers. Then there is an (explicitly given) transformation
H: {0, 1} — {0,1}", computable by an AND-OR-AND circuit of size (Nnm)°W
with bottom fan-in O(log(nm)), such that for all functions f: {0,1}" — {0, 1, %} and

all nonempty convex sets Iy, I, I, C R,

. cN
degy, r,.r,(f o H) > min {Cm degr, 1,.1.(f), 50m log®(n + m) — n} log(n +m),
degy, 1,7.(f 0 ~H) = min { cm degy, .. (), o log(n +m)
e 0 min < cm de , —n ¢ log(n +m).
810,11,1. = 810,11,1. 50m logQ(n +m) g

Proof. As in the previous proof, settling the first lower bound for all f will automat-
ically settle the second lower bound, due to the invariance of (Iy, I, I,)-approximate
degree under negation of the input bits. In what follows, we focus on f o H.

We may assume that N > 50mn log?®(n +m) since otherwise the lower bounds in the

theorem statement are nonpositive and hence trivially true. Define

0— N
~ | 50log(n+m) |

Theorem m gives a surjection G': {0, 1}6¢Mos(rm+1)1 _ N*"|_ with the following

two properties:

(i) for every coordinate ¢ = 1,2,...,nm, the mapping x — ORy(G(x);) is com-
putable by an explicit DNF formula of size (nm#)°® = N with bottom
fan-in O(log(nm));

(ii)  for any polynomial p, the map v — Eg-1¢, p is a polynomial on N""|<4 of degree

at most (degp)/[log(nm + 1) + 1] < (degp)/log(n + m).
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Consider the composition F' = (f o MP}, 4) o G. Then

F = (fo(AND,, 0 OR%)) 0 G

= f o ((AND,, o OR;,...,AND,, 0 OR;) o G),

which by property (i) of G means that F' is the composition of f and an AND-OR-
AND circuit H on 66[log(nm + 1)] < N variables of size (nmN)°M) = NO with

bottom fan-in O(log(nm)). Hence, the proof will be complete once we show that

cN
" 50mlog*(n +m

degy, 7, 7, (F) > min {cmdeglo’h,l*(f) ] — n} log(n 4+ m).

(5.4.69)
For this, fix an (I, I1, I,)-approximant p for I’ of degree deg;, ; ; (F'). Consider the
polynomial p*: N""|<y — R given by p*(v) = Eg-1¢,) p. Since Iy, I;, I, are convex

and p is an (o, I1, I.)-approximant for ' = (f o MP} ,) o G, it follows that p* is an
(o, I, I..)-approximant for (f o MP}, ,)|<g. Therefore,

degp® > degy, 1, 1.((f o MP;}, 5)|<p)
> deg[@,h,l*((f o MP;,)|<0)

‘ cl
> min {cm degy, 1,.1.(f), W N n}

cN
> ] de ) - ’
> min {cm 810,11, 1. (f) 50m, 10g2(n +m) n}

where the second step is valid because MP;, , contains MP, = MP}, . as a subfunc-

tion, and the third step is legitimate by Theorem m However, property (ii) of G
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states that

degp
degp* < ———————
8P = log(n +m)

_ degfo,fl,l* (F)
log(n+m)

Comparing these lower and upper bounds on the degree of p* settles (|5.4.69)). O

At last, we illustrate the use of the previous two composition results to amplify

hardness for polynomial approximation.

THEOREM 5.31 (Hardness amplification). Let Iy, I, I. C R be any nonempty convex

subsets. Let f: {0,1}" — {0,1} be a given function with

el

degy, 1, 1.(f) = n'"x,

for some real number k > 1. Suppose further that f is computable by a Boolean circuit
of size s and depth d, where d > 1. Then there is a function F: {0,1} — {0,1} on

N = O(n'*# log?n) variables with

deg F Q —Nlikil
e > .
Io,h,h( ) - logl_kil N

o(1)

Moreover, F is computable by a Boolean circuit of size s + n bottom fan-in

O(logn), depth d + 2 if the circuit for f is monotone, and depth d + 3 otherwise.
Proof. Take
m = [n*],

1
N = [% mnlogz(n+m)—‘ :
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where 0 < ¢ < 1 is the absolute constant from Theorem [5.29. Then Theorem [5.30)
gives an explicit transformation H: {0,1}" — {0,1}", computable by an AND-OR-
AND circuit of size n®") with bottom fan-in O(logn), such that

min{deglo,h,l*(f o H), deglo,ll,l*<f o-H)}

cN
" 50mlog*(n +m

zmin{cmdegIOJlJ*(f) ) —n}log(n—l—m)

> cnlogn

NYm
=0 —— .
logt™®1 N

Now, fix a circuit for f of size s and depth d > 1. Composing the circuits for f and
H results in circuits for f o H and f o =H of size s + n°"), bottom fan-in O(logn),
and depth at most d + 3. Thus, F' can be taken to be either of f o H and fo—-H.

When the circuit for f is monotone, the depth of F' can be reduced to d+ 2 as follows.
After merging like gates if necessary, the circuit for f can be viewed as composed of
d layers of alternating gates (A and V). The bottom layer of f can therefore be
merged with the top layer of either H or —H, resulting in a circuit of depth at most
d+3—-1=2. O

We emphasize that in view of (5.4.57)), the symbol deg; ; ; in Theorems [5.29:5.31
can be replaced with the threshold degree symbol deg,. The same goes for any other

special case of (I, I1, I.)-approximate degree.

5.4.4. Threshold degree of surjectivity. We start with the simplest applica-
tion of our amplification theorem, in which the outer function f is the identity map

f:{0,1} — {0,1} on a single bit.
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THEOREM 5.32. For any integer m > 1,
e (MP},| <o) = Q).

Proof. Let f:{0,1} — {0, 1} be the identity function, so that deg, (f) = 1. Invoking
Theorem with n = 1 and # = [m?logm], one obtains the claimed lower bound.
0

Theorem [5.32/has a useful interpretation. For positive integers n and r, the surjectivity
problem is the problem of determining whether a given mapping {1,2,...,n} —
{1,2,...,r} is surjective. This problem is trivial for > n, and the standard regime
studied in previous work is r < ¢n for some constant 0 < ¢ < 1. The input to the

"X ywith precisely

surjectivity problem is represented by a Boolean matrix x € {0, 1}
one nonzero entry in every column. More formally, let eq, es, ..., e, be the standard

basis for R". The surjectivity function SURJ,,,.: {e1,€a,...,¢e,}" — {0, 1} is given by

SURJ, (21, 22, ..., xy) = /\ \n/x”

j=1i=1
It is clear that SURJ, (%1, 22,...,2,) is uniquely determined by the vector sum
x1+xo+---+x, € N|,. It is therefore natural to consider a symmetric counterpart of

the surjectivity function, with domain N"|, instead of {eq, e, ..., €, }". This symmetric

version is (AND, o OR;,)[,, = MP} |,,, and Proposition ensures that

deg, (SURJ,,) = deg (MP; |,). (5.4.70)

T

The surjectivity problem has seen much work recently [15, 126] [33], 39]. In par-
ticular, Bun and Thaler [39] have obtained an essentially tight lower bound of
Q(min{r,/n/logn}) on the threshold degree of SURJ,, in the standard regime
r < (1 —Q(1))n. As a corollary to Theorem we give a new proof of Bun and
Thaler’s result, sharpening their bound by a polylogarithmic factor.
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COROLLARY 5.33. For any integersn >1r > 1,

n—r
) . _on-r 1Y) 4.71
eg.(SURJ,,) > (mm {T’ \/1 +log(n —7) }) e
Proof. Define

We may assume that ' > 1 since ((5.4.71]) holds trivially otherwise. The identity

MP:/JL(ZL‘l, To, ... ,ZL‘T/)

,r,l

=MP! |z, 20, .20, L1, .. L1+ —(r—7") =) xz
B PRI R SR 5

r—r/—1 i=1

holds for all (x1, 2, ...,2y) € N”|<_(r_p), whence

degy (MP:’,n|§n—(r—r’)) < degy (MP:,n |n)- (5.4.73)

Now

degi(SURJn,r) = deg:ﬁ:<MP:,n‘n)
> degi<MP:’,n|§n—(T—T’))
> degy (MP, 2| <2 10g7)

Z Q(T/>7

where the four steps use (5.4.70), (5.4.73), (5.4.72)), and Theorem [5.32} respectively.

O

5.4.5. Threshold degree and discrepancy of AC°. We now turn to our main

result on the sign-representation of constant-depth circuits. For any € > 0, the

next theorem constructs a circuit family in AC” with threshold degree Q(n'~¢). The
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proof amounts to a recursive application of the hardness amplification procedure of

Section [5.4.3

THEOREM 5.34. Let k > 1 be a fized integer. Then there is an (explicitly given)
family of functions { fr,}2,, where fin: {0,1}" — {0,1} has threshold degree

deg(fin) = 02 (n% - (log n)‘ﬁ(%“'%) (5.4.74)
and is computable by a monotone Boolean circuit of size n®Y and depth k. In addition,

the circuit for fi, has bottom fan-in O(logn) for all k # 2.

Proof. The proof is by induction on k. The base cases k = 1 and k& = 2 correspond to

the families

fin(z) =21, n=1,23,...,

f27n(x>:MPLn1/3Ja n:1,2,3,....

For the former, the threshold degree lower bound ([5.4.74)) is trivial. For the latter, it
follows from Theorem 2.4]

For the inductive step, fix £ > 3. Due to the asymptotic nature of , it is
enough to construct the functions in { fi, }22, for n larger than a certain constant of

our choosing. As a starting point, the inductive hypothesis gives an explicit family

{fr—2n}s, in which fr_o,:{0,1}" — {0,1} has threshold degree
deg,(fian) = @ (ni - (logm) w1 51115) (5.4.75)

and is computable by a monotone Boolean circuit of size n®® and depth k — 2. We
view the circuit for f;_o, as composed of k — 2 layers of alternating gates, where
without loss of generality the bottom layer consists of AND gates. This last property

can be forced by using —fi_a,(—21, %2, ..., x,) instead of fr_o,(x1,xe,. .., xy),
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which interchanges the circuit’s AND and OR gates without affecting the threshold
degree, circuit depth, or circuit size.

Now, let ¢ > 0 be the absolute constant from Theorem [5.29| For every NV larger that
a certain constant, we apply Theorem with

n = {N%(log N)—%H(%H%J—Q(ﬁf) . FCOW : (5.4.76)
m = {Nk%(log N)%M’“z;““%*%ﬂ , (5.4.77)
f = from, (5.4.78)
Io = (0, 00), (5.4.79)
I = (—00,0), (5.4.80)
I, = (—o00,00) (5.4.81)

to obtain a function Hy: {0,1}" — {0,1}" such that the composition Fyy = fj, 2, o
Hy has threshold degree

cN
" 50mlog®(n +m

deg, (Fy) > min {cm degy (fr—2.n) ) - n} log(n 4+ m)

k=3

-0 (NZ% (log N)-%M‘%‘*“%#m)

e (NZ% (log N)—%M%i“’%) , (5.4.82)

where the second step uses (5.4.75)—(5.4.77). Moreover, Theorem ensures that

Hy is computable by an AND-OR-AND circuit of polynomial size and bottom fan-in
O(log N). The bottom layer of f,_o, consists of AND gates, which can be merged
with the top layer of Hy to produce a circuit for Fy = fr_2, 0 Hy of depth (k—2)+
3—1=k.

We have thus constructed, for some constant Ny, a family of functions { Fiv }{_y, in

which each Fy: {0,1}" — {0,1} has threshold degree (5.4.82) and is computable
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by a Boolean circuit of polynomial size, depth k, and bottom fan-in O(log N). Now,
take the circuit for Fiy and replace the negated inputs in it with N new, unnegated
inputs. The resulting monotone circuit on 2N variables computes Fy as a subfunction
and therefore has threshold degree at least that of Fy. This completes the inductive
step. ]

Using the pattern matrix method, we now lift the previous theorem to multiparty

communication complexity.

THEOREM 5.35. Let k > 3 be a fized integer. Let {: N — N be a given function.
Then there is an (explicitly given) family {F,}°,, where F,: ({0,1}™)™ — {0,1}

is an €(n)-party communication problem with discrepancy

k-1
E+L L rhe2q) ke
disc(F,) < 2exp (—Q ((W) . (logn)m(%?szQJ)) (5.4.83)

and communication complexity

ek
|
—

n EHT _ 1 rkh—27 k=2

Moreover, F, is computable by a Boolean circuit of polynomial size and depth k + 2
in which the bottom three layers have fan-in O(logn), O(4“™¢(n)?), and £(n), in that
order. In particular, if £(n) = O(1), then F, is computable by a Boolean circuit of
polynomial size, depth k, and bottom fan-in O(logn).

Proof. Theorem constructs a family of functions {f,}°°,, where f,: {0,1}" —
{0,1} has threshold degree

and is computable by a Boolean circuit of polynomial size, depth k, and bottom fan-in

O(logn). Now, let ¢ > 0 be the absolute constant from Theorem [3.10, For any given
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ANDg(n) if n S 2m,
F, =

fin/m] © NOR,, o ANDy(,) otherwise,

where m = 2[c4“™¢(n)?]. Then the discrepancy bound (3.10)) is trivial for n < 2m,
and follows from ([5.4.85)) and Theorem for n > 2m. The lower bound ([5.4.84]) on

the communication complexity of F), with weakly unbounded error is now immediate
by the discrepancy method (Corollary .

It remains to examine the circuit complexity of F),. Since f, is computable by a
circuit of polynomial size, depth k, and bottom fan-in O(logn), it follows that F, is
computable by a circuit of polynomial size and depth k+ 2 in which the bottom three
levels have fan-in O(logn), O(4“™¢(n)?), and £(n), in that order. This means that
for £(n) = O(1), any gate of the bottom four levels can be computed by a circuit of
polynomial size, depth 2, and bottom fan-in O(logn), which in turn yields a circuit

for F,, of polynomial size, depth (k +2) — 4 + 2 = k, and bottom fan-in O(logn). O

Theorems [5.34] and [5.35] settle Theorems [5.1] and [5.4] respectively, from the introduc-

tion.

5.5. The sign-rank of AC°

We now turn to the second main result of this chapter, a near-linear lower bound on
the sign-rank of constant-depth circuits. To start with, we show that our smoothing
technique from Theorem already gives an exponential lower bound on the sign-
rank of AC. Specifically, we prove in Section that the Minsky—Papert function
MP,,1/5 has exp(—O(n'/3))-smooth threshold degree Q(n'/3), which by Theorem

209



immediately implies an exp(Q(n'/?)) lower bound on the sign-rank of an AC cir-
cuit family of depth 3. This result was originally obtained, with a longer and more

demanding proof, by Razborov and Sherstov [106].

To obtain a near-optimal lower bound of exp(£2(n'~%)), we use a completely differ-
ent approach. It is based on the notion of local smoothness and is unrelated to the
threshold degree analysis. In Section [5.5.2] we define local smoothness and record
basic properties of locally smooth functions. In Sections [5.5.3] and [5.5.4] we develop
techniques for manipulating locally smooth functions to achieve desired global be-
havior, without the manipulations being detectable by low-degree polynomials. To
apply this machinery to constant-depth circuits, we design in Section [5.5.5| a locally
smooth dual polynomial for the Minsky-Papert function. We use this dual object in
Section [5.5.0] to prove an amplification theorem for smooth threshold degree. We ap-
ply the amplification theorem iteratively in Section to construct, for any € > 0,
a constant-depth circuit with exp(—n'~¢)-smooth threshold degree Q(n'~¢). Finally,
we present our main result on the sign-rank of AC? in Section [5.5.8

In the remainder of this section, we adopt the following additional notation. For an
arbitrary subset X of Euclidean space, we write diam X = sup, ..y |z — 2'[, with
the convention that diam @ = 0. For a vector x € Z™ and a natural number d, we
let By(z) = {v € Z" : |v — v| < d} denote the set of integer-valued vectors within
distance d of z. For all z,

|Ba()| = |Ba(0)] < 2¢ <” ; d), (5.5.1)

where the binomial coefficient corresponds to the number of nonnegative integer vec-

tors of weight at most d. Finally, for vectors u,v € N we define cube(u, v) to be the

210



smallest Cartesian product of integer intervals that contains both v and v. Specifically,
cube(u,v) = {w € N" : min{w;, v;} < w; < max{u;,v;} for all i}

= H{min{ui, v b, min{u;, v;} + 1, ..., max{u;, v; }}.
i=1

5.5.1. A simple lower bound for depth 3. We start by presenting a new
proof of Razborov and Sherstov’s exponential lower bound [106] on the sign-rank
of AC®. More precisely, we prove the following stronger result that was not known

before.

THEOREM 5.36. There is a constant 0 < ¢ < 1 such that for all positive integers m

and r,

deg, (MP,, ., 127™ 1) > min{m, c\/r}.

Theorem [5.36is asymptotically optimal, and it is the first lower bound on the smooth
threshold degree of the Minsky—Papert function. As we will discuss shortly, this
theorem implies an exp(€2(n'/?)) lower bound on the sign-rank of AC®. In addition,

we will use Theorem [5.36] as the base case in the inductive proof of Theorem [5.3|

Proof of Theorem [5.30]. It is well-known [93), [99), 137] that for some constant ¢ > 0
and all r, any real polynomial p: {0,1}" — R with ||p — OR,||oc < 0.49 has degree at
least ¢y/r. By linear programming duality [122], Theorem 2.5|, this approximation-

theoretic fact is equivalent to the existence of a function ¢: {0,1}" — R with

¥(0) > 0.49, (5.5.2)
[l =1, (5.5.3)
orthe > c\/r. (5.5.4)
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The rest of the proof is a reprise of Section |5.4.2l To begin with, property
makes it possible to view |¢| as a probability distribution on {0, 1}". Let ug, p1, po be
the probability distributions induced by |¢| on the sets {0"},{z # 0" : () < 0}, and
{z # 0" : ¢(x) > 0}, respectively. It is clear from that the negative part of v
is a multiple of u1, whereas the positive part of ¢ is a nonnegative linear combination
of up and p. Moreover, it follows from (1, 1) = 0 and ||¢||; = 1 that the positive and

negative parts of 1) both have ¢;-norm 1/2. Summarizing,

1= 14

Y= 5 Mo~ 5 + o2 (5.5.5)

for some 0 < § < 1. In view of (5.5.2)), we infer the more precise bound

1
0<d< —. 2.5.6
- 90 ( )

Let v be the uniform probability distribution on {0,1}"\ {0"}. We define

)\0 = Mo, (557)
2 2
A = 1— —— 5.
! 3(1—5)“1+( 3(1—5))“’ (5:5.8)
20 20

It is clear from ([5.5.6]) that A\; and A\, are convex combinations of v, 1, 2 and therefore
are probability distributions with support

supp A; € {0,1}"\ {0}, i=1,2, (5.5.10)
whereas

supp Ao = {0"} (5.5.11)

212



by definition. Moreover, ((5.5.6) implies that

A > -, i=1,2. (5.5.12)

| =

The defining equations ((5.5.7)—(5.5.9) further imply that

2. 1 4
Mot A — A =
g0 T3 T AT 5Ty

which along with ((5.5.4]) gives

v,

2 1

With this work behind us, define

1/2 1\ 1/ 1 1\ 1
A== (24 =0) —=(=2r+2A e,
2(3“32) 2(3°+32> oM

213



Multiplying out the tensor products in the definition of A and collecting like terms,

we obtain
1 2151 — (—1)Isl s 1
A== ) 3+))\§?S-)\§®S+§)\?m (5.5.14)

SC{1,2,....,m

C(L2,m)
1 2|S| ®S ®S 1 ®m

> > ST AT oA
SC{1,2,...,m}
S#2

V4
[—
o
3| =
>~
°o®
n
VR
e
c
~~
®
0
+
N | —
VR
o
c
~_
®
3

vV
| —
o
3| =
>
R
n
N
| =
c
~_
®
193]

1 m
(12 ] 27“) 1({071}r)m, (5515)

where the third step uses (5.5.12). In particular, A is a nonnegative function. We

™11 10 AT 1,
)\27> —§<—§)\0+§)\271> +§<)\1,1>

1 1
2 3
1 1 ™o
_ - 1)™
2< )\0+3)\27 > +2<)\1, )
Ly
2
=1,

further calculate

)\o—i-

DO | —

(5.5.16)

which makes A a probability distribution on ({0,1}")™
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It remains to examine the orthogonal content of A - (—1)MPm.r We have

1 9IS _ (_1)IS| ~
N P LN
SC{1,2,...,m}
S4o

1
+ 5)\?”1 . (—1)Mpm”

1 2181 — (—1)ISl < 1
== Z #)\?S.)\?S_ﬁ)\?m

3m
SC{1,2,....,m}
S#£D
1/2 1. \®" 1/ 1 1. \®" 1
S e VT | B (N VI _Z)\®m
2<3°+32) 2<3°+32> 27t

where the first step uses (5.5.14)); the second step uses ((5.5.10)) and ([5.5.11)); and the

final equality can be verified by multiplying out the tensor powers and collecting like

terms. Now

orth(A - (—1)MPW)
_ 1/2 1.\ 1
= min {orth (5 (g)\o —+ g)\g) — §Ai®m> ’
1/ 1 1.\
th| —= [ —=\ =\

) 2 1 1 1
Z min {orth (g)\o —+ g)\g — )\1) ,morth <—§)\0 —+ 5)\2) }

1 1
> min {c\/F, morth (—5/\0 + g)\g) }

> min{c\/r, m},

where the first step applies Proposition ; the second step applies Proposi-
tion the third step substitutes the lower bound from ([5.5.13)); and the last
step uses (=g + A, 1) = — (g, 1) + (A3, 1) = =1+ 1 = 0. Combining this conclusion
with and completes the proof. 0
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We now lift the approximation-theoretic result just obtained to a sign-rank lower

bound, reproving a result of Razborov and Sherstov [106].

THEOREM 5.37 (Razborov and Sherstov). Define F,: {0,1}" x {0,1}" — {0,1} by
F,, = AND, 13 0 OR,,2/s o ANDs,.

Then
rky (F,) > 220",

Proof. Theorem [5.36| states that
deg. (AND, 1/s 0 OR, 23, exp(—c'n/?)) > ¢'nl/?

for some absolute constants ¢, ¢” > 0 and all n. This lower bound along with Theo-

rem implies that the composition

Hn = ANDnl/:a 9 ORn2/3 o ORZ[ (%)—I 9 AND2

exp

has sign-rank rky(H,) = exp(Q2(n'/?)). This completes the proof because for some

integer constant ¢ > 1, each H,, is a subfunction of F,. O

5.5.2. Local smoothness. The remainder of this chapter focuses on our
exp(Q(n'~*¢)) lower bound on the sign-rank of AC®, whose proof is unrelated to the
work in Section [5.5.1] Central to our approach is an analytic notion that we call local
smoothness. Formally, let $: N” — R be a function of interest. For a subset X C N”

and a real number K > 1, we say that ® is K-smooth on X if

|®(x)] < K=& (2")| for all z, 2" € X.

216



Put another way, for any two points of X at distance d, the corresponding values of ®
differ in magnitude by a factor of at most K. For any set X, we let Smooth (K, X) de-
note the family of functions that are smooth on X. The following proposition collects
basic properties of local smoothness, to which we refer as the restriction property,

scaling property, tensor property, and conical property.
PROPOSITION 5.38. Let K > 1 be given.

(i) If & € Smooth(K, X) and X' C X, then & € Smooth(K, X’).
(i) If ® € Smooth(K, X) and a € R, then a® € Smooth(K, X).
(iii)  Smooth(K, X) ® Smooth(K,Y) C Smooth(K, X x Y).
) If®, ¥ € Smooth(K, X) and &,V are nonnegative on X, then cone{®, U} C
Smooth(K, X).

(iv

Proof. Properties and are immediate from the definition of K-smoothness.
For [(iil)], fix (z,y), (2/,y’) € X x Y arbitrarily. Then

[@(2)¥(y)| < K@) K1 (y)]

= KIE0=EDl 0y (y),

where the first step uses the K-smoothness of ® and W. Finally, for , let a and b

be nonnegative reals. Then

a®(z) + bV (z)| = a|®(z)| + b|¥(z)|
< aK" @ (2")] + b || W (2)]

= K*=la® (') + bW ()|

for all x, 2’ € X, where the second step uses the K-smoothness of ® and V. O
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We will take a special interest in locally smooth functions that are probability distri-
butions. For our purposes, it will be sufficient to consider locally smooth distributions
whose support is the Cartesian product of integer intervals. By way of notation, for an
integer n > 1 and a real number K > 1, we let &(n, K) denote the set of probability
distributions A such that:

(i) A is supported on [] {0,1,2,...,r;}, for some r1,79,...,r, € N;
(i) A is K-smooth on its support.

Analogous to the development in Section [5.4.1], it will be helpful to have notation for
translates of distributions in &(n, K). For A > 0, we let &(n, K, A) denote the set of
probability distributions A € ©(N"™) such that A(ty,...,t,) = A (t1 —ay, ..., tn —ay)
for some fixed A’ € S(n, K) and a € N"|<a. As a special case, S(n, K,0) = &(n, K).
Specializing Proposition to this context, we obtain:

PROPOSITION 5.39. For any n’,n”,A', A" K, one has
S(n',K,A")@&(n", K,A") C &(n'+n', K,A"+ A").

Proof. The only nontrivial property to verify is K-smoothness, which follows from

Proposition [5.38(iii)} O

5.5.3. Metric properties of locally smooth distributions. If A is a locally
smooth distribution on X = [[_,{0,1,2,...,7;}, then a moment’s thought reveals
that A(x) > 0 at every point € X. In general, local smoothness provides one with
considerable control of the metric behavior of X, making it possible to prove nontrivial
upper and lower bounds on A(S) for various sets S C X. We now record two such

results, as regards our work on the sign-rank on AC°.
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PROPOSITION 5.40. Let A be a probability distribution on X = [[_,{0,1,2,...,7;}.
Let 0 and d be nonnegative integers with 0 > d. If A is K-smooth on X|<gy, then

Al < 50" 7)Ao

Proof. Consider an arbitrary vector © € X|<p. By definition, the components of
are nonnegative integers that sum to at most 6. By decreasing the components of x
as needed, one can obtain a vector 2’ with

x’ c X ’SQ,d,
r <z,

|z" — x| < d.

In particular, the K-smoothness of A implies that
Az) < KUA(a)).

Summing on both sides over z € X|<y, we obtain

A(X|<p) < KA (X|<p-q) H)}?X Hz € X|<p: 2z >12" and |z — 2| < d}|
x'e -

<0—d

< KUA(X|<g—q) max {z € N": 2 > 2" and |z — 2| < d}|
- x/e n

+d
:KdA(X|§9d)<n j ) 0

PROPOSITION 5.41. Let A be a probability distribution on X = [;_,{0,1,2,...,7;}.

Let 6 and d be nonnegative integers with

1 .
d< 5 min {9, erz} : (5.5.17)
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If A is K-smooth on X|<g, then

MGt < 250200 (M Ao\ i)

for every u € X.

Proof. Fix u € X for the rest of the proof. If |u| > 6 + d, then X|<g \ By(u) = X|<p
and the statement holds trivially. In what follows, we treat the complementary case

|u] < 6+ d. Here, the key is to find a vector v’ with

lu—u'| =d+1, (5.5.18)

u' e X’Sg. (5519)

The algorithm for finding u' depends on |ul, as follows.

(i) If |u| > d, decrease one or more of the components of u as needed to obtain a
vector u' whose components are nonnegative integers that sum to exactly |u| —
d—1. Then (5.5.18) is immediate, whereas follows in view of |u| < 64d.

(i) If |u| < d, the analysis is more subtle. Recall that v € [[;_,{0,1,2,...,7;}
and therefore |(r1,...,7n) —u|l = Y 1 — Ju| > Y. r; —d > d, where the last
step uses . As a result, by increasing the components of u as necessary,
one can obtain a vector v’ € [[,{0,1,2,...,r;} with |[o/| = |u| + d + 1. Then
property is immediate. Property follows from |u/| = |u|+d+1 <
2d + 1 < 6 + 1, where the last step uses (5.5.17)).

Now that u’ has been constructed, apply the K-smoothness of A to conclude that for

every x € X|<p N By(u),

Az) < KPP IA(u))
< Klw—u\+|u—u’|A(ul)

< KA (W), (5.5.20)
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where the last step uses ((5.5.18]). As a result,

A(X]<o N Ba(uw)) < | X|<o N Ba(u)| K*A)
< |Ba(u)| K> A(u')
< |Ba(u)| K**"'A(X|<p \ Ba(w))

< 2¢ (” ZzL d) K2 A (X |<p \ Ba(u)), (5.5.21)

where the first inequality is the result of summing (5.5.20]) over z € X |<pN By(u); the

third step uses (5.5.18) and (5.5.19)); and the last step applies (5.5.1). To complete
the proof, add A(X|<g \ Ba(u)) to both sides of (5.5.21]). O

5.5.4. Weight transfer in locally smooth distributions. Locally smooth
functions exhibit great plasticity. In what follows, we will show that a locally smooth
function on []},{0,1,2,...,7;} can be modified to achieve a broad range of global
metric behaviors—without the modification being detectable by low-degree polynomi-
als. Among other things, we will be able to take any locally smooth distribution and
make it globally min-smooth. Our starting point is a generalization of Lemma [5.16]

which corresponds to taking v = 0" in the new result.

LEMMA 5.42. Fiz points u,v € N" and a natural number d < |u — v|. Then there is

a function (,,: cube(u,v) — R such that

supp Cup C {u} U {x € cube(u,v) : |z —v| < d}, (5.5.22)
Cuo(u) =1, (5.5.23)
1Gunll < 1+2d(|“;”’>, (5.5.24)
orth ¢, > d. (5.5.25)
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Proof. Abbreviate u* = (Ju; — vq], |ug — val, ..., |up — v,|). Lemma constructs a

function (,+: N* — R such that

supp ( C {u*} U{x e N": 2 <" and |z| < d}, (5.5.26)
Cur(u*) =1, (5.5.27)
1Curh < 1+ 2"('5'), (5.5.28)
orth (,» > d. (5.5.29)

Define (,,: cube(u,v) — R by

Cuw(®) = Cur(Jz1 — 01|, |22 — w2, ..o, |T0 — V4.

Then (5.5.22) and (5.5.23) are immediate from (5.5.26) and ([5.5.27)), respectively.
Property (5.5.24)) can be verified as follows:

”CU,’UHI = Z Cu*(

z€cube(u,v)

1 — v, |2 — e, ..., T — vn))

where the last step uses (5.5.28)). For ((5.5.25)), fix an arbitrary polynomial p of degree

at most d. Then at every point x € cube(u,v), we have

p(l‘) :p((xl - 1)1) + U, (In - Un) +Un)
= p(sgn(uy — v1)|xy — v + 01, ..., sen(u, — )T — va| + vy)

ZQ(|J;1_U1|;"'7|IH_UW,|); (5530)
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where ¢ is some polynomial of degree at most d. As a result,

<§u,vap> = Z Cu*( T — U1|7 ey |xn - Un|)p(x)
xEcube(u,v)
= > Gellm =l z —val) gz — vl |20 — val)

xEcube(u,v)

= 3 G (w) qlw)

weN™:
w<u*

= <Cu*> q>

=0,

where the second, fourth, and fifth steps are valid by (5.5.30), (5.5.26)), and (5.5.29)),

respectively. O

Our next result is a smooth analogue of Lemma [5.42] The smoothness offers a great
deal of flexibility when using the lemma to transfer weight from one region of N” to

another, in a way that cannot be detected by a low-degree polynomial.

LEMMA 5.43. Let X = []-,{0,1,2,...,r;}, where each r; > 0 is an integer. Let 0

and d be nonnegative integers with

1 n
d < gmin{e,;n}.
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Let A be a probability distribution on X|<g. Suppose further that A is K-smooth on

X|<p. Then for every u € X, there is a function Z,: N* — R with

Zy(u) =1, (5.5.31)
orth Z, > d, (5.5.32)
1 Zu]]1 < 9d <d1am({u}dU supp A)) 11, (5.5.33)
3 /9
L@@Hgfﬂvéﬂw?gd)(mwme““mAdA@% v#u.
(5.5.34)

Proof. We have

1= A(X|<p)

+d
< oM A

n+d

< 9d+1 fr3d+1
- d

) A(X oo\ Bau), (5.5.35)

where the last two step apply Propositions [5.40] and [5.41] respectively.
We now move on to the construction of Z,. For any v € X|<g_q \ Ba(u), Lemma[5.42]

gives a function (,,: N* = R with

supp Cup C X|<p U{u}, (5.5.36)
Cuw(u) =1, (5.5.37)
orth ¢y, > d, (5.5.38)
Canlls < 2d<|u P ”') +1. (5.5.39)
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The last inequality can be simplified as follows:

feaully < 2 (P DY

< o <diam({u}du supp A)) Y (5.5.40)

where the first step uses v € X|<y, and the second step is legitimate because A is

a K-smooth probability distribution on X|<4 and therefore A # 0 at every point of

X|<p. Combining ((5.5.37) and (5.5.40)),

diam({u} Usupp A)) .

<21
eanllo < 280

(5.5.41)

We define Z,,: N* — R by

1
A = RV By 2 )

vEX|<g_q\Ba(u)

which is legitimate since A(X|<g—q\ Ba(u)) > 0 by (5.5.35). Then properties (5.5.31)),
, and for Z, are immediate from the corresponding properties ,
(5.5.3), and of Cuw-

It remains to verify (5.5.34). Fix z # u. If ¢ X|<p, then implies that
Z,(x) = 0 and therefore holds in that case. In the complementary case when
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x € X|<p, we have

A(v)
2= 2 AT\ Bt )

= A(v)
) UGXSGZd\Bd(u): A(X|<g-q \ Ba(u)) |Cu(2))]

fo—a|<d
KA\(x) adiam({u} Usupp A)
: U€X|<§;\Bd(u): A(X|<g-a \ Ba(u)) ’ ( d )
lv—z|<d
afn+dy KA (z) o (diam({u} Usupp A)
(") s 2 d )

where the first step applies the triangle inequality to the definition of Z,; the second
step uses (9.5.36) and x # w; the third step applies the K-smoothness of A and

substitutes the bound from ([5.5.41)); and the final step uses (5.5.1)). In view of (5.5.35)),
this completes the proof of (5.5.34]). O

We now show how to efficiently zero out a locally smooth function on points of large
Hamming weight. The modified function is pointwise close to the original and cannot

be distinguished from it by any low-degree polynomial.

LEMMA 5.44. Define X = [[-,{0,1,2,...,r;}, where each r; > 0 is an integer. Let

0 and d be nonnegative integers with

d < g (5.5.42)
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Let &: X — R be a function that is K-smooth on X|<g, with ®|<p # 0. Then there is
®: X — R such that

orth(® — @) > d (5.5.43)
supp ® € X|<o, (5.5.44)
= d\? (di D)\ ||
1D — | < 93d+1 prdd+1 (n + ) < iam(supp )) | ®]>0]1 D]
d d |®]<oll1

on Xl|<g.  (5.5.45)

Proof. 1f 6 > >"" | r;, the lemma holds trivially for ® = &. In what follows, we treat
the complementary case 6 < Y r;. By (5.5.42),

1 n
d< gmin{ﬁ,;ri}.

Since ® is K-smooth on X|<y, the probability distribution A on X|<y given by A(z) =
|®(x)]/||®|<o||1 is also K-smooth. As a result, Lemma [5.43) gives for every u € X a
function Z,: X — R with

Zu(u) =1, (5.5.46)
3 .
|Z, ()] < 2301 [ (" + d) (dlam({u} U supp A)> [P(x)]
d d [®]<oll1
for x #u, (5.5.47)
orth Z, > d, (5.5.48)
Supp Zu € Xl<o U {u}. (5.5.49)
Now define
b=0- ) oz,
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Then (5.5.43)) is immediate from (5.5.48)). To verify (5.5.44]), fix any point x € X|~g.
Then

B(r) = B() = > Bu)Zu(a)

u€X|so

where the last two steps use (5.5.49) and ([5.5.46|), respectively.
It remains to verify (5.5.45) on X |<p:

@B < Y O(u)|Z)

u€X|>p:
P(u)#£0
+d\? /diam(supp D) |D|
< 93d+1 prdd+1 <n ) ( d(u) -
: a ¢ ) 2 PR
u >0t
®(u)#£0
3 .
— 93d+1 prdd+1 (” + d> (d1am(supp @)) [P[>all B
d d [[<olls
where the second step uses (5.5.47)). 0

For technical reasons, we need a generalization of the previous lemma to functions
on [[_ {Ai, A;+1,...,A; +r;} for nonnegative integers A; and r;, and further to
convex combinations of such functions. We obtain these generalizations in the two

corollaries that follow.

COROLLARY 5.45. Define X = [} {Ai, Aj+1,...,A;+r;}, where all A; and r; are

nonnegative integers. Let 6 and d be nonnegative integers with

1 n
d<§<9—;Ai>.
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Let &: X — R be a function that is K-smooth on X|<g, with ®|<p # 0. Then there is
a function ®: X — R such that

orth(® — @) > d, (5.5.50)
supp ® € X|<o, (5.5.51)
= d\* /di P)\ ||®
| — | < 23+ i+l (n - ) < iam (supp )) [P]>0ll1 B
d d [®]<oll1

on Xl|<g.  (5.5.52)

Proof. Abbreviate X' = []7_,{0,1,2,...,r;} and ¢ =60 —>_" | A;. In this notation,

/

< 3. (5.5.53)

Consider the function ®: X’ — R given by ®'(z) = ®(x + (A1, Ay...,A,)). Then
any two points u,v € X’'|<p obey
P ()] = |@(u+ (A1, Ay, Ay))
< KM@ (v + (AL Ay, AY))]
= K"le'(v),

where the second step uses the K-smoothness of ® on X |<y As aresult, &’ is K-smooth

on X'|<g. Moreover, ||®'|<¢|l1 = ||P|<p|l1 > 0. In view of (5.5.53)), Lemma gives

a function a function ®: X’ — R such that

orth(®’' — &) > d,

supp @ C X'|<q,
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and

3 .
1@ — §'| < 231 et (n + d) (dlam(supp @’)) 195011 @

d d 197|<or I
_ o3+l pddt1 (n + d)3(diam(supp <I>)> [@]>0ll1 |’
d d [[<6llx

on X'|<gr. As a result, (5.5.50)(5.5.52) hold for the real-valued function ®: X — R
given by ®(z) = ®'(z — (A1, Ag, ..., A)). O

COROLLARY 5.46. Fix integers A,d,0 > 0 and n > 1, and a real number 9, where

5 €10,1),

1
d<-(0—-A).
<5(0-4)

Then for every
A € conv(S(n, K,A)N{A € D(N") : N'(N"|5g) < 0}),
there is a function A: N* — R such that

orth(A — A) > d,

supp AC N"|<g Nsupp A,

. d\* (di AN 6
|A_A| < 23d+1K4d+1 (ng_ ) < 1am(SdUpp )>m A on Nn|§€

Proof. Write A out explicitly as
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for some positive reals Ay,..., Ay with > X\, = 1, where A; € &(n,K,A) and
A;(N"|sg) < 6. Then clearly
supp A = Usupp A;. (5.5.54)
i=1

Fori=1,2,..., N, Corollary constructs A;: N* — R with

orth(A; — A;) > d, (5.5.55)
supp A; € N"| g, (5.5.56)
3 .
A — ]\i’ < 93d+1 frad+1 n+d diam(supp A;)\ 6 A,
d d 1—-6

on N"|<p,  (5.5.57)

supp A; C supp A;. (5.5.58)

In view of (5.5.54)(5.5.58), the proof is complete by taking A = 37N A, O

Our next result uses local smoothness to achieve something completely different.
Here, we show how to start with a locally smooth function and make it globally min-
smooth. The new function has the same sign pointwise as the original, and cannot
be distinguished from it by any low-degree polynomial. Crucially for us, the global

min-smoothness can be achieved relative to any distribution on the domain.

LEMMA 5.47. Define X = [[_,{0,1,2,...,7;}, where each r; > 0 is an integer. Let

0 and d be nonnegative integers with

1 n
d < gmin{ﬁ,;n}.
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Let ®: X|<g — R be a function that is K-smooth on X|<g. Then for every probability
distribution A* on X|<g, there is ®*: X|<g — R such that

orth(® — &%) > d, (5.5.59)
0% < 2|®]]1, (5.5.60)
O P* >0, (5.5.61)
—1
4\’ (di P
Proof. It ® = 0, the lemma holds trivially with ®* = ®. In the complementary case,
abbreviate
N = 93d+1 prad+1 (n + d) ’ (diam(SUPp q)))
d d '

We will view |®|/||®||; as a probability distribution on X|<y. By hypothesis, this
probability distribution is K-smooth on X|<y. In particular, X|<y C supp |P| =
supp ®. Therefore, Lemma m gives for every u € X|<y a function Z,: X|<y — R

with
Zo(u) =1, (5.5.63)
N

1Zull < 5 + 1, (5.5.64)
o

| Zu(z)| < N - M, T # 1, (5.5.65)
1211

orth Z, > d. (5.5.66)

Now, define ®*: X|<p — R by
o — o4 120 > sign(®(u)A*(u)Z,.
N

UEX‘SQ
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Then ((5.5.59) follows directly from ([5.5.66]). For (5.5.60)), we have:

' [l ‘
127l < 1l + Y MW Zlh

’U/EX‘SQ
|2 (N .
< LI L, .
<o+ 12 (T 1) Y A
UGX‘SQ

3N +2
= d
< 2[|@[[s,

(5.5.67)

where the second step uses (5.5.64])). The remaining properties (5.5.61]) and (5.5.62])

can be established simultaneously as follows: for every = € X|<y,

—_—

sign(®(z)) - &*(x)

= |®(z
u€EX|<g
190 4oy o :
> |B(2)] + T A (2) Zo(w) > Nz
ueu);!;g:
= fo(a) 4 120 pra) - I2I S 2,0
ueu);lfg:
ol .9l :
> [b(a)] + T AT () — T |¢||1 ; A%
uFtx
= fo(a)| + 121 xe (@) — o)) (1 - ()
ol .
> M),

where the third and fourth steps use (5.5.63)) and (5.5.65|), respectively.
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5.5.5. A locally smooth dual polynomial for MP. As Sections
show, local smoothness implies several useful metric and analytic properties. To tap
into this resource, we now construct a locally smooth dual polynomial for the Minsky—
Papert function. It is helpful to view this new result as a counterpart of Theorem
from our analysis of the threshold degree of AC®. The new proof is considerably more

technical because local smoothness is a delicate property to achieve.

THEOREM b5.48. For some absolute constant 0 < ¢ < 1 and all positive integers

m,r, R with r < R, there are probability distributions Ao and Ay such that

supp Ag = (MP},, 2)~'(0), (5.5.69)
supp Ay = (MP}, 5) (1), (5.5.70)
orth(Ag — Ay) > min{m, c\/r}, (5.5.71)
AO + A1 m m
~— € Smooth <?{0’1’2"”’R} ) (5.5.72)
1
Ay, A1 € conv ({)\ €6 (1, -, 1) :
c
1 om
At) < teN . 5.5.73
W) < Snyegers forte } ) (5:5.73)

Our proof of Theorem repeatedly employs the following simple but useful crite-
rion for K-smoothness: a probability distribution \ is K-smooth on an integer interval
I ={ii+1,i+2,...,7}if and only if the probabilities of any two consecutive integers

in I are within a factor of K.
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Proof of Theorem [5.48. Abbreviate ¢ = 1/6. For some absolute constants ¢, ¢’ €
(0,1), Lemma constructs probability distributions Ag, A1, As such that

supp Ao = {0}, (5.5.74)
supp\; = {1,2,..., R}, i=1,2, (5.5.75)
At ¢ ! =12 t=12,....R,  (5.5.76)
’L( ) S t220//t/\/;7 C/t22c//t/\/; ) 1= 1,2 L R ) ( g

orth((1 —&)Xg +eXa — ;) > /T (5.5.77)

We infer that

o € 6(1, K), (5.5.78)

A€ G(LK, 1), (5.5.79)

N € 6(1, K, 1), (5.5.80)
(I—e)dg+eX € S(1,K), (5.5.81)

L ot e, Km) (5.5.82)

m+1 m+1
for some large constant K = K(c,¢”) > 1. Indeed, (5.5.78) is trivial since \q is the
single-point distribution on the origin; ((5.5.79) holds because by (|5.5.75)) and ([5.5.76]),

the probabilities of any pair of consecutive integers in suppA; = {1,2,..., R} are

the same up to a constant factor; and (5.5.80)—(5.5.82)) can be seen analogously, by

comparing the probabilities of any pair of consecutive integers. Combining ((5.5.78)—
(5.5.82) with Proposition [5.39, we obtain

{)\0,)\1,)\2}®m - G(m, K, m), (5583)
(1 =2)Ag +eX)?™ € &(m, K), (5.5.84)

1 wm
(m Aot m”l 1)\1) € &(m, Km). (5.5.85)
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The proof centers around the dual objects Wy, Wy: {0,1,2,..., R}"™ — R given by

1 om
xpl:( Ao+ —— )\1> —oApm

m+1 m+1

and
Uy = 2((1 —&)Xg + M) ¥ — 2(—eXg + eXg)®™
1 m wm
- — ((1- .
(m+1)\0+m+1(( 8))\0+€)\2))
The next four claims establish key properties of ¥; and Ws. O

CLAIM 5.49. U, satisfies

pos ¥y € cone({ g, A1 }E\ {AF"}), (5.5.86)
neg ¥U; € cone{\{™}, (5.5.87)
1 1 m o

|0y < A A < |Wq. 5.0.88
5| 1|_(m+10+m+11) < Wl (5.5.88)

CLAIM 5.50. W, satisfies

pos Uy € cone({Ag, Ao }®™ \ {A\"}), (5.5.89)
neg Uy € cone{ A5}, (5.5.90)
1

CLAIM 5.51. Wy and ¥y satisfy

supp(pos ¥;) = (MP;;, 2)~'(0), i=1,2, (5.5.92)

supp(neg ¥;) = (MP}, z)~'(1), i=1,2. (5.5.93)

CLAIM 5.52. orth(U; 4+ Ws) > min{m, ¢'\/r}.
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Proof. We will settle Claims [5.495.52] shortly, once we complete the main proof.
Define

2
Ao = pos(Vy + Wy),
[Pl + [[Wall2
A1 = neg(\lfl + \112),
[Pl + [[Wall2

where the denominators are nonzero by ([5.5.88|). We proceed to verify the properties

required of Ay and A; in the theorem statement.

SUPPORT. Recall from Claim that the positive parts of ¥, and W, are sup-
ported on (MP,*%R)_l(O). Therefore, the positive part of Uy + Wy is supported on
(MP}, 2)7(0) as well, which in turn implies that

supp Ag = (MP}, )~ (0). (5.5.94)

Analogously, Claim [5.51] states that the negative parts of ¥y and W, are supported
on (MP}, z)7'(1). As a result, the negative part of ¥y + W, is also supported on
(MP;, )~*(1), whence

supp Ay = (MP}, 2) 7' (1). (5.5.95)

ORTHOGONALITY. The defining equations for Ay and A; imply that

2
W1l + [[Wall1

AO — Al = (\Ijl + \II2>7
which along with Claim forces

orth(Ag — Ay) > min{m, ¢v/r}. (5.5.96)
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NONNEGATIVITY AND NORM. By definition, Ag and A; are nonnegative functions.
We calculate
[Aollr = [[Ad]lr = (Ao, 1) — (A4, 1)
= (Ao — Ay, 1)

=0, (5.5.97)

where the first step uses the nonnegativity of Ay and A;, and the last step ap-

plies (5.5.96]). In addition,

2
[ Aollr + [[A1]l1 = ([l pos(¥y + Wa)|1 + || neg(¥y + Wa)l|1)
[Pl + [Pl
2
= ||‘I’1 + ‘I’2||1
[Pl + [Pl
_9 (5.5.98)

where the last step uses Claim [5.51} A consequence of ((5.5.97) and (5.5.98)) is that

IAoli = ||A1]]1 = 1, which makes Ay and A; probability distributions. In view

of (5.5.94) and (}5.5.95)), we conclude that
A € D((MP;, )~ (4)), i=0,1. (5.5.99)

In particular,

Ao+ Ay

5 €9({0,1,2,...,R}"™). (5.5.100)
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SMOOTHNESS. We have

Ao +Ar [0+ Uy
2 W11 + [[Wall1
! 0|+ = 0| (5.5.101)
= 1 21, .0.
W11 + [[Wallx [W1lls + [y

where the first step follows from the defining equations for Ay and A;, and the second

step uses Claim [5.51] Inequality (5.5.88)) shows that at every point, |¥| is within
a factor of 5 of the tensor product <m+r1)‘0 + -m-X1)®™ which by (5.5.85) is K'm-

m+1
smooth on its support. It follows that || is 5Km-smooth on {0,1,2,..., R}". By an

analogous argument, (5.5.91)) and (5.5.84)) imply that |¥s| is 3K-smooth (and hence
also 5Km-smooth) on {0,1,2,..., R}™. Now (5.5.101)) shows that $(Ag + A1) is a

conical combination of two nonnegative 5K m-smooth functions on {0,1,2,..., R}™.
By Proposition [5.3§(iv)),
Ag+ A
0; L € Smooth(5Km, {0,1,2,..., R}™). (5.5.102)

Aot+Ay
2

Having examined the convex combination , we now turn to the individual dis-

tributions Ag and A;. We have
2
[Pl + [ Wal|x

2
AR

€ cone({ Ao, A1, A2 }5™),

Ao = pos(Wy + Wy)

(pos(¥y) + pos(¥2))
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where the first equation restates the definition of Ay, the second step applies (5.5.92)),
and the last step uses ((5.5.86)) and (5.5.89). Analogously,

2
[Pl + [[Wall2
- 2

[Pl + [[Wall2

€ cone({AT™, A7™"}),

A= neg(Vy + Us)

(neg(W1) + neg(Vs))

where the first equation restates the definition of A;, the second step applies (5.5.93)),
and the last step uses (5.5.87)) and (5.5.90). Thus, Ag and A; are conical combina-

tions of probability distributions in {Ag, A1, A2 }®™. Since Ay and A; are themselves

probability distributions, we conclude that

AQ, Al S COHV({)\(), )\1, )\2}®m)‘

By (5.5.74)(5.5.76),

1
C”/(t + 1)2 2t //T

Ai(t) <

(teN;i=0,1,2)

for some constant ¢ > 0. The last two equations along with ((5.5.78)—(5.5.80) yield

Ao, A1 € conv ({)\ €e6(1,K,1):

1

<
)\(t) —_ C///<t—|— 1)2 26///t/\/F

®m
for t € N} ) . (5.5.103)

Now (5.5.04)(5.5.96), (5.5.102), and (5.5.103) imply (5.5.69) (5.5.73) for a small

enough constant ¢ > 0. O

We now settle the four claims made in the proof of Theorem

240



Proof of Claim [5.49. Multiplying out the tensor product in the definition of ¥; and

collecting like terms, we obtain

w=— (2— ()Y ae
m—+1

S| m—|S|
1 m =
E _ _ ADS L \®S .5.104
+ }(m+1) (m+1> 0 ! (55 O)

SC{1,2,....m
S#D

Recall from (5.5.74) and (5.5.75) that Ay and \; are supported on {0} and
{1,2,..., R}, respectively. Therefore, the right-hand side of ([5.5.104)) is the sum of

2™ nonzero functions whose supports are pairwise disjoint. Now ([5.5.86)) and ([5.5.87))
follow directly from ([5.5.104]). One further obtains that

_ _ m " ®m
wi= (2= (7))

LT Cm N s es
_ _ AP NS
+ Z (m+1) (m+1) 0 !

SC{1,2,....,m}
S#+2

From first principles,

1 m wm m "
A A = ——] O™
(m+1 C—— 1> <m+1> !

1 |S| m m—|S| ®S ®§
_ _ ASZ A\
+ Z (m—i—l) (m+1) 0 !

SC{1,2,....,m}
S#@
Comparing the right-hand sides of the last two equations settles ((5.5.88|). O
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Proof of Claim [5.50, Multiplying out the tensor powers in the definition of ¥y and

collecting like terms, we obtain

m " my®m S S
Uy = — (m—ﬂ) EMATT Y s AT ASS (5.5.105)
SC{1,2,....,m}
S#2
where the coefficients aq, as, . . ., a,, are given by

e (s (152 (335))
- (aa (2) - (Ba) (7))

€ [%(1 —e)e™ ", 3(1 — s)ism—’] . (5.5.106)

As in the proof of the previous claim, recall from (5.5.74]) and ([5.5.75)) that A\g and
A2 have disjoint support. Therefore, the right-hand side of (5.5.105)) is the sum of 2™

nonzero functions whose supports are pairwise disjoint. Now ([5.5.89)) and (5.5.90)) are

immediate from (5.5.106)). The disjointness of the supports of the summands on the

right-hand side of ((5.5.105)) also implies that

m " m m S
|Wy| = (m—-‘rl> € )\89 + Z |a\s\|)\6®s . )\5@5'
SC{1,2,....,m}
S#o

In view of (5.5.106)), we conclude that |Ws| coincides up to a factor of 3 with the

function

D (1= e)Flem NG AGT = ((1— )Xo +eXg) ™

SC{1,2,...,m}

This settles (5.5.91])) and completes the proof. O
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Proof of Claim [5.51] Recall from (5.5.74) and (5.5.75) that suppy = {0} and
supp Ay = supp Ay = {1,2,..., R}. In this light, ((5.5.86))—(5.5.88) imply

supp(pos ¥;) C (MP;‘n’R)’l(O),
supp(neg ¥;) C (MP;R)_l(l),

supp(W1) = (MP}, )~ (0) U (MP}, z) (1),

respectively. Analogously, (5.5.89)—(5.5.91)) imply

supp(pos ¥s) C (MP}, z)~*(0),
supp(neg ¥y) C (MP}, z)7'(1),
supp(¥y) = (MP}, z) 7" (0) U (MP}, 5)~'(1).

Since the support of each ¥; is the disjoint union of the supports of its positive and

negative parts, (5.5.92)) and (5.5.93)) follow. O

Proof of Claim [5.52] Write ¥ + ¥y, = A+ B 4 C, where

1 wm 1 wm
A_( )\O—l- m )\) —< A +L((1—8))\0+8>\2)> s

m+1 m—i—l1 m—|—10 m+1

B =2((1 =)Ao +eX)®" — 227,

C = —2(—eXg +eX)®".
As a result, Proposition [5.7(1)| guarantees that

orth(¥, + ¥y) > min{orth A, orth B, orth C'}. (5.5.107)
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We have

1 m
orth A Z orth <(m+1/\0+ m+1)\1)

_< 1 )\0+L((1—5))\0+8)\2)>)

m+1 m+1

— orth (-Ll(u — ) o+ Xy — )\1))

m +

> dr, (5.5.108)

where the first step uses Proposition [5.7(iii), and the last step is a restatement
of (5.5.77)). Analogously,

orth B > orth(((1 — €)A\g + €Xa2) — A1)

>V, (5.5.109)

where the first and second steps use Proposition [5.7(iii)| and (5.5.77)), respectively.
Finally,

orth C = orth((—eXg + £Xg)®™)

= morth(—e\g + €2)

> m, (5.5.110)

where the second step applies Proposition |5.7(ii)} and the third step is valid because
(—eXo+eNa, 1) = —e(No, 1) (Ao, 1) = —e 4+ = 0. By (5.5.107)—(5.5.110)), the proof

is complete. U

5.5.6. An amplification theorem for smooth threshold degree. We have

reached the technical centerpiece of our sign-rank analysis, an amplification theorem
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for smooth threshold degree. This result is considerably stronger than the amplifica-
tion theorems for threshold degree in Section [5.4.3] which does not preserve smooth-
ness. We prove the new amplification theorem by manipulating locally smooth dis-
tributions to achieve the desired global behavior, an approach unrelated to our work

in Section 5.4.3l A detailed statement of our result follows.

THEOREM 5.53. There is an absolute constant C > 1 such that

positive integers n,m,r, R, 0 with R > r and 6 > Cnmlog(2nm);
real numbers v € [0, 1];

functions f:{0,1}" — {0, 1};

probability distributions A* on {0,1,2,..., R}™"|<p; and

positive integers d with

1 0
< = mi 5.111
15 Gmin {mdeg.(f2), VFdeg(7.2), otk (510
one has:
orth((—1)7MPm.r . A) > d, (5.5.112)
A >y (CnmR)™3 A* (5.5.113)

for some A € ©({0,1,2,..., R}™|<p).

Proof. Let 0 < ¢ < 1 be the constant from Theorem [5.48 Take C' > 1/c to be a

sufficiently large absolute constant. By hypothesis,

0 > Cnmlog(2nm). (5.5.114)
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Abbreviate

X =1{0,1,2,..., R}"™,

§ = 270/, (5.5.115)

The following inequalities are straightforward to verify:

1
d< 3 min{f — nm,nmR}, (5.5.116)
1+1
g > Senm Jg n(nm)) (5.5.117)
23d+1 /4 d\* (nmR\ 6 1
4d+1 3
gt (3" (- d\' (nmRY _ (CnmR)™ (5.5.119)
c d d - 4

For example, ((5.5.116)) holds because d < nm/C by (5.5.111)) and 8 > C'nmlog(2nm)
by (5.5.114). Inequalities (5.5.117)—(5.5.119)) follow analogously from ([5.5.111)
and (5.5.114)) for a large enough constant C'. The rest of the proof splits neatly

into four major steps.
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STEP 1: KEY DISTRIBUTIONS. Theorem [5.48| provides probability distributions Ag

and A; such that

supp A; = (MP}, 5) 7' (4), i=0,1, (5.5.120)
orth(Ag — Ay) > min{m, c\/r}, (5.5.121)
Ao + A1 m m
~— € Smooth (z,{0,1,2,...,R} ) (5.5.122)
1
Ay, A1 € conv ({)\ €6 (1, -, 1) :
C
1 o
A(t) < fort € N . 5.5.123
0% e Pt e ) (55.123)

Consider the probability distributions
AZ = ®AZ” S {O, 1}n
i=1

Then

1 1 g
A, € conv ({)\ €6 (LE, 1> tA(t) < i+ 1)2 2 for t € N} )

1 ®Xmn
C conv (‘5(1,—,1) N
c
1 ®Xmn
AeDN): A1) < fort € N
{reD00 a0 < g for e}

®mn
,1) N {A e D) ANTLL) < 209/@@})

ol

C conv (6 (1,
C conv (6 (1,

C conv (e (nm, 1,nm) A{A € DIN™) : A(N™|) < 5})  (5.5.124)

ol

,1) o N{A € D(N™) : A(N"|54) < 6})
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where the first step uses (5.2.1]) and (5.5.123)); the third step is valid by (5.5.117)) and
Lemma |5.20; the fourth step is a substitution from ((5.5.115)); and the last step is an

application of Proposition [5.39

STEP 2: RESTRICTING THE SUPPORT. By (j5.5.116)), (5.5.124)), and Corollary |5.46}|

there is a real function /~XZ: N — R such that

orth(A, — A,) > d, (5.5.125)
supp A, € N"™| g, (5.5.126)
supp A, C supp A, (5.5.127)

and

- 23441 /1 d\® (diam(supp A,)\ 0 -
‘AZ_AZ‘SW( d ) ( d )1——5AZ on N ‘39.

In view of (5.5.118)) and diam(supp A,) < nmR, the last equation simplifies to
~ 1
A, — A, < §AZ on N | . (5.5.128)

Properties (5.5.126) and (5.5.128)) imply that A, is a nonnegative function, which

along with (5.5.125)) and Proposition implies that A, is a probability distribution.
Combining this fact with (5.5.120)), (5.5.126[), and (5.5.127)) gives

A, eD (Nnmgg N ﬁ(MijR)l(z,-)> , 2 e {0, 1), (5.5.129)

=1

In particular, the A, are supported on disjoint sets of inputs.

STEP 3: ENSURING MIN-SMOOTHNESS. Recall from (5.5.129)) that each of the prob-

ability distributions A, is supported on a subset of X |<p. Consider the function
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®: X|<p — R given by

o=2" Y (-1)/PA.

z€{0,1}m

Again by (5.5.129)), the support of A, is contained in H?Zl(MP%R)*I(zi). This means
in particular that f o MP; . = f(z) on the support of A, whence

(—1)/ DR, = (—1)fMPhr . A, (5.5.130)

everywhere on X |<p. Making this substitution in the defining equation for ®, we find

that
(=1)/MPrr . ® > 0, (5.5.131)
The fact that the A, are supported on pairwise disjoint sets of inputs forces

Bl =27 > A (5.5.132)

z€{0,1}m

and in particular
|®]; = 1. (5.5.133)
We now examine the smoothness of ®. For this, consider the probability distribution

A=2" 3  AL (5.5.134)

z€{0,1}m

Comparing equations ((5.5.132)) and ([5.5.134)) term by term and using the upper bound
(5.5.128)), we find that [A — |®|| < 1A on X|<p. Equivalently,

1 3
FA<IP < TA on Xl (5.5.135)
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But

1 1o\
A={=Ao+=A
(% 2%)
m ©n
€ Smooth (—, {0,1,2,..., R}m>
c
m
C Smooth (—, {0,1,2, ... ,R}m"> , (5.5.136)
c
where the last two steps are valid by (5.5.122)) and Proposition |5.3§(iii)|, respectively.

Combining (5.5.135)) and (5.5.136]), we conclude that ® is (3m/c)-smooth on X|<.
As a result, (5.5.116) and Lemma provide a function ®*: X|<y — R with

orth(® — ®*) > d, (5.5.137)
127, < 2[|@]1, (5.5.138)
- 2" >0, (5.5.139)

dd+1 3,0 -1
d d P

In view of (5.5.133)), the second property simplifies to

107l < 2. (5.5.141)

Recall that on X|<y, the function ® is (3m/c)-smooth and not identically zero. There-

fore, ® must be nonzero at every point of X|<y, which includes the support of ®*. As

a result, (5.5.131)) and ([5.5.139)) imply that

(—1)foMPmr . p* > 0. (5.5.142)

Finally, using diam(supp ®) < nmR along with the bounds (5.5.119) and (5.5.133)),
we can restate ([5.5.140)) as

|®*| > 4(CnmR)™%A*. (5.5.143)
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STEP 4: THE FINAL CONSTRUCTION. By the definition of smooth threshold degree,

there is a probability distribution p on {0, 1}" such that
Orth((_1>f ’ M) = deg:l:(fa ’7)7
pu(z) >~-27", z € {0,1}".
Define

Ot = Y pu(2)(~1)TPA, — 4D + 7",

ze{0,1}m

The right-hand side is a linear combination of functions on X|<y, whence

Supp((bﬁnal) - X|§9'

Moreover,

1Dnall < D pEIA N+ 18]+ ]9
z€{0,1}m

<1+3y

<4

Y
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where the first step applies the triangle inequality, and the second step uses ((5.5.129)),
(5.5.133)) and (5.5.141)). Continuing,

<_1)fOMP:n’R : (I)ﬁnal

= (1) M | Y T (ulz) =927 (1) PAL 407

z€{0,1}n
= Z (/L(Z) — 727”)(_1)f°MP:n,R . (_1>f(Z)AZ 4 ,y(_l>foMPjn7R . p*
z€{0,1}m
= > (u(z) =92 A, + (07 (5.5.148)
z€{0,1}n
> 7|0
> 4y(CnmR) ™A%, (5.5.149)

where the first step applies the definition of ®; the third step uses ([5.5.130)
and (5.5.142); the fourth step follows from ([5.5.145)); and the fifth step substitutes

the lower bound from (5.5.143). Now

Dpna Z 0 (5.5.150)

follows from ([5.5.148)) if v = 0, and from (5.5.149)) if v > 0.

It remains to examine the orthogonal content of ®g,,;. For this, write

D= 3. n(H)DON+ 3 ()R, - A

ze{0,1}n 2e{0,1}»

+ y(P* — D).
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Then

orth(®gpa) > min ¢ orth Z M(Z)(—l)f(z)Az :
z€{0,1}m

min{orth(A, — A,)}, orth(®* — @)
> min } orth Z w(2) (1), | ,d

> min ¢ orth Z ,u(z)(—l)f(z)®Azi ,d
i=1

z€{0,1}"
> min {orth(p - (—=1)7) orth(A; — Ao),d}
= min{degi(fv 7) min{mv C\/;}, d}

=d, (5.5.151)

where the first step applies Proposition ; the second step follows from ([5.5.125)
and ; the third step is valid by the definition of A.; the fourth step applies
Corollary 5.9} the fifth step substitutes the lower bounds from (5.5.121]) and (5.5.144));
and the final step uses .

To complete the proof, let

A= & . _1)f°Man,R
Hq)ﬁnal”l

where the right-hand side is well-defined by (5.5.150). Then ||A]j; = 1 by defini-
tion. Moreover, ((5.5.146)) and ((5.5.149)) guarantee that A is a nonnegative function

with support contained in X|<p, so that A € ©(X|<p). The orthogonality prop-

erty (5.5.112)) follows from (5.5.151)), whereas the min-smoothness property ((5.5.113)
follows from ([5.5.147)) and ([5.5.149)). 0J

Y
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We now translate the new amplification theorem from N"|<4 to the hypercube, using

the input transformation scheme of Theorem [5.23

THEOREM 5.54. Let C' > 1 be the absolute constant from Theorem [5.53| Fix positive
integers n,m, 6 with 6 > Cnmlog(2nm). Then there is an (explicitly given) transfor-
mation H: {0, 1}60Mes(rm+1)1 5 £0 11" computable by an AND-OR-AND circuit of
polynomial size with bottom fan-in at most 6[log(nm + 1)], such that

deg, (f o H,70~*'") > d[log(nm + 1) + 1], (5.5.152)

deg, (f o =H,v0~%*") > d[log(nm + 1) + 1] (5.5.153)

for all Boolean functions f: {0,1}" — {0,1}, all real numbers v € [0,1], and all
positive integers

1 0
< — mi —_— .
1< gminfmdeea(f.0). o |

Proof. Negating a function’s input bits has no effect on its v-smooth threshold degree
for any 0 < v < 1, so that f(xy,2,...,2,) and f(—z1, ~29,..., x,) both have -
smooth threshold degree deg,(f,~). Therefore, proving for all f will also
settle for all f. In what follows, we focus on the former.

Theorem constructs an explicit surjection G: {0,1}Y — N"|o on N =

660[log(nm + 1)]| variables with the following two properties:

(i) for every coordinate ¢ = 1,2,...,nm, the mapping = — ORy(G(z);) is com-
putable by a DNF formula of size (nmf)°®) = §°0) with bottom fan-in at most
6[log(nm + 1)];

(ii)  for any polynomial p, the map v — Eg-1¢, p is a polynomial on N""|<4 of degree

at most (degp)/[log(nm + 1) + 1].
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Consider the composition F' = (f o MP}, 4) o G. Then

F = (fo(AND,, 0 OR%)) 0 G

= f o ((AND,, o OR;,...,AND,, 0 OR;) o G),

which by property (i) of G means that F' is the composition of f and an AND-OR-
AND circuit H of size (nm#)°®) = §°0) and bottom fan-in 6[log(nm + 1)]. Hence,

the proof will be complete once we show that
deg., (F,v0~%*) > d[log(nm + 1) + 1]. (5.5.154)

Define 7 = m? and R = max{#,r}, and consider the probability distribution on
{0,1,2,...,R}"™ |y = N"|4 given by A*(v) = |G~*(v)|/2". Then Theorem [5.53

constructs a probability distribution A on N"™|-4 such that

orth((—1)/MPmr . A) > d, (5.5.155)

A > 4072 A*, (5.5.156)
In view of R > 0, inequality ([5.5.155|) can be restated as
orth((—1)7MPue . A) > d. (5.5.157)

Define

- 1G_1(v)
A=) A@)-m,

’UGNnm‘Sg
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where 1g-1(,) denotes as usual the characteristic function of the set G~*(v). Clearly,
A is a probability distribution on {0,1}". Moreover,
_ lg-100
)\270 24d A*(’U)—
2 |G=H()]

UEN""”‘SQ

— g 2d Z |G_1(U)‘_ lo-1w)
2V |G (v))]

UEN"""|§9

_ouq Loy
=y {Q—N} (5.5.158)

where the first two steps use (5.5.156)) and the definition of A*, respectively.
Finally, we examine the orthogonal content of (—1)f - A. Let p: R — R be any
polynomial of degree less than d[log(nm + 1) 4+ 1]. Then by property (ii) of G, the

mapping p*: v — Eg-1(,)p is a polynomial on N"™|c4 of degree less than d. As a

result,
<(_]‘)F ' A7p> - <(_1)(fOMP:n’0)OG ' )‘7p>

— Z Z(_l)(foMP;;,e)oG.A.p

vEN"™ oy G—1(v)

_ Z (_1>(foMPi‘n,e)(v) Z Ap

veENT™ |y G—1(v)

— Z (—1)UMPLOOA() E p
G(v)

”L)GN"’"|§9

= (1Mo A, )

=0,

where the last step uses (5.5.157) and degp* < d. We conclude that orth((—1)"-\) >
d[log(nm + 1) + 1], which along with (5.5.158) settles ([5.5.154)). O
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5.5.7. The smooth threshold degree of AC°. We now construct, for any
e > 0, a constant-depth circuit f: {0,1}" — {0,1} with exp(—n'~¢)-smooth thresh-
old degree Q(n'~¢). This result may find applications in future work, in addition
to its use in this chapter to obtain a lower bound on the sign-rank of AC°. The
proof proceeds by induction, with the amplification theorem for smooth threshold
degree (Theorem applied repeatedly to construct increasingly harder circuits.

To simplify the exposition, we isolate the inductive step in the following lemma.

LEMMA 5.55. Let f: {0,1}" — {0,1} be a Boolean circuit of size s, depth d, and

smooth threshold degree

11—« 11—«
n n
de cexp | —c - >)>c"- ,
B (f P ( log” n o log” n

for some real numbers o € [0,1], 5 >0, and ¢, > 0. Then f can be transformed in

polynomial time into a Boolean circuit F: {0,1}¥ — {0,1} on N = O(n'*t*1log*"’ n)

variables that has size s + NOWU | depth at most d + 3, bottom fan-in O(log n), and
smooth threshold degree

Nita N1t
degi <F, exp <—C/ : m)) > C// : m, (55159)

where C',C" > 0 are real numbers that depend on ', " only. Moreover, if the circuit

for f is monotone with AND gates at the bottom, then the depth of F is at most d+ 2.

Proof. Let C' > 1 be the absolute constant from Theorem [5.53. Apply Theorem
with

m = [n®log” n],

0 = [Cmnlog(2nm)],

11—«
7=exp(—c’- nﬁ )
log” n
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to obtain a function H: {0,1}¥ — {0,1}" on N = O(n'**log®*? n) variables such
that the composition F' = f o H satisfies for some C’,C" > 0 that depend
only on ¢, ¢, and furthermore H is computable by an AND-OR-AND circuit of
polynomial size and bottom fan-in O(log N). Clearly, the composition F' = f o H is
a circuit of size s + N°Y | depth d + 3, and bottom fan-in O(log N'). Moreover, if the
circuit for f is monotone with AND gates at the bottom level, then the bottom level
of f can be merged with the top level of H to reduce the depth of ' = f o H to at
most (d+3) —1=d+ 2. O

We now obtain our lower bounds on the smooth threshold degree of AC®. We present
two incomparable theorems here, both of which apply Lemma [5.55 in a recursive

manner but with different base cases.

THEOREM 5.56. Let k > 0 be a given integer. Then there is an (explicitly given)
circuit family {f,}5°,, where f,: {0,1}" — {0,1} has polynomial size, depth 3k,
bottom fan-in O(logn), and smooth threshold degree
/ nliﬁrl " nliﬁrl
degy | fu,exp | ¢ —g— | | =2 —m— (5.5.160)
logQ(k-H) n logQ(k-H) n

for some constants ¢, " > 0 and all n > 2.

Proof. The proof is by induction on k. The base case £k = 0 corresponds to the
family of “dictator” functions = +— x, each of which has 1/2-smooth threshold de-
gree 1 by Fact 2.8/ For the inductive step, fix an explicit circuit family {f,}22, in
which f,: {0,1}" — {0, 1} has polynomial size, depth 3k, and smooth threshold de-

gree ([5.5.160|) for some constants ¢/, ¢” > 0. Then taking a = k—_lH and = % in

Lemmamproduces an explicit circuit family {F,,}2, in which F,,: {0,1}" — {0,1}
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has polynomial size, depth 3k 4+ 3 = 3(k + 1), and smooth threshold degree
i =%
nk+2 nk+2
degi Fn; exp -C". TR > o T ReD)
log2++2) n, log2++2) n,

for some constants C’, C” > 0. This completes the inductive step. O

THEOREM 5.57. Let k > 1 be a given integer. Then there is an (explicitly given)
circuit family { fn}22,, where f,: {0,1}" — {0,1} has polynomial size, depth 3k + 1,
bottom fan-in O(logn), and smooth threshold degree
nlfﬁ nlfﬁ
degy | fo,exp | —¢' - ——— > (5.5.161)
log?+3 n log#+3 n

for some constants ', >0 and all n > 2.

Proof. As with Theorem the proof is by induction on k. For the base case k = 1,
consider the family {g,}>>; in which g,: {0,1}" — {0, 1} is given by

/3] (23

gy =\ N\ =i

=1 j=1
Then
deg_ (gn, 12_L"1/3J_1) = degy (MP 15 |2/ 12_L”1/3J_1)
> enl/3
for some absolute constant ¢ > 0, where the first step is valid because a function’s
smooth threshold degree remains unchanged when one negates the function or its
input variables, and the second step uses Theorem [5.36] Applying Lemma to

the circuit family {g,}:°, with @ = 2/3 and § = 0 yields an explicit circuit family
{G,}22, in which G,,: {0,1}" — {0, 1} has polynomial size, depth 2+ 2 = 4, bottom

259



fan-in O(logn), and smooth threshold degree
3/5 3/5
deg,. (Gn,exp (—C’ . b;%ﬂ)) > . logl%n
for some constants C’, C” > 0. This new circuit family {G,,}>° establishes the base
case.
For the inductive step, fix an integer £ > 1 and an explicit circuit family {f,}7°, in
which f,: {0,1}™ — {0, 1} has polynomial size, depth 3k + 1, and smooth threshold
degree for some constants , ¢’ > 0. Applying Lemma5.55 with a = 2/(2k+
3) and B = k?/(2k + 3) yields an explicit circuit family {F,}°°,, where F,: {0,1}" —
{0,1} has polynomial size, depth (3k+ 1)+ 3 = 3(k+ 1) + 1, bottom fan-in O(logn),
and smooth threshold degree
2k t3 2k13
deg_,. (Fn, exp (—C’”’ . %)) > " %

log 2++5 n log 25" n

for some constants C”, C"" > 0. This completes the inductive step. O

5.5.8. The sign-rank of AC°. We have reached our main result on the sign-
rank and unbounded-error communication complexity of constant-depth circuits. The
proof amounts to lifting, by means of Theorem [3.11} the lower bounds on the smooth
threshold degree in Theorems and to sign-rank lower bounds.

THEOREM 5.58. Let k > 1 be a given integer. Then there is an (explicitly given)
Boolean circuit family {F,}22 ,, where F,,: {0,1}" x {0,1}" — {0, 1} has polynomial

size, depth 3k, bottom fan-in O(logn), sign-rank

rky (F,) = exp (Q <n1_%+1 - (log n)_%ﬁ;)) : (5.5.162)
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and unbounded-error communication complexity
1 1 _ k(k=1)
UPP(E,) = O (n 1 . (log n) 2<k+1>) . (5.5.163)

Proof. Theorem [5.56] constructs a circuit family { f,}3°, in which f,: {0, 1}" — {0,1}
has polynomial size, depth 3k, bottom fan-in O(logn), and smooth threshold de-
gree for some constants ¢’,¢” > 0 and all n > 2. Abbreviate m =
2[exp(4c//c")]. For any n > m, define F}, = f|;,/m| © OR,, 0 AND,. Then is
immediate from and Theorem . Combining with Theorem (3.9))
settles .

It remains to analyze the circuit complexity of F,,. We defined F,, formally as a circuit
of depth 3k + 2 in which the bottom four levels have fan-ins n®®, O(logn), 2m, and
2, in that order. Since m is a constant independent of n, these four levels can be
computed by a circuit of polynomial size, depth 2, and bottom fan-in O(logn). This
optimization reduces the depth of F, to (3k + 2) — 4 + 2 = 3k while keeping the
bottom fan-in at O(logn). O

We now similarly lift Theorem to a lower bound on sign-rank and unbounded-

error communication complexity.

THEOREM 5.59. Let k > 1 be a given integer. Then there is an (explicitly given)
Boolean circuit family {F,}22 ,, where F,: {0,1}" x {0,1}" — {0, 1} has polynomial
size, depth 3k + 1, bottom fan-in O(logn), sign-rank

2
rky (F,) = exp (Q <n1_ﬁ - (log n)‘ﬁ)) 7
and unbounded-error communication complexity

2
UPP(E,) = Q (M‘ﬁ : (1ogn)—%+3> .
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Proof. The proof is analogous to that of Theorem [5.58] with the only difference that

the appeal to Theorem [5.56| should be replaced with an appeal to Theorem [5.5 0

Theorems [5.58 and [5.59] settle Theorems [5.2] 5.3} and [5.5] in the introduction.

5.6. A dual object for OR

The purpose of this section is to prove Theorem[5.17], which gives a dual polynomial for
the OR function with a number of additional properties. The treatment here closely
follows earlier work by Spalek [137], Bun and Thaler [34}, 138, 133], and Sherstov [122,
124]. We start with a well-known binomial identity [68].

FAcT 5.60. For every univariate polynomial p of degree less than n,

t=0

The next lemma constructs a dual polynomial for OR that has the sign behavior
claimed in Theorem but may lack some of the metric properties. The lemma is
an adaptation of [122] Lemma A.2].

LEMMA 5.61. Let ¢ be given, 0 < &€ < 1. Then for some constant ¢ = ¢(e) € (0,1)

and every integer n > 1, there is an (explicitly given) function w: {0,1,2,....,n} - R
such that
1—c¢
w(0) > 5 l|lwll1, (5.6.1)
1
w(t)] < TRV lwlls (t=1,2,...,n), (5.6.2)
(=Dfw(t) >0 (t=0,1,2,...,n), (5.6.3)
orthw > ev/n. (5.6.4)
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REMARK 5.62. It is helpful to keep in mind that properties (5.6.1)—(5.6.4)) are logically
monotonic in c. In other words, establishing these properties for a given constant ¢ > 0

also establishes them for all smaller positive constants.

Proof of Lemma Let A =8[1/e] + 3. If n < A, the requirements of the lemma
hold for the function w: (0,1,2,3...,n) — (1,—1,0,0,...,0) and all ¢ € (0,1/A]. In
what follows, we treat the complementary case n > A.

Define d = |\/n/A] and let S = {1,221} U {i?A : i = 0,1,2,...,d}, so that S C
{0,1,2,...,n}. Consider the function w: {0,1,2,...,n} — R given by

_(_1)Tl+t+\5\+1 n )
w(t) = () IT -
1=0,1,2,...,n:
¢S

Fact [5.60] implies that

orthw >d+1
n
> —. 5.6.5
>\ (56.5)
A routine calculation reveals that
(_1>|{ieS:z‘<t}\ 1—[Z %Z ifte S,
w(t) = S\ e (5.6.6)

0 otherwise.
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It follows that

>1——. (5.6.7)

An analogous application of (5.6.6)) shows that

gt A A'd!d!
w(0)] AR (AH 1) (A=A LA (@ - 1) (d + 1)!
B 8Ad
S (A—=1)2(d+1)
8A
<SGo (5.6.8)
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Finally, for i =1,2,...,d,

Now,

w@A)| _ 5 ' d! d! A
|w(0)] (2A — 1)(i2A — &) Lo (d— i)l (d+ i)l A
2(A+1) dl d!
= iMA =12 (d—i)l(d+1)!
A1) 4 d-1 d—i+1
TAA-1)? d+i d+i—1 d+1
2(A+1) i\
= A(A-1)2 (1_ d+i)
200 +1) i
S A1 o (_d+i)
2(A+1) i
= AA—12 P (_2_
2(A+1) i
< (A1) - eXp (—2 —n/A> : (5.6.9)
[ wD] | W [w(i2D)]
w0 T e T e T W)
A 8A = 2(A+1)
=t <1_Z T T Laasy
B 4\ 8A (A +1)
=1 (1_Z) a1 T A
o2
<13
2
1—¢ (5.6.10)

where the second step uses ((5.6.7)—(5.6.9), and the last step substitutes the definition
of A. Now (j5.6.1)) follows from ({5.6.10). Moreover, for ¢ = ¢(A) > 0 small enough,
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(5.6.4) follows from (5.6.5)), whereas (5.6.2)) follows from (5.6.9)) and the fact that w

vanishes outside the union {1, %} U{*A:i=0,1,2,...

It remains to verify that w has the desired sign behavior. Since w vanishes outside

S, the requirement ([5.6.3) holds trivially at those points. For ¢ € S, it follows from

(5.6.6) that
sgnw(1) = —1,
sgnw(24) = 1,
sgnw(i’A) = (1), i=0,1,2,...,d.

Since A € 47 + 3 by definition, we conclude that sgnw(t) = (—1)" for all ¢ € S. This

settles ([5.6.3]) and completes the proof.

We have reached the main result of this section.

O

THEOREM (restatement of Theorem [5.17)). Let 0 < ¢ < 1 be given. Then for some

constants ¢, " € (0,1) and all integers N > n > 1, there is an (explicitly given)

function ¥: {0,1,2,..., N} — R such that

sen(t) = (1), t=0,1,2,...

d 1
(t+1)2 2c't/\/n’ C’(t—i— 1)2 2c"t/\/n |’

()] €

t=0,1,2,...

’N7

/N,

(5.6.11)
(5.6.12)
(5.6.13)

(5.6.14)

(5.6.15)

Proof. The degenerate case N = 1 holds for the function w : (0,1) — (1/2,—1/2) and

all ¢, ¢” € (0,1/4). In the rest of the proof, we treat the complementary case N > 2.
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For some sufficiently small constant ¢ € (0,1/4) and all n > 1, Lemma and
Remark ensure the existence of a function w: {0,1,2,...,[n/2]} — R such that

lwlh = 1, (5.6.16)
w(0) > % (1 - %) , (5.6.17)
w(t)] < m (t=1,2,....[n/2]), (5.6.18)
(=1)'w(t) >0 (t=0,1,2,...,[n/2]), (5.6.19)
orthw > cv/n. (5.6.20)

For convenience, extend w to all of Z by defining it to be zero outside its original

domain. Define ¥: {0,1,2,..., N} — R by

N—[n/2] (—1)
N .
(=1 ,
+ Z WW(—t + Z) s
i=N—[n/2]+1
where
5e
0= ———.
(1 —¢)
By (5.6.20) and Proposition [5.7(i)}
orth ¥ > cy/n. (5.6.21)
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We now move on to metric properties of W. Multiplying the defining equation for ¥

on both sides by (—1)" and applying (5.6.19)), we arrive at

N—[n/2] . N .

() = Jolt — )| Jw(=t+i)]

e =l®l+o | X Soaat X agav |
i=1 i=N—[n/2]+1

t=0,1,2,...,N. (56.22)
Summing over t gives
M
W] = flells + 52 Wﬂwﬂl

Moo
:1+5;—i220i/ﬁ

1,1+5Z%2]
i=1

_ {1, %} , (5.6.23)

where the second step uses (5.6.16)). We also have

S

U (0) > w(0)

6—c¢
R .6.24
> TR (5.6.24)

where the first and second steps use (5.6.22)) and (5.6.17)), respectively.
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We now estimate |W(t)| for each t = 1,2,..., N. For a lower bound, we have

N—[n/2] . N .
jw(t —4)| w(=t + 1)
|\Ij(t)| - |w(t)| +9 Z 42 9ci//n + Z 72 9ci/\/n
i=1 i=N—[n/2]+1
w(0)]
=0 il

5e 6—¢ 1
2(1—e) 12 @2

(5.6.25)

where the first and last steps use (5.6.22)) and (5.6.17|), respectively. The upper bound
on |U(t)| is somewhat more technical. To begin with, we have the following bound

for every positive integer t:

t—1 t—1

> i 1
 (t — )24 N ~ max{(t — i)?,72} min{(t —1)2,i*}
= (t/12) ti mln{(tiz)Q 2
< ﬁ 2 fjl
= i—i (5.6.26)
Continuing,
ZZ |; é_/zf B t2 2ct/f Z |;u2 ;_/Zf
S odivn 12 Qct/f Z Z2 9ct//n
< m% (1 + 43—7f) , (5.6.27)
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where the second step uses (5.6.16) and (5.6.18)), and the third step substitutes the
bound from ([5.6.26)). Analogously,

4 22 267,/\/7 t2 20t/\f ’LQ 201/f

i=1

1 1
< —
— 2 20t/\f Z t _ Z) 32 9ci/v/n

—tl

1 > 1
<—0 1 -
< s (14 3 )

< 1 2
P ING 1+ o) (5.6.28)

where the second step uses (5.6.16)) and (5.6.18]). Now for every integer ¢t > 1,
|w(® —14)| lw(—t 1)
<
o)< o+ (3200 - )

=1 =

1 4726 72

where the first step is immediate from the defining equation for ¥, and the second step
uses (5.6.18)), (5.6.27), and (5.6.28). To complete the proof, let ¢: {0,1,2,..., N} —
R be given by ¢ = ¥/||[¥||;. Then for a small enough constant ¢ = (¢,e,0) > 0
and ¢ = ¢, properties (5.6.11)—(5.6.15)) follow directly from (5.6.21)—(5.6.25) and
(5.6.29). N

5.7. Sign-rank and smooth threshold degree

The purpose of this section is to prove Theorem [3.11}, implicit in [117), 106]. We
closely follow the treatment in those earlier papers. Sections cover neces-
sary technical background, followed by the proof proper in Section [5.7.3]
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5.7.1. Forster’s bound. The spectral norm of a real matrix A = [A,y]zexyey

is given by
[All = max [[Av],,
veRIYT, [Jol|l2=1
where || - ||2 is the Euclidean norm on vectors. The first strong lower bound on the

sign-rank of an explicit matrix was obtained by Forster [53], who proved that

e () > VXTIV

— Al
for any matrix A = [Ayy]sex yey With 1 entries. Forster’s result has seen a number of

generalizations, including the following theorem due to Forster et al. [54, Theorem 3.

THEOREM 5.63 (Forster et al.). Let A = [Ayyleexyey be a real matriz without zero
entries. Then

VXY
rky(A) > X Y] min |A,,|.

Al e

5.7.2. Spectral norm of pattern matrices. Pattern matrices were introduced
in [114), 116] and proved useful in obtaining strong lower bounds on communication
complexity. Relevant definitions and results from [116] follow. Let n and N be
positive integers with n | N. Partition {1,2,..., N} into n contiguous blocks, each

with N/n elements:

n

R e A

Now, let V(N,n) denote the family of subsets V' C {1,2,..., N} that have exactly one
element in each of these blocks (in particular, |V| = n). Clearly, [V(N,n)| = (N/n)".

For a function ¢: {0,1}" — R, the (N, n, ¢)-pattern matriz is the real matrix A given
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A= |olaly & w)]

ze{0,1}N, (V,w)eV(N,n)x{0,1}" ’

In words, A is the matrix of size 2V by (N/n)"2" whose rows are indexed by strings
x € {0, 1}, whose columns are indexed by pairs (V,w) € V(N,n)x{0,1}", and whose
entries are given by A, (v.w) = ¢(z|v @ w). We will need the following expression for

the spectral norm of a pattern matrix [116, Theorem 4.3].

THEOREM 5.64 (Sherstov). Let ¢: {0,1}" — R be given. Let A be the (N,n,¢)-

pattern matriz. Then

N\" N n o\ 151/2
— N+n | Z_ _
=2 () e L ()"}

5.7.3. Proof of Theorem We are now in a position to prove Theo-
rem |3.11] We will derive it from the following more general result, stated in terms of

pattern matrices.

THEOREM 5.65. Let f: {0,1}" — {0,1} be given. Suppose that deg, (f,~) > d, where
v and d are positive reals. Then for any integer T > 1, the (Tn,n, (—1)7)-pattern

matriz has sign-rank at least vTY?.

Proof. By the definition of smooth threshold degree, there is a probability distribution
won {0,1}" such that

p(z) >~v27", x € {0,1}", (5.7.1)

orth((—1)7 - ) > d. (5.7.2)
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Abbreviate ¢ = (—1)7 - u. Let F and ® denote the (Tn,n, (—1)/)- and (Tn,n, ¢)-
pattern matrices, respectively. By (5.2.3]) and (5.7.2),

»(S) =0, |S] < d. (5.7.3)
The remaining Fourier coefficients of ¢ can be bounded using Proposition
B(5) <2, SC{L2....n). (5.7.4)

Now

y2"
maxs{|¢(S)| T-151/2}

where the first step is valid because F' and ® have the same sign pattern; the second

step uses ((5.7.1) and Theorem [5.63; the third step applies Theorem and the
final step substitutes the upper bounds from ({5.7.3)) and (5.7.4)). O

We have reached the main result of this section.

THEOREM (restatement of Theorem [3.11). Let f: {0,1}" — {0,1} be given. Suppose
that deg (f,~) > d, where vy and d are positive reals. Fix an integer m > 2 and define
F:{0,1}7m x {0,1}™ — {0,1} by F(z,y) = f o OR,, o ANDy. Then

mJ d/2

ke(F) 27 | 5

Proof. The result is immediate from Theorem since the (|m/2|n,n,(—1)f)-

pattern matrix is a submatrix of [(—1)¥@Y)], . O
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CHAPTER 6

Randomized and quantum communication complexity

In this chapter, we discuss our near-optimal separation of randomized and quantum
communication complexity. Our approach is to first prove an optimal separation in
the query model. Then we use the standard machinery to “lift” the separation from

the query model to the communication model.

6.1. Introduction

Understanding the relative power of quantum and classical computing is of basic
importance in theoretical computer science. This question has been studied most
actively in the query model, which is tractable enough to allow unconditional lower
bounds yet rich enough to capture most of the known quantum algorithms. Illustra-
tive examples include the quantum algorithms of Deutsch and Jozsa [50], Bernstein
and Vazirani [18], Grover [69], and Shor’s period-finding [130]. In the query model,
the task is to evaluate a fixed function f on an unknown n-bit input x. In the classical
setting, query algorithms are commonly referred to as decision trees. A decision tree
accesses the input one bit at a time, choosing the bits to query in adaptive fashion.
The objective is to determine f(x) by querying as few bits as possible. The minimum
number of queries needed to determine f(x) in the worst case is called the query
complezity of f. The quantum model is a far-reaching generalization of the classical
decision tree whereby all bits can be queried in superposition with a single query.

The catch is that the outcomes of those queries are then also in superposition, and it
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is not clear a priori whether quantum query algorithms are more powerful than de-
cision trees. The focus of our work is on the bounded-error regime, where the query
algorithm (quantum or classical) is allowed to err with small constant probability on

any given input.

The comparative power of randomized and quantum query algorithms has been stud-
ied for more than two decades. In pioneering work, Deutsch and Jozsa [50] gave a
quantum query algorithm that solves, with a single query, a problem on n bits that
any deterministic decision tree needs at least n/2 queries to solve. Unfortunately,
this separation does not apply to the more subtle, bounded-error setting. This was
addressed in follow-up work by Simon [131], who exhibited a problem with bounded-
error quantum query complexity O(log®n) and randomized query complexity Q(y/n).
These are striking examples of the computational advantages afforded by the quantum

model.

6.1.1. Forrelation and rorrelation. The above results leave us with a fun-
damental question: what is the largest possible separation between bounded-error
quantum and randomized query complexity, for a problem with n-bit input? This
question was raised by Buhrman et al. [30] and, a decade later, by Aaronson and
Ambainis [2], who presented it as being essential to understanding the phenomenon
of quantum speedups. Toward this goal, the authors of [2] obtained both positive and
negative results. They showed, for every constant ¢, that every quantum algorithm

171/215). In

with ¢ queries can be converted to a randomized decision tree of cost O(n
particular, this rules out an O(1) versus 2(n) separation. In the opposite direction,
Aaronson and Ambainis exhibited a problem that can be solved to bounded error
with a single quantum query but has randomized query complexity Q(\/ﬁ) They left

open the challenge of obtaining a separation of O(1) versus (n®) for some o > 1/2.
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In more detail, Aaronson and Ambainis [2] introduced and studied the k-fold for-
relation problem. The input to the problem is a k-tuple of vectors x1,zs,..., 25 €
{—1,1}", where n is a power of 2. Define
1
Oni(x1,29,...,25) =—-1"D,, HD,,HD, ,H --- HD,, 1, (6.1.1)
n
where 1 is the all-ones vector, H is the Hadamard transform matrix of order n,

and D,, is the diagonal matrix with the vector z; on the diagonal. Since each of the

linear transformations H, D, , D,,, ..., D,, preserves Euclidean length, it follows that
|Onk(x1, 22, ..., x)| < 1. Given xq, X9, . .., xk, the forrelation problem is to distinguish
between the cases |, (1,22, ..., 2%)| < a and ¢, (1,22, ..., 2x) > B, where the

problem parameters 0 < a < 8 < 1 are suitably chosen constants. Equation
directly gives a quantum algorithm that solves the forrelation problem with bounded
error and query cost k, where the k£ queries correspond to the k diagonal matrices.
The cost can be further reduced to [k/2] by viewing as the inner product
of two vectors obtained by [k/2] and |k/2] applications, respectively, of diagonal
matrices [2]. Aaronson and Ambainis complemented this with an Q(y/n) lower bound
on the randomized query complexity of the forrelation problem for £ = 2, hence the

1 versus €2(,/n) separation mentioned above.

Building on the work of Aaronson and Ambainis [2], last year Tal [135] gave an
improved separation of O(1) versus (n?3~¢) for bounded-error quantum and ran-
domized query complexities, for any constant € > 0. For this, Tal replaced (6.1.1)

with the more general quantity
1
Onpov(T1, 2o, ..,x) = =17D, UD,,UD,, U ---UD,,1, (6.1.2)
n
where U is an arbitrary but fixed orthogonal matrix. On input zi,x9,..., 2 €

{=1,1}", the author of [135] considered the problem of distinguishing between the
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cases |¢n v (21, T2, ... 21)| <277 Vand ¢, pv(w1, 29, . .., 75) > 275 This problem is
referred to in [135] as the k-fold rorrelation problem with respect to U. The quantum
algorithm of Aaronson and Ambainis, adapted to the arbitrary choice of U, solves
this new problem with [k/2] queries and advantage (27%) over random guessing,
which counts as a bounded-error algorithm for any constant k. On the other hand,
Tal [135] proved that the randomized query complexity of the k-fold rorrelation
problem for uniformly random U is Q(n?*=D/Gk=1 /klogn) with high probability.
While this is weaker than Aaronson and Ambainis’s bound for k = 2, setting k to a
large constant gives a separation of O(1) versus Q(n?/3~¢) for bounded-error quantum

and randomized query complexity for any constant ¢ > 0.

6.1.2. Our results. Prior to our work, Tal’s separation of O(1) versus 2(n?/37¢)
was the strongest known, and Aaronson and Ambainis’s challenge of obtaining an
O(1) versus Q(n'~¢) separation remained open. The main contribution of our work

is to resolve this question.

Separations for partial functions. In what follows, we let f, v denote the k-fold

rorrelation problem with respect to U. We prove:

THEOREM 6.1. Let n and k be positive integers, with k < %logn — 1. Let U € R™"

be a uniformly random orthogonal matriz. Then with probability 1 — o(1),

2 1—-

L (fakw) =9 (% : ”—';k> (6.1.3)

(logn)

R

[N[=yen

forall0 <~y <1/2.

For k£ = 2, this lower bound is the same as Aaronson and Ambainis’s lower bound
for the forrelation problem (which is f,2 g in our notation). For k = 3 already,

Theorem [6.1]is a polynomial improvement on all previous work, including Tal’s recent
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result [135]. Theorem is essentially tight for all k, both even and odd, due to
the matching upper bound Oy (n'='/*) |2, 27] . Since f, 4 has an efficient quantum
protocol for every U (see Section for details), we obtain the following corollary:

COROLLARY 6.2. Let € > 0 be given. Then there is a partial Boolean function f on
(1,1} with

Ryjs(f) = Q(n'™).

This separation of bounded-error quantum and randomized query complexities is best
possible for all f due to the aforementioned result that every quantum protocol with
k queries can be simulated by a randomized query algorithm of cost O(n'~Y/?). In
particular, Corollary shows that the rorrelation problem separates quantum and
randomized query complexity optimally, of all problems f. The following incompara-
ble corollary can be obtained by taking k = k(n) in Theorem [6.1]to be an arbitrarily

slow-growing function, e.g., k = logloglogn:

COROLLARY 6.3. Let a: N — N be any monotone function with a(n) — oo as

n — 0o. Then there is a partial Boolean function f on {—1,1}" with

Us(f) < aln),

Ryjs(f) = n'=o.

Again, this quantum-classical separation is best possible since |2, [27] rules out the

possibility of an O(1) versus n'~°(") gap.

A satisfying probability-theoretic interpretation of our results is that the phenomenon

of quantum-classical gaps is a common one. More precisely, our results show that the
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set of orthogonal matrices U for which f,, v does not exhibit a best-possible quantum-
classical separation has Haar measure 0. Prior to our work, this was unknown for any

integer k > 2.

Separation for total functions. Our results so far pertain to partial Boolean func-
tions, whose domain of definition is a proper subset of the Boolean hypercube. For
total Boolean functions, such large quantum-classical gaps are not possible. In a sem-
inal paper, Beals et al. [13] prove that the bounded-error quantum query complexity
of a total function f is always polynomially related to the randomized query complex-
ity of f. A natural question to ask is how large this polynomial gap can be. Grover’s
search [69] shows that the n-bit OR function has bounded-error quantum query com-
plexity ©(y/n) and randomized complexity ©(n). For a long time, this quadratic
separation was believed to be the largest possible. In a surprising result, Aaronson
et al. [3] proved the existence of a total function f with R{j,(f) = Q( U (£)°).
This was improved by Tal [I35] to R{},(f) > Qff3(f)*/* ). We give a polynomially

stronger separation:

THEOREM 6.4. There is a function f: {—1,1}" — {0, 1} with
Rijs(f) = Q1js(f)~ .

Theorem follows automatically by combining our Corollary with the “cheat-
sheet” framework of Aaronson et al. [3]. Specifically, they prove that any partial

function f on n bits that exhibits an n°™®) versus n'—°()

separation for bounded-error
quantum versus randomized query complexity, can be automatically converted into
a total function with R{j;(f) > Qffs( £)>7°M . A recent paper of Aaronson et al. [4]
conjectures that R?}S( f)=0( ‘fﬁg( f)?) for every total function f, which would mean

that our separation in Theorem [6.4] is essentially optimal. The best current upper
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bound is R(l%( f) = O( (11;3( f)*) due to [4], derived there from the breakthrough

result of Huang [72] on the sensitivity conjecture.

Separations for communication complexity. Using standard reductions, our
quantum-classical query separations imply analogous separations for communication
complexity. In more detail, let f be a (possibly partial) Boolean function on {—1,1}".
For any communication problem ¢g: {—1,1}" x {—1,1}" — {—1,1}, we let fog
denote the (possibly partial) communication problem on ({—1,1}")" x ({—1,1}™)"
given by (f o g)(x,y) = f(g9(x1,v1),9(x2,92),...,9(xn,yn)). Buhrman, Cleve, and
Wigderson [28] proved that any quantum query algorithm for f gives a quantum
communication protocol for f o g with the same error and approximately the same

cost. Quantitatively,

Q.(fog) < QX(f) - O(m +logn), (6.1.4)

where (), denotes e-error quantum communication complexity. Reversing this in-
equality has seen a great deal of work, mainly in the classical setting. In light of

query-to-communication lifting, our main results have the following consequences.

THEOREM 6.5. Let € > 0 be given. Then there is a partial Boolean function F on
{1, 11V x {=1, 1} with

RI/B(F) = Q(Nliz_:)-

Proof. Take f as in Corollary [6.2] and define N = cnlogn and F' = f o IP.jog,,. Then

the communication bounds follow from (6.1.4) and (3.2.1]), respectively. O

Theorem is essentially optimal and a polynomial improvement on previous work.

The best previous quantum-classical separation for communication complexity was
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O(log N) versus Q(N?/37%) implicit in Tal [135] and preceded in turn by other ex-
ponential separations [103), 107, 56]. Similarly, our Corollary translates in a

black-box manner to communication complexity:

THEOREM 6.6. Let a: N — N be any monotone function with o = w(1). Then there

is a partial Boolean function F on {—1,1}" x {—1,1} with

Q1/3(F) < a(N)log N,

Ryjo(F) > N1,

Proof. Take f as in Corollary and define N = cnlogn and F' = f oIP.)og,,. Then

the communication bounds follow from (6.1.4)) and (3.2.1)), respectively. O

Finally, we obtain the following result for total functions.
THEOREM 6.7. There is a function F: {—1,1}¥ x {—=1,1}¥ — {0,1} with
Ry )5(F) > Q1/3(F)370(1)-

Proof. The cheatsheet framework [3] ensures that the quantum and classical query
complexities of f in Theorem [6.4] are polynomial in the number of variables n. With

this in mind, we proceed as before, setting N = cnlogn and F' = f o IP.1os, and

applying (6.1.4) and (3.2.1). O

Again, Theorem is a polynomial improvement on previous work, the best previous

result being a power of 8/3 separation implicit in [135].

Fourier weight of decision trees. It is straightforward to verify that a uniformly
random input x € ({—1,1}")* is with high probability a negative instance of the
rorrelation problem f, ;. With this in mind, Tal [135] proves his lower bound for

rorrelation by constructing a probability distribution D,, ;, ; that generates positive
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instances of f,, x,y with nontrivial probability yet is indistinguishable from the uniform

distribution by a decision tree T of cost n?/3-C01/k)

. His notion of indistinguishability
is based on the Fourier spectrum. Specifically, Tal [135] shows that: (i) the sum of
the absolute values of the Fourier coefficients of T of given order ¢ does not grow
too fast with ¢; and (ii) the mazimum Fourier coefficient of D,, ;. y of order ¢ decays
exponentially fast with ¢. In Tal’s paper, the bound for (ii) is essentially optimal,
whereas the bound for (i) is far from tight. The sum of the absolute values of the

order-¢ Fourier coefficients of a decision tree T, which we refer to as the ¢-Fourier

weight of T', is shown in [135] to be at most

c“\/dt (1 + log kn)t-1, (6.1.5)

where d is the depth of the tree and ¢ > 1 is an absolute constant. This bound is
strong for any constant ¢ but degrades rapidly as ¢ grows. In particular, for ¢ = v/d
already, 1' is weaker than the trivial bound (Z) This is a major obstacle since
the indistinguishability proof requires strong bounds for every ¢. This obstacle is
2/3—0(1/k)

the reason why Tal’s analysis gives the randomized query lower bound n

as opposed to the optimal Q(nl_l/ *). Tal conjectured that the (-Fourier weight of a

depth-d decision tree is in fact bounded by c* \/ (Z)(l + log kn)¢=1, which is a factor

of v/¢! improvement on (6.1.5)) and essentially optimal. We prove his conjecture:

THEOREM 6.8. Let T: {—1,1}" — {0, 1} be a function computable by a decision tree
of depth d. Then

. d
Z 7(S)| Scé\/<€)(1+logn)el, (=1,2,...,n,

SC{1,2,...,n}:
|S|=¢

where ¢ > 1 is an absolute constant.
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It is well known and easy to show that Theorem is essentially tight, even for
nonadaptive decision trees [94, Theorem 5.19|. The actual statement that we prove
is more precise and takes into account the density parameter P[T'(z) # 0]; see The-
orem for details. With Theorem [6.8]in hand, all our main results (Theorem
and its corollaries) follow immediately by combining the new bound on the Fourier
weight of decision trees with Tal’s near-optimal bounds on the individual Fourier

coefficients of Dy, 1, 7.

Theorem is of interest in its own right, independent of its use in this chapter
to obtain optimal quantum-classical separations. The study of the Fourier spectrum
has a variety of applications in theoretical computer science, including circuit com-
plexity, learning theory, pseudorandom generators, and quantum computing. Even
prior to Tal’s work, the ¢-Fourier weight of decision trees was studied for ¢ = 1 by
O’Donnell and Servedio [95], who proved the tight O(v/d) bound and used it to give
a polynomial-time learning algorithm for monotone decision trees. Fourier weight has
been studied for various other classes of Boolean functions, including bounded-depth
circuits, branching programs, low-degree polynomials over finite fields, and functions
with bounded sensitivity; see the recent papers [66], 133, 134, 46, 45| and the

references therein.

6.2. Generalized decision trees

Throughout this chapter, we assume decision trees to be perfect binary trees, with
each internal node having two children and all leaves having the same depth. This
convention is without loss of generality since a decision tree computing a given func-
tion f can be made into a perfect binary tree for f of the same depth, by query-

ing dummy variables as necessary. We denote the variables of a decision tree by
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X1, T2, .

.,x, € {—1,1}, and identify the vertices of a decision tree in the natu-

ral manner with strings in {—1,1}*. Thus, ¢ denotes the root of the tree, and a

string v € {—1,1}* denotes the vertex at depth k reached from the root by follow-

ing the path vivs...v,. Formally, a decision tree of depth d in Boolean variables

L1, T2, -

ties.

(i)

(i)

.., 1, € {—1,1} is a function T on {—1,1}=? with the following two proper-

One has T(v) € {1,2,...,n} for every v € {—1,1}=¢"! with the interpreta-
tion that 7'(v) is the index of the variable queried at the internal node found
by following the path v = vyvyvs... from the root of the decision tree. We
note that a variable cannot be queried twice on the same path, and therefore
the d numbers T'(¢), T(v1), T(vive), ..., T(v1vs...v4-1) are pairwise distinct
for every v € {—1,1}471.

One has T'(v) € Rlzy,x9,...,13,] for every v € {—1,1}¢, with the inter-
pretation that 7T'(v) is the label of the leaf reached by following the path
v = vy ...0q from the root of the tree. Thus, every leaf is labeled with a
real-valued polynomial in the input variables z1, zo, ..., x,. At a given leaf
v € {—1,1}¢, the variables (), TT(01)s - -+ » TT(v1va...04_,) NAVE been queried
and therefore have fixed values. For this reason, we require T'(v) to be a real
polynomial in variables other than zr(), 7w, - - - s T7(w vs..0,_1)- We Tefer to
aleaf v € {—1,1}? as a nonzero leaf if T'(v) is not the zero polynomial. While
we formally allow arbitrary real polynomials, the identity 2? = x; effectively

forces T'(v) for each v € {—1,1}¢ to be multilinear.

Our formalism generalizes the traditional notion of a decision tree, where the leaf

labels are restricted to the Boolean constants 0 and 1.
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PROPOSITION 6.9. Let T be a given decision tree of depth d. Then the function

f:{-=1,1}" = R computed by T is given by

d
fo = Y T [, (62.1)

ve{—1,1}4 i=1

We emphasize that T'(v) in this expression is a polynomial in zy,zs, ..., z, and not
necessarily a constant value. In fact, the norm ||T'(v)| for leaves v is a prominent

quantity in this chapter.

Proof. For an input z € {—1,1}" and a leaf v € {—1,1}¢, the product

d
H 1+ UixT(vlvg.A.vi_l)
. 2
=1

evaluates to 1 if the input x reaches the leaf v in T, and evaluates to 0 otherwise.

Recall that any given input = reaches precisely one leaf v, and the output of the tree

on z is defined to be the corresponding polynomial 7'(v) € R[xq, xa, . .., x,] evaluated
at x. Thus, (6.2.1)) evaluates to T'(v) where v is the leaf reached by . O

For a decision tree T of depth d, we let dns(7") denote the fraction of leaves in 7" with
nonzero labels:

dns(T) = ue{zg}d[T(U) # 0].
We refer to this quantity as the density of T'. Another important complexity measure
is the degree of T, denoted deg(7T") and defined as the maximum of the degrees of the
polynomials T'(v) € Rlxy, o, ..., z,] for v € {—1,1}% Recall that the zero polynomial
0 is considered to have degree —oo. For an internal node v € {—1,1}5%"! we let T,

denote the subtree of T' rooted at v. Thus, T, is the tree of depth d — |v| given by
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T,(u) = T(vu) for all u € {—1,1}=4 "l The following fact is straightforward and

well-known.

FACT 6.10. Let T be a given decision tree of degree at most 0. Let f: {—1,1}" — R
be the function computed by T'. Then

() # 0] = dus(T).

ze{-1,1}"

Proof. Let d be the depth of T'. Since T is a perfect binary tree, the fraction of inputs
x € {—1,1}" that reach any given leaf of T is exactly 27¢. Therefore, the probability
that a random input z € {—1, 1}" reaches a leaf with a nonzero label is precisely the

fraction of leaves with nonzero labels, which is by definition dns(7). O

We will be working with special classes of trees described by several parameters.
Specifically, we let T (n,d,p,k) denote the set of all trees in n Boolean variables
T1,To, ..., Ty € {—1,1} of depth d and density p such that for every leaf v € {—1,1}¢,
the label T'(v) is either the zero polynomial 0 or a homogeneous multilinear polynomial
of degree k. We further define 7*(n, d, p, k) to be the set of all trees T' € T (n,d, p, k)
that have the additional property that T'(v) € {0} U{£][[,cq®i: S € Py} for every
leaf v € {—1,1}¢. Thus, every nonzero leaf in a tree T' € T*(n, d, p, k) is labeled with

a signed monomial of degree k.

The Fourier spectrum of decision trees has been studied in several works, as discussed
in the introduction. We will need the following special case of a result due to Tal [135]

Theorem 7.5|. For completeness, we include our proof in Section [6.4.5]

THEOREM 6.11 (Tal). Let f: {—1,1}" — {—1,0,1} be given, f # 0. Define p =
Pocio1n[f(z) # 0]. Suppose that f can be computed by a depth-d decision tree.
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Then

4\ ? e
= (f) o fmt,
p
4\ ? e en
i< (5) oyfm
p p

where C' > 1 1s an absolute constant.

Tal states his result for functions f: {—1,1}" — {0,1} rather than f: {—1,1}" —
{-1,0,1}. But Theorem follows immediately by writing f = f* — f~, where
[ {=1,1}" — {0,1} are the positive and negative parts of f, and applying
Tal’s result separately to f* and f~.

6.3. Elementary set families

As explained in the introduction, we obtain our Fourier weight bound by combining
the Fourier coefficients of a decision tree into well-structured groups and bounding
the sum of the absolute values in each group. In this section, we lay the combina-
torial groundwork for this result by proving that P, ; can be efficiently partitioned
into what we call “elementary families.” We start in Section with some tech-
nical calculations. Section [6.3.2] formally defines elementary families and studies the
associated complexity measure for representing general families as the disjoint union
of elementary parts. Finally, Section m proves that our family of interest P, ; has

an efficient partition of this form.

6.3.1. A binomial recurrence. Our starting point is a technical calculation

related to the entropy function.
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LEMMA 6.12. There is an absolute constant ¢ > 1 such that for all integers k > 1,

ki(%)m (%)Uf—im\/ﬁéq/%

i=1

Proof. To begin with,

i=1 U h—i i(k —1)

k=l oH(i/k)k/2

— ik —1)
k—1 . 2
< ok/2 ;exp <—k; (% - %) > : ﬁ (6.3.1)

where the last step uses (2.1.2)). Continuing,

[k/41-1 i 1\2 1 [k/4]1-1 i 1\2
exp —k(———) )fﬁ exp(—k(———) )
; ( k 2 A /@(k — Z) ; k 2

Tk/4]1—1 /
—k/16
< ; e
< ke_:/m (6.3.2)
Symmetrically,
oG mmes e
i=|3k/4]+1
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Finally,

[3k/4]
Z exp (—k (

i=[k/4]

Si=

A [3k/4] ; 1\ 2
< - L _Z
= 3k.ZeXp<k<k 2))

El IR

i=[k/4
_ 4 i L] 2
= Ve & P k2
4 4[> r 1\
< —+ exp| —k|—+-—= dz
= 3k \/§k/oo p( (k 2))
4 4
_ 4 W (6.3.4)
V3k 3k
Combining (6.3.1)—(6.3.4), we conclude that
k—1 i/2 (k—i)/2 —k/16
Z(E) ( k) 1 SQk/Q<ke n 4 +4ﬁ).
— \i k—i i(k — 1) 2 V3k 3k
This settles the lemma for a large enough absolute constant ¢ > 1. 0

As an application of the previous lemma, we proceed to solve a key recurrence that

we will need to study P, .

THEOREM 6.13. Let N: {1,2,4,8,16,...} XxZ" — [0,00) be any function that satisfies

n\ /2
N(n, k) < (k) if min{n, k} < 2,
k—1
N(n, k) < 2N (g k) n ; N(g z) N(% k— 2) if min{n,k} > 2.

Let ¢ > 1 be the absolute constant from Lemma [6.12| Then for all n, k,

N(n,k)g( NG -

. (6.3.5)

289



Proof. The proof of (6.3.5)) is by induction on the pair (n, k) € {1,2,4,8,16,...} XZ*.
For min{n, k} < 2, the claimed bound (6.3.5) is a weakening of N (n, k) < (Z) Y2 This

establishes the base case. For the inductive step, fix arbitrary n € {4,8,16,32,...}
and k > 3. Abbreviate o = 2 + v/2. Then

where the second step applies the inductive hypothesis; the fourth step appeals to
Lemma [6.12} and the fifth step uses k > 3. This completes the inductive step and

thereby settles (6.3.5)). O

6.3.2. The partition measure. For set families A, B C P(Z), we define A
B={AUB:Aec A B € B}. We collect basic properties of this operation in the

proposition below.

PROPOSITION 6.14. Let A,B,C C P(Z) be given. Then:
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i) Ax0=0xA=0;
(i) Ax{2}={0}+A=A
(iii) (A*B)xC=Ax(BxC);
) AxB=BxA,
)

(AUB)*xC = (AxC)U (Bx*C).

(iv
(v

Proof. All properties are immediate from the definition of the % operation. 0

We define an integer interval to be any finite set whose elements are consecutive
integers, namely, {i,i + 1,7 + 2,...,j} for some i,j € Z. As a special case, this

includes the empty interval &. An elementary family is any family of the form

= () () () 628

where ¢ is a positive integer, Iy, 5, ..., I, are pairwise disjoint integer intervals, and
ki, ko, ... k; € {0,1,2}. Trivial examples of elementary families are (‘3) = {@} and
(?) = . Another example of an elementary family is the singleton family {A}
for any nonempty finite set A C Z, using {A} = ({“11}) * ({af}) Koo ox ({‘lf}) where

a1 < ag < --- < ay are the distinct elements of A. We now define a partition measure

that captures how efficiently a family can be partitioned into elementary families.

DEFINITION 6.15 (Partition measure 7). For any family A C P({1,2,...,n}), define

7(A) to be the minimum

N
> oleM? (6.3.7)
=1

over all integers N and all elementary families £, &, ..., Ex that are pairwise disjoint

and satisfy & U&E U---UEy = A.
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Straight from the definition,

7({2}) =1.
More generally,
|AIY? < 7(A) < |A (6.3.8)

for every A C P({1,2,...,n}). The upper bound here corresponds to the trivial
partition A = (J,. +{A}. The lower bound holds because (6.3.7) is no smaller than
(> |&EDY? = | A2, The following four lemmas will be useful to us in analyzing the

partition measure for families of interest.

LEMMA 6.16. Let A,B C P({1,2,...,n}) be given with ANB = &. Then
T(AUB) < 7(A) + w(B).

Proof. It A = @ or B = @, the claim is trivial. In the complementary case, let
A=&U---UEy and B= & U---UE) be partitions of A and B, respectively, into
elementary families. Then AUB = (& U---UEN) U (E{U---UEN,) is a partition of
AU B into elementary families. O

LEMMA 6.17. Let AC P({1,2,...,m}) and BC P{m+1,m+2,...,n}) be given,

for some 1 < m < n. Then
7(A % B) < m(A) 7(B).

Proof. It A = @ or B = &, we have A x B = @ by Proposition and therefore
(A% B) = 0. In the complementary case, let A =& U---UEy and B=E&EU---UEY,

be partitions of A and B, respectively, into elementary families for which 7 (.4) and
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7(B) are achieved. Then

N N N N’
A*B:<U&>* =& B = JJE &), (6.3.9)
=1 =1 i=1j=1

where the last two steps use the distributivity and commutativity properties in
Proposition m For any elementary families & C P({1,2,...,m}) and & C
P{m+1,m +2,...,n}), the family & * £ C 77({1, 2,...,n}) is also elementary,
with |E; * | = |&| |€]]. Since all unions in are disjoint, we obtain

N N’ N N’
AxB) < N NE#E =N (&2 = n(A)m(B). O
=1 j=1 =1 j=1

For a set A C Z and an integer =, we define A+ x = {a+ x : a € A}. Analogously,
for a family A C P(Z), we define A+ = {A+ 2 : A € A}. As one would expect,

the partition measure is invariant under translation by an integer.

LEMMA 6.18. Let A CP({1,2,...,n}) be given. Then for all z € N,
m(A) =nm(A+ z).

Proof. Consider an elementary family £ of the form (6.3.6)), where I, I5, ..., I, are

pairwise disjoint integer intervals and ky, ko, ...k, € {0,1,2}. Then

I 1 1
Eiap— (" +x L (12 +z . L (1 +
ky ko ky
is also an elementary family because the translated integer intervals I + xz, I, +
x,..., Iy + x are pairwise disjoint. Thus, any partition A = Uf\il &; into elementary

families gives an analogous partition A 4z = |\, (& + z) into elementary families,

with |&; + z| = |&] for all 4. O

In general, A C B does not imply 7(A) < 7(B). However, 7 enjoys the following

monotonicity property.
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LEMMA 6.19. For any positive integers n,m, k with n < m,
W(PRJC) S 7T('Pm7k).

Proof. Consider an elementary family £ of the form (6.3.6), where Iy, I, ..., I, are

pairwise disjoint integer intervals and ky, ko, ..., k, € {0,1,2}. Then

ILNA{L,2,... Iy,Nn{1,2,...
ENPH1,2,...,n}) =" {L2mb) (e A2 on)
k’l kZ
is also an elementary family because the integer intervals I; N {1,2,...,n} for j =
1,2,...,¢ are pairwise disjoint. Thus, any partition P, , = Uf\il &; into elementary

families gives an analogous partition for P, :

Pn,k = Pm,k N P({la 2a s 7n}>

=J&nP{12,...,n}).

i=1

Moreover, the elementary families in the new partition obey |& NP ({1,2,...,n})| <

|E;| for all . O

6.3.3. An efficient partition for P, ;. Our analysis of the Fourier spectrum of

decision trees relies on the partition measure of the family P, . Recall from (6.3.8])

that
1/2
7 (Pug) > (Z) .

We will now prove that this lower bound is tight up to a factor of 2°*)| by combining

Lemmas [6.16H6.19] with the recurrence solved in Theorem [6.13]
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THEOREM 6.20. Let ¢ > 1 be the absolute constant from Lemma [6.12, Then for all

positive integers n and k,

(2+ \/_\2/)%“%’“ <2?n>k/2 |

Proof. We first treat the case when n is a power of 2. If £ < 2, the family P, is

T(Pok) < (6.3.10)

elementary to start with. As a result,

1/2
7(Pax) < (Z) , k<2 (6.3.11)
If n <2, the family P, is empty unless & < 2. Therefore, again
o\ 12
T(Ppi) < ( ) : n < 2. (6.3.12)

For n, k > 3, we have

w(Por) = 7 (Q}(({Lz,.%.,n/z}) . <{n/2+1,7;/3—i|—2,...,n})>)
- gﬂ(({l,Q,.;.,n/2}) . ({n/Q—i—l,TIz/E;}—Q,...,n}))
. i”(<{1727”¢"n/2})>” (({n/2+1,7;/3;|—2,...,n}))

= 27r(73n/2,k) + 7T(Pn/z,i) W(Pn/z,kﬂ;), (6.3.13)

where the second, third, and fifth steps apply Lemmas [6.16] [6.17], and [6.18] respec-
tively, and the last step uses 7({@}) = 1.
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The recurrence relations (6.3.11)—(6.3.13) show that the hypothesis of Theorem [6.13]
is satisfied for the function N(n,k) := m(P,x). As a result, Theorem implies
that

VOR1h=1 o /2
(2+ \2/)E ( >/

for any n € {1,2,4,8,16,...} and k& > 1. This upper bound in turn implies (6.3.10)
for any n > 1 and k > 1:

7T(,]Dn,k) S

W(Pn,k) < 7(Pafiogn1 k)
_ (2 4+ V2)b- k=1 follogn] k/2
< (5)
2+ V2)F it <2n>k/2

<

- Vk

where the first step uses Lemma [6.19] O

k

6.4. Fourier spectrum of decision trees

This section is devoted to the proof of our main result on the Fourier spectrum of
decision trees. Stated in its simplest terms, our result shows that for any function
f:{-1,1}" — {—1,0,1} computable by a decision tree of depth d, the sum of the

absolute values of the Fourier coeflicients of order & is at most

Ck\/(Z)<1 + Inn)k-1,

where C' > 1 is an absolute constant that does not depend on n, d, k. Sections [6.4.1

focus on partitioning the Fourier spectrum of f into highly structured parts and

analyzing each in isolation. Sections[6.4.4]and [6.4.6] then recombine these pieces using

the machinery of elementary families.
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6.4.1. Slicing the tree. Let T be a given decision tree of depth d in Boolean
variables x1, o, . .., x,. For a set family S C P({1,2,...,d}), we define a real function

Tls: {-1,1}" - R by

Tsx) =Y > Tw) -2 T] vtz - (6.4.1)

SES ve{-1,1}4 i€S

A straightforward but crucial observation is that T|s is additive with respect to S,

in the following sense.

PROPOSITION 6.21. Let T be a depth-d decision tree. Let S, 8" C P({1,2,...,d})
be set families with S'NS" = @. Then

TlS/US// == T|Sl —I— T|$//,
Proof. Immediate by taking S = &’ US” in the defining equation (6.4.1]). O

The relevance of (6.4.1]) to the Fourier spectrum of decision trees is borne out by the

following lemma.

LEMMA 6.22. Let T be a decision tree of depth d and degree at most 0, computing a
function f: {—1,1}" — R. Then

ka:T|7)d,k7 k:0,1,2,...,n.
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Proof. By Proposition [6.9]

d 1+UixT(U1'U2--~7Ji—1)
foy=" T0-]] >

ve{—1,1}4 1=1
= Z T(U> ' 2_d Z H UZ"(L’T(’Ul'UQ.."U,L',l)
ve{-1,1}4 SC{1,2,....d} i€S
d
=> > 2 T2 [[veremmy (6.4.2)
k=0 S€Pqr ve{-1,1}¢ i€es

Since deg(T') < 0, the coefficients T'(v) for v € {—1,1}% are real numbers. Moreover,
for any v € {~1,1}% and S C {1,2,...,d}, the definition of a decision tree ensures

that the product [],.q vi%r(w vs..0,_,) 15 @ signed monomial of degree |S|. We conclude

from (6.4.2)) that the degree-k homogeneous part of f is

ka = Z Z T(U> : 2_d H ViZT(vive..v05_1)

S€Py,k ve{-1,1}4 €S
= T|7’d,k~
In particular, Ly f =0 for £ > d + 1. O

Looking ahead, much of our analysis of the Fourier spectrum of decision trees T’
focuses on T'|¢ for elementary families € C Py . This analysis proceeds by induction,

with the following lemma required as part of the inductive step.

LEMMA 6.23. Let T € T (n,d,p, k) be a given decision tree and S C P({1,2,...,d}).

Define m = max,e;_1 134 |[T(v)||. Then for each i =1,2,...,(}), there is a real 0 <
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pi <1 and a decision tree U; € T*(n,d, p;,0) such that

(%)
p= pr

(%)
ITIsll < m Y Uilsll-

i=1

Proof. Let ¢ =3 gcr15 $(S)xg be an arbitrary nonzero polynomial with [|¢ < 1.
Consider the random variable X € {£xg : qZ;(S ) # 0} distributed according to
[9(S)] (1 llgl ;
P[X =oxs] =~ = + =" - osgn ¢(S)
el \2 2
forall o € {—1,1} and S C {1,2,...,n}. Then

B B (L e
BX= 2. D oy (2+ 2 ”(5>>

SC{1,2,...n} oc{-1,1}

" A
= > e G ol s
SC{1,2,...,n}

= ().

In conclusion, ¢ can be viewed as the expected value of a random variable X € {£xg :
(S) # 0},

We may assume that 7" has at least one nonzero leaf, since otherwise the lemma holds
trivially with p; = py =--- = Py =P = 0. The previous paragraph implies that for
every leaf v € {—1,1}% with T'(v) # 0, the polynomial T'(v)/m is the expected value

of a random variable X, whose support is contained in the set of the nonzero degree-k

monomials of T'(v) with +1 coefficients. The joint distribution of the X, is immaterial
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for our purposes, but for concreteness let us declare them to be independent. Then

Tlg(.ﬁ(]) = mz Z % : 2_d HvixT(vlvg...vi,l)

SeS ve{-1,1}4 €S
= m Z Z E[X»U} . 2_d H UixT(vlvz...vifl)
Ses ve{—l,l}d: €S
T(v)#£0
=mE Z Z X, -27¢ H VilT (vyvg..05_1)
Ses ve{—1,1}¢: i€S
T (v)#0

Applying Proposition

|||T|3”| < mE Z Z Xv : 2_d HvixT(vwz...vifl)

Ses ve{—1,1}¢: €S
T(v)#0

(6.4.3)

In the last expression, each random variable X, is a signed monomial of degree k

that does not contain any of the variables 7y, T7(w.), - - - » T7(vy09...04_,) queried along

the path from the root to v. Therefore, the expectation in (6.4.3) is over ||U|s]|

for some trees U € T*(n,d,p,k). We conclude that there is a fixed decision tree

U € T*(n,d,p, k) with
ITIsll <m |U|s]-

Finally, decompose

Uls= Y_ Uslsxs,
SG'Pn’k
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where Ug is the depth-d decision tree given by

;

Uw) if v <d—-1,
-1 ifjv|=dand U(v) = —xs,

1 if |v]| =d and U(v) = xs,

\ 0 otherwise.

In other words, Ug is the decision tree obtained from U by setting to 1 every leaf
labeled yg, setting to —1 every leaf labeled —yg, and setting all other leaves to 0.
It is clear that the densities of the Ug sum to the density of U. We conclude that

Us € T*(n,d, ps,0) for some reals 0 < ps < 1 with } ¢ ps = p. Moreover,

I7[sl < m|U]s]|

<m > |Usls - xsll

SEPn i

<m Y |Uslsll,

SEPn i

where the first step is a restatement of (6.4.4)); the second step applies Proposition ;
and the last step is justified by Proposition 2.3l In summary, the decision trees
Ui,Us, ..., U(n) in the statement of the lemma can be taken to be the Ug, in arbitrary

k

order. O

6.4.2. Analytic preliminaries. For positive integers m and k, define

(

0 if p=0,

1. ebmb-1\*
Ami(p) = p\/(gln ) if0<p<1/m,

p
p

(ln E) (Inem)k=1 if 1/m <p < 1.
p

\
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Our bound for the Fourier spectrum of decision trees is in terms of this function. As
preparation for our main result, we now collect the analytic properties of A, that

we will need.
LEMMA 6.24. Let m and k be any positive integers. Then:

(i)  Amx is continuous on [0, 1];
(ii) Ak is monotonically increasing on [0, 1];

(i) Ay is concave on [0, 1].

Proof. (i) The continuity on (0,1/m)U(1/m, 1] is immediate. The continuity at p =0
and p = 1/m follows by examining the one-sided limits at those points, which are 0
and (Inem)*/2/m, respectively.

(ii) Considering the derivative A , separately on (0,1/m) and (1/m, 1], one finds in

both cases that the derivative is positive:

1. ekmk-1\" k
—1 1— if 1
I\ \/<k‘ T ) < 21n(6’“m’“‘1/p)> 0 <p<1/m,

me_
\ < p 2 ln(e/p)>

Since A, is continuous on [0, 1], it follows that A,,; is monotonically increasing on
[0, 1].
(iii) The one-sided derivatives of A,,; at p = 1/m are both (In em)" 7" In(y/em).

(Inem)k—1 if 1/m<p<1.

Along with the calculations in (ii), this shows that A, is continuously differentiable
on (0,1]. The formulas in (ii) further reveal that A}, , is monotonically decreasing
on (0,1/m) and on (1/m,1]. By the continuity of A} , on (0,1], we conclude that
A7, 1, is monotonically decreasing on (0, 1], which in turn makes A,, ;, concave on (0, 1].

Since A, ; is continuous at 0, we conclude that A,, ; is concave on the entire interval

[0,1]. O
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The function A,, ;, arises as the solution to a natural optimization problem, which we

now describe.

LEMMA 6.25. Let m and k be positive integers. Then for 0 < p <1,

k i1
Api(p) = pmax {H vIinexr; :x; > 1 and x1xo .. .1 < mp for all z} .
i=1

(6.4.5)

Proof. For k = 1, the left-hand side and right-hand side are clearly p\/In(e/p). In
what follows, we treat the complementary case k > 2.

For 0 < p < 1/m, the upper bound in follows by taking x1 = x9 = -+ =z, =
(m*=1/p)/k. For 1/m < p < 1, the upper bound follows by setting z; = 1/p and
Tog ="+ =XTp=m.

For the lower bound in (6.4.5)), fix reals z1,xs,...,2p > 1 with z; < 1/p and

112y ... 2 < mF71/p. Then

k (k—1)/2
v/ Inex;y -H\/lnea:i < +/lnex; ( ! lnek_lajg...xk)
i=2

k—1

k=1, k—1\ (k—1)/2
) , (6.4.6)

1 e m
< /1 1
< neml(k_ln P
where the first step applies the AM-GM inequality. Elementary calculus shows

that (6.4.6) as a function of x; is monotonically increasing on [1, (m*~!/p)!/¥] and

monotonically decreasing on [(m*~!/p)t/* m*=!/p]. Recalling that 1 < z; < 1/p, we
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conclude that (6.4.6)) is maximized at

) (mk—l)l/k 1
21 = min , =
p p

(m*/p)V* 0 <p<1/m,

1/p if 1/m<p<1.
Making this substitution shows that (6.4.6) does not exceed A, x(p). O

This optimization view of A,, ; implies a host of useful facts that would be bothersome

to prove directly. We state them as corollaries below.

COROLLARY 6.26. Let m and k be positive integers. Then for all p,q € [0, 1],

Proof. If p = 0 or ¢ = 0, the left-hand side and right-hand side both vanish. If
p,q € (0,1], the claim can be equivalently stated as A, x(p)/p < Amx(pq)/pq, which
in turn amounts to saying that A,, x(p)/p is monotonically nonincreasing in p € (0, 1].

This monotonicity is immediate from Lemma [6.25 U
COROLLARY 6.27. Let m, k, £ be positive integers. Then for all p,q € [0, 1],

Am
A io(P) Ao (%) < M

o m
Proof. If p =0 or g = 0, the left-hand side and right-hand side both vanish. In what
follows, we treat p,¢ € (0,1]. By Lemma[6.25]

m

k+£
Ak (p) Am’g<%> = P4 hax {H vIn exz} ) (6.4.7)
i=1
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where the maximum is over all x1, o, ..., x5 > 1 such that

i—1
BTy .. T < i=1,2,...k (6.4.8)
p
mi—k—l
l’k_,_ll‘k_,_g...l‘if s Z:k’—{—l,,k—i—g (649)
q/m

Equations (6.4.8) and (6.4.9) imply that the maximum in (6.4.7) is over

T1,Ta, ..., Tpee > 1 that satisfy, among other things, xizy...7; < m'1/(pq) for
i=1,2,...,k+{. Now Lemma implies that the right-hand side of (6.4.7) is at
most Ay, k1e(pg)/m. O

COROLLARY 6.28. Let m and k be positive integers. Then for all p € [0, 1],

A (D) < V2p - Ai(V/P). (6.4.10)

Proof. For p = 0, the left-hand side and right-hand side both vanish. For p € (0, 1],

we have:
k mi—1
Ay i (p) = pmax {H vVIner; :z; > 1 and z129...2; < for all @}
5 p
i=1
k mi—1
< pmax lnex? cx; > land zixg ... xp < for all 4
Iy 7
k i—1
< \/Q_kpmax{H vInex; cx; > 1and o129, .. 25 < nz/_ for all z}
, p
i=1
=V 2kp : Am,k(\/ﬁ)a
where the first and last steps use Lemma [6.25 U
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6.4.3. Contiguous intervals. We have reached a focal point of this chapter,
where we analyze T'|¢ for arbitrary decision trees T and “canonical” elementary fam-

ilies £. The families that we allow are those of the form

=) () ()

where ki, ka, ..., ko € {1,2} and the integer intervals Iy, I, ..., I, form a partition of
{1,2,...,d} with d being the depth of T'. The proof proceeds by induction on ¢, with
Lemmas , and the analytic properties of A, applied in the inductive step.
We will later generalize this result to arbitrary elementary families £ and, from there,

to all of Py, via the results of Section .

THEOREM 6.29. Let T € T*(n,d,p,0) be given, for some 0 < p < 1 and integers
n,d > 1. Let £ > 1. Let I, 15,...,1;, be pairwise disjoint integer intervals with
LULU---UIl, ={1,2,...,d}, and let ki, ks, ..., ke € {1,2}. Abbreviate k = k; +
ko + -+ ko. Then

l

' <207 127 A (p) [ [ <
1

7

|11’ 1/2
6.4.11
) (64.11)

)

H‘T’(ii)*(ig)*~..*(g)

where C' > 1 is the absolute constant from Theorem [6.11].

Proof. The proof is by induction on ¢. The base case ¢ = 1 corresponds to I}, =
{1,2,...,d}. Let f: {—1,1}" — {—1,0,1} be the function computed by T. If f =0,

we have T|( ) = 0 and the bound holds trivially. In the complementary case f % 0,

Iy
k1

recall from Fact [6.10 that

P [f(x) #0]=p. (6.4.12)

ze{-1,1}"
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Then

7)1 = 1L,
k1

| 1|)1/2 i eni—1

< C"p In
() crllym
k1

|Il| 1/2 i eni—1
< ( 2C 1pH In

& i=1 VP

where the first step is valid by Lemma [6.22} the second step uses Theorem [6.11] along
with and k; < 2; and the fourth step applies Lemma m This settles the
base case.

We now turn to the inductive step, ¢ > 2. If k; > |I;| for some j, then

Tl ye(izyren(iy = Tlo = 0,

k1 ko

and the claimed bound holds trivially. We may therefore assume that k; < |[;| for
every 7 = 1,2,...,¢. This means in particular that the intervals Iy, I5,..., I, are
nonempty. Furthermore, by renumbering the intervals if necessary, we may assume

that I, < I < -+ < I,. Put d = maxI, y, so that I, = {d'+ 1,d' +2,...,d}.

< )
kﬂ 1 ’

’r [1 IZ
S' = (/ﬁ) * (kg) * *
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For j =0,1,2,..., define a depth-d’ decision tree T} by

T(v) if v e{—1,1}="1

Ti(v) = Tv|<{1,2,}€..,|15|}> if v € {—1,1}* and dns(T,) € (3771,377],

l

0 otherwise.

\

Observe that T} is a valid decision tree in that for every leaf v € {—1, 1}% the label

Ti(v) € R[z1, 29, . .., 7,] is a function that does not depend on any of the variables

xT(8)7 xT(’U1)7 xT(’UlUQ)J ... 7xT(’U1v2...vd/,1) (6413)

queried along the path from the root to v. Indeed, recall from Lemma that
T, ({1,2,};;),\15\}) is the ky,-th homogeneous part of the function computed by the subtree
T,, which by definition does not use any of the variables . We also note that
all but finitely many of the trees Ty, T, T5, . .. are identically zero; however, working
with the infinite sequence is more convenient from the point of view of notation and
calculations.

The weighted densities of 1§, 17,715, ... are given by

o0 o0

> 37 dns(T)) = Z Ti(v) # 0]

=0 ve{— 11}d’

<> 37 P 377 <dns(T,) <37

= 3p. (6.4.14)

The relevance of T; to our analysis of T'|s is clear from the following claims, whose

proofs we will present shortly.
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Cram 6.30. Tls = > 72 Tjls-

=0

CLAIM 6.31. For j =0,1,2,..., one has

I 1/2 I 1/2 ' 4
Imisl < scr (N0 e (B BT (VBT ),

We now complete the proof of the theorem. Set s = >~ v/37" = 2.3660. ... Then

S

f: V37,2, (V371 dus(T))) = s i mAM(@ dns(T%))

j=0

&‘

—J

< sApz (Z 5 V377 dns(T}))
s

=0
5 = V377 — ,
< 3A,z2 <§ ]Z% T V3 dns(Tj)>
< 3M2 (), (6.4.15)

where the second step is valid by Lemma [6.24] (iii); the third step uses Corollary
with ¢ = s/3; and the final step is justified by (6.4.14) and Lemma (ii). As a

result,
oo
I71sh <> 7)ol
§=0

< gk 12 (111l s mi\/ﬁA V3-i /
< n2 (V3 Jdns(Tj))

k k)
I 1/2 I 1/2
<20k 1261 (’kj) (’é’) A2 (D),

where the first step is valid by Proposition 2.2l and Claim [6.30], bearing in mind once
again that all but finitely many of the T}|s are identically zero; the second step is
a substitution from Claim [6.31} and the final step uses (6.4.15)). This completes the

inductive step. 0
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Proof of Claim [6.30,. Let T" be the depth-d’ decision tree given by

T(v) if v e {-1,1}="1,

Tv|({1,2 ,,,,, |1£|}> ifve {—1, 1}dl.
k

l

This definition implies that

"(0) =T (v) = T.(v) = --- ifve{— <d'-1
ey = | O = RO =T = v e (L1

To(v) + Ti(v) + Ty(v) + -+ ifve {-1,1}%.
As a result,

SeS" pef{-1,1} \j=0 iesS

— Z Z Z T‘;(U) . 2*d/ H”UifﬂT]((ulvg...vi—l)

j=0 Se&’ ve{—l,l}di €S
=> Tls. (6.4.16)
j=0

Thus, the proof will be complete once we show that 7"|s = T'|s.
Since S is the family of sets S expressible as S = S’ U S” with S’ € § and S” € (é‘;),

we have

Tlg = Z Z T(U) : 2_d Hvi«rT(vlvg...vi_ﬂ

SES ve{—1,1}4 i€s

- Z Z Z T(v)-27* H Vil T (v 09..051) - (6.4.17)

§/€8" gne(le) ve{-1,1} ies'us”
{4
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Recall that S’ C P({1,2,...,d'}) and I, = {d'+1,d' +2,...,d}. As a result, (6.4.17))
yields

T|s = Z Z Z T(v'") - 27 de:chz...v;_l)

S'eS’ S//g(ii) U'E{—l,l}dl €S’

’U”E{—l,l}did/
X | | d,I'T v’v”v” U" 1,(1/)‘

icS"

A change of index now gives

Ne-Y Y % 1w T

rcSt 1,2, '
S'eS S/IE({ k4| e|}> U'G{—l,l}d 1€S

v'ef{-1,1y4
X H ’U xTUU”U” U// )

€S

Since T'(v'v") = Ty (V") and T (Vv ... vl ) = Ty (v{vh ... 0] ), we arrive at

Tls=Y Y 2] viereu..,

S'eS’ U’E{—l,l}d, €S’
’
X T/ // . —d+d H ’UHI‘T, // // Lol 1
Z Z Vi
S//€<{1!2v-k--»|11{|}) U"E{—Ll}d*d, ieS"
4

The large parenthesized expression is by definition 75| (2einely) = T'(v"), whence

kg
Tls = Z Z T () - o—d’ H U;JJT(U’lvé...vLI)
S'ES! (-1} ies’
=2 2 T2 ] verua,
S'ES 1,1} ics’
=Ts. (6.4.18)

By (6.4.16)) and (6.4.18]), the proof is complete. U
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Proof of Claim [6.31] Recall from Lemma [6.22] that Ty|({1,z ,,,,, el is the k,-th homo-
ke

geneous part of the function computed by the subtree T, of T. This implies that

17 € T(n,d,dns(T}), ke). Moreover, every nonzero leaf v of T} has norm

]g|
< (ke |
jv‘({lyl»k-.,llgl}) C (k

4

)UZAnz,k@ (ns(T,)

?
1y

| 1/2 '
k’g ) AnQ,k(g (37J)7

< 20’“@(
where the first step applies the inductive hypothesis to the tree T, of depth |I],
and the second step is legitimate by the monotonicity of A2y, (Lemma [6.24). Now
Lemma gives, for each1=1,2,..., (,Z), a real number 0 < p; < 1 and a decision

tree U;; € T*(n,d’, p;,0) such that

(,)

dns(Tj) = Zpi, (6.4.19)
=1
RN
1o < 205 (V1) o (57) S 10l (6.4.20)
=1

Applying the inductive hypothesis to each Uj;|s gives

;) o
_ _ 1 -1
E :|||U],z|3’”| < 2C«k ke 128 2\/( b ) . (kg X ) E An2,k—kg(]7i)- (6.4.21)
- =1

=1
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The final summation can be bounded via

(i) . oy 1 )
2 ; < . A 2 [
1 A, Jk—kg (pz) = (ké) n?k—ke (kf'é) ;p

1 /n n\ ,

dns(T7)
< n2An2,k—k[ ( 2 2 ) )

=

(6.4.22)

where the first step is valid by Lemma (iii); the second step is a substitution
from (6.4.19)); and the third step uses k, < 2 along with Corollary Now

k 1of—2 I 1] i\ 2 dns(T})
IT)s ]l < 4C* 12 \/(k)(k A3 g, (2

S SCk‘ 125—2 ’[1’ . ’IZ‘ X ARZJW( v 3_]) . n2An2 e dns(j—.;/)
]{31 k@ \/§ ’ ¢ n?

< 8C* 123—2\/(’]11’) (’Z‘) V37T (V3 dus(T7)),

where the first step combines ((6.4.20)—(6.4.22); the second step uses ky < 2 and
Corollary [6.28} and the third step applies Corollary [6.27] O

6.4.4. Generalization to elementary families. En route to our main result
on the Fourier spectrum of decision trees, we now generalize Theorem [6.29]to arbitrary

elementary families £.

THEOREM 6.32. Let T € T*(n,d,p,0) be given, for some 0 < p < 1 and integers
n,d > 1. Let k be an integer with 1 < k < d. Then every elementary family & C Py,

satisfies

ITIell < (120) Az 1 (p)VIE], (6.4.23)
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where C' > 1 is the absolute constant from Theorem [6.11]

Proof. It £ = @, then T|¢ = 0 and the claimed upper bound holds trivially. In the

complementary case of nonempty &, let £ be the minimum positive integer such that

g (i) ) (é) B (Z) (6.4.24)

for some pairwise disjoint integer intervals [y, [s,..., I, and some ki, ko,... ks €
{0,1,2}. Since & # @&, Proposition [6.14| (i) implies that (,?) # & for all j and
therefore

|L;| > kj, j=12 .../ (6.4.25)

The reader will recall from the definition of the * operator that

€] = f[ (',?'), (6.4.26)

j=1 N
4

k=) k. (6.4.27)
j=1

Since we chose a representation ([6.4.24) with the minimum ¢, Proposition (ii)
additionally implies that (]? ) # {@} for all j, forcing
k; € {1,2}, j=1,2,....1. (6.4.28)

The previous two equations yield

0 <k (6.4.29)

It follows from ((6.4.25)) and (6.4.28)) that each I; is a nonempty subset of {1,2,...,d}.

Furthermore, by renumbering the intervals if necessary, we may assume that I} < I, <

.-+ < I;. We abbreviate I = UL, U---Ulyand I = {1,2,...,d}\ I.
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It is obvious that every string v € {—1,1}% is uniquely determined by its substrings
v|; and v|7. Similarly, for every ¢ € I, the prefix vjvs...v;_1 is uniquely determined

by the substrings (v1ve...v;—1)|; and v|;. This means in particular that

T(v) = Uy, (v]), ve{—1,1}° (6.4.30)

T(vvy...vim1) = Uy ((v1va .. vim1)|r),  ve{=1,1}¢, iel,  (6.4.31)

where {U,: w € {—1,1}/11} is a suitable collection of decision trees of depth I. By

definition,
Uy € T"(n, |1],dns(Uy), 0), we {-1,1}17 (6.4.32)

Moreover, the densities of the U, are related in a natural way to the density of
T. Indeed, considering a uniformly random string v € {—1,1}% in (6.4.30) gives
P[T'(v) # 0] = P[U,.(v|r) # 0], which is equivalent to

dns(T') = Edns(U,,). (6.4.33)

In what follows, all expectations are with respect to uniformly random v € {—1,1}4.

We have:

Tlg = E Z T(U) H /UixT(Ul’UQ...’Uifl)
LSe&E i€S
i a4
= E Z cen Z T(U) H H Vi T (vyv2...v;1)
sie(h)  see(i) j=14€S;

L
=B | > > Uyl [TIT vv orvsenoin | -

sie(l)  sie(lr) j=Lies;

where the last step uses (6.4.30]) and ((6.4.31]). It remains to shift the indexing variable
i. For this, let I} < I, < --- < I; denote the integer intervals that form a partition of
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{1,2,..., 1]} and satisfy || = |I;| for all j. Now the previous equation for T'|¢ can

be restated as

s se(id)
_ Uy| 1 , 6.4.34
L (o4
As a result,
Tlell < E||Uy|, 1 :
|H ‘5’”— ‘ |1‘(£1)* *(iﬁ)‘

. , ,
<E [2C% 1257 A2 1 (dns(U, H<|I> ]

=1

(N

=1

=20%12°1'E

=2C"12""V/|E] E [Ayz s, (dns(Usy,))]
< 20712 /[E| Az o (E dns(U,1,))
< (12C)"/|E] Az 1 (dns(T)),
where the first step applies Proposition [2.2] to (| m the second step is justified

by (6.4.32)) and Theorem m the fourth step is a substitution from (|6 m the fifth

step is legitimate by Lemma m (iii); and the final step uses ) and m
Since T has density p by hypothesis, the proof is complete. O

6.4.5. Fourier spectrum at first two levels. In this subsection, we present
a proof of Theorem for completeness. We need the following bound on the

cumulative distribution function of normal distribution.
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THEOREM 6.33 (CDF of normal distribution [48]). Let ® be the CDF of normal

distribution, i.e.,

B(z) = \/LQ_W /_oo exp (-?) dt.

Forxz >0,

1— &) < M_

VT

With this tool at our disposal, we proceed to our proof of the first bound in Theo-
rem [0. 1 1]

THEOREM 6.34 (Tal). For some absolute constant C' > 1, any decision tree T :

{=1,1}" = {0,1} of depth d and density dns(T') = p, we have
4\ '? e
1L, 7| < ( ) Cpy/In—. (6.4.35)
1 p
Proof. We can assume p < 0.5, since
IL: Tl = 1Ly (1 =T,

and the bound ((6.4.35)) is increasing in p € [0, 1]. For arbitrary o € {—1,1}", and any
path v € {—1,1}¢, abbreviate

d
(07 U)T - Z OT(ve;) Vi
i=1
Observe that
ILiT|| =max  E  [T'(v)-(o,v)7]. (6.4.36)
o ve{-1,1}d

The above equation holds because Ey¢;_1,134[T(v) S vy is simply Y27, T'(i). Here

o; works as guessing sgn T’ (7).
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Now fix 0. Let v € {—1,1}¢ be a uniformly random root-to-leaf path in 7. Define

random variable X; = op(,_,) - v; for i € [d]. Note that the partial sums

d X j=0,1,2,....d

form a martingale. Let P C {0, 1} denote any set of root-to-leaf paths such that

(i) Pr[P]=p,ie., |P|=p24,

(ii)  (o,v)r > (0,0)r, Vv E P,V &P.

Since p < 1/2, by symmetry we can deduce that (o, v)r > 0 for any v € P. For ¢t > 0,
let P, ={v: (o,v)r >t}. By Azuma’s inequality,

t2
P = X, >t < ) 6.4.37
ve{flr,l}d[v € Pl = ve{ 1 1} [Z ] P ( 2d> ( )

Set 0 = L /2d ln% . The choice of 6 guarantees that |Py| < p2?. Therefore, it holds
that Py C P by our definition of Py and P. Now we bound E,[T'(v)- (o, v)r] as follows

T(v) - (0,0)7] <2743 (0, 0)r

ve{—1,1}4 vep
<279 Z 64274 Z (o,v)r
vEP\ Py vEPy

< Pr[P\ Pgl0 + Pr[Pgl0 + > Pr[P}

t=0+1

t2
< pb + Z exp( Qd)

t=0+1

0 t2
< ph dt
<p +/o exp< 2d>
1 1
<p 1/2dln——‘+—-p\/c_l,
[ p V8
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where the first equality holds because (o,v)7r > 0 for any v € P; the second step
holds because (o,v)r < 0 for v € P\ Py; the forth step is by (6.4.37)); and last step
follows Theorem [6.33] In view of the (6.4.36]), we are done. O

Next we move on to our proof of the second bound in Theorem [6.11

THEOREM 6.35 (Tal). For some absolute constant C, any decision tree T
{=1,1}" = {0,1} of depth d and density dns(T') = p, we have

q\ V2
LT < ( ) 2%, /In <, [ln 2 (6.4.38)
2 p p

Proof. For each k € [n] define a decision tree T}, which is formed by cutting the tree
T by the nodes labeled by z;. Precisely, for any node v € {—1,1}<¢, consider the
following cases:

(i) T(v) = k. Then we set Ty(v) = T, (k). Now v will be a leaf of Tj.
(ii)  For the remaining case, set Ty(v) = T'(v).

All the leaves not set in the above cases are labeled by 0. Observe that for v €

{_17 1}<d7

T,(T(v)) = ot 7]51371}d:[T(u)]. (6.4.39)

The above process naturally gives two types of leaves Ay, By. Ay contains leaves
v such that |v| < d, and these leaves are labeled by some real number which is a
multiple of 27~ B, contains the leaves all labeled by 0. Let

pr = Z 2 M| T (v)].

VEAL
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Let ¢ be the constant in Theorem [6.34] the following three equations relate the trees

constructed above and || Ly T

LT =z Ly Ty, (6.4.40)
k=1
n 1/2
D e < (f) epy[In <, (6.4.41)
k=1 p
d\ /2 e
I L1 Tyl < <1) cpry [In o k=1,2,...,n. (6.4.42)

Assuming the above three equations are true, then

122 T = Lo T,

< Z 2 Tl

< kzn: (Cll) 1/2cpk 1np£k
( )1/2 (Zpk> Zkim)
( Cpf e

where the fourth and fifth step uses the concavity and monotonicity of the regarding

functions; the last step holds since ¢y/dIn(e/p) > 1. Now we verify (6.4.40)(6.4.42)).
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(6.4.40). Expand Lo T,

L2 T({L‘) = G{E 1y Z T(U)UinZET(U<i)ZET(U<j)]
e 1<i<j<d
-3 B [0 S ware = (5 o)
P 1<j<d 1<i<y
- Z u = U U|u|Ik Z Ui LT (uey)
k=1 ue Ay ve{- 1 A} 1<i<|u|

IIM

Zve{ r Ml 2 o)) Tk Y wirra.
€A

1<i<|u]

xy - Ly T,

=1

where the fourth step follows (6.4.39)).

(6.4.41)). For each internal node v € {—1,1}<% without loss of generality, assume

that T,(T(v)) > 0. Since otherwise, we can exchange the left and right children of v

in T without changing px. Under this assumption, we have for any k € [n],
= |T(k)|.

By Theorem [6.34

2\ 12
> m < ( ) Cp, [ln <.
i=1 1 p

. The inequality holds if there is a full binary tree of 7" of depth d and density
at most p, such that ||Ly T"|| > || L1 Tx||, as ||L1T"|| is be bounded by Theorem [6.34]
We construct such 7". Let T"(v) = Ty (v) for all internal node v of Ty, and T"(v) = 0
for v € By. The nodes left are those in the subtrees T, for v € A;. Note that for
any v € Ay, Ly T, is a multiple of 271" We label T7 in a very “generous” manner.

Label each node in 7T using a fresh variable. Consequently, 7" can have an enormous
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number of variables, but it is not a problem for us. Label 2(4~1*D|T} (v)| leaves in 17,

by 1 if Ty(v) > 0, and label 2C="D|T} (v)| leaves in T, , by 1 if Ty(v) < 0. Label all

vo—1

other leaves by 0. The fraction of nonzero leaves in T is exactly

> 27 T(w)] = pr

vEAL

It is also easy to check that for all i € [n] \ {k},

Therefore ||Ly T'|| > || L1 Tk -

The discussions so far settled Theorem for decision trees with range {0,1}. We

now extend the two bounds to decision trees with range {—1,0, 1}.

COROLLARY 6.36 (Theorem restated). For some absolute constant C, any deci-
sion tree T € T*(n,d,p,0), we have

d\ /2 e
i< (1) cnfmt,
p
I\ 12
LT < ( ) C?py <, fin
2 p P

Proof. Let C’ be the constant in Theorem |6.34L Write T'=T" — T, where T and
T~ are both decision trees with range {0,1}. The nonzero leaves of 7" and T~ are

those leaves of T labeled by 1 and —1, respectively. Let p™, p~ be the fraction of the
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1 and —1 leaves in T, respectively. Then

I TN < LT+ |12 T
I\ V2 I\ V2
< (1) C'p*, lln]%%— <1> C'p~ IHI%
a\ 1/ D)
< ( ) C'py[In =",
1 P

where the last step is due to the concavity of py/In(e/p) for p € (0, 1].

A completely analogous argument works for |[[LeT| using the concavity of

pv/In(e/p) In(en/p) for p € (0,1]. O

6.4.6. Main result. We now obtain our main result on the Fourier spectrum of
decision trees by combining Theorem with an efficient decomposition of P, into
elementary families (Theorem [6.20)).

THEOREM 6.37. Let f: {—1,1}" — {—1,0,1} be a function computable by a decision
tree of depth d. Define p = Pyeq_11y[f(x) # 0]. Then

2N\ 12
1= () 65COF At F=12. 0,

where C° > 1 and ¢ > 1 are the absolute constants from Theorem [6.11] and

Lemma [6.12] respectively.

Proof. Lemma [6.22] ensures that Lyf = 0 for £ > d, so that the theorem holds
vacuously in that case. We now examine the complementary possibility, 1 < k <
d. For some integer N > 1, Theorem m gives a partition Py = Ufil E; where

&1,&,, ..., EN are elementary families with

N d k/2
LGN < 2+ 2v2)R <E) : (6.4.43)
=1
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Fix a decision tree T of depth d that computes f. Then Fact shows that T' €
T*(n,d,p,0). As a result,

1Lk f1 = 1712,

ZI
Z (120)* Az () V|

IN

(%) " (550 Aas(o),

where the first step is valid by Lemma [6.22] the second step uses Proposition [6.21}
the third step uses Proposition [2.2} the fourth step applies Theorem [6.32} and the
final step substitutes the upper bound from . In view of , the proof is
complete. 0

Maximizing over 0 < p < 1, we establish the following clean bound conjectured by

Tal [135].

COROLLARY 6.38. Let f: {—1,1}" — {—1,0,1} be a function computable by a deci-
sion tree of depth d. Then

d
ILf] < ok\/ (k)u ), F=12...n.

where C' > 1 1s an absolute constant.
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Proof. Recall from Lemma m (ii) that A2 x(p) < v/(Inen?)k=1 for all 0 < p < 1.

Now the claimed bound is immediate from Theorem [6.37| after a change of constant C.

O

Corollary settles Theorem from the introduction. By convexity (Proposi-
tion [2.2), Corollary holds more generally for any real function f: {-1,1}" —
[—1, 1] computable by a decision tree of depth d.

6.5. Quantum versus classical query complexity

Using our newly derived bound for the Fourier spectrum of decision trees, we will now

prove the main result of this chapter on quantum versus randomized query complexity.

6.5.1. Quantum and randomized query models. For a nonempty finite set
X, a partial Boolean function on X is a mapping X — {0,1,x}, where the output
value x is reserved for illegal inputs. Recall that a randomized query algorithm of cost
d is a probability distribution on decision trees of depth at most d. For a (possibly
partial) Boolean function f on the Boolean hypercube, we say that a randomized
query algorithm computes f with error ¢ if, for every input z € f~1(0) U f~1(1), the
algorithm outputs f(z) with probability at least 1 —e. Observe that in this formalism,
the algorithm is allowed to exhibit arbitrary behavior on the illegal inputs, namely,
those in f~1(x). The randomized query complezity R (f) is the minimum cost of a
randomized query algorithm that computes f with error €. The canonical setting of
the error parameter is ¢ = 1/3. This choice is largely arbitrary because the error of
a query algorithm can be reduced in an efficient manner by running the algorithm

several times independently and outputting the majority answer. Quantitatively, the
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following relation follows from the Chernoff bound:

1

R <0 (et ) R () (651

for all e,y < 1/2.

These classical definitions carry over in the obvious way to the quantum model. Here,
the cost is the worst-case number of quantum queries on any input, and a quantum
algorithm is said to compute f with error ¢ if, for every input € f~*(0)U f~*(1), the
algorithm outputs f(z) with probability at least 1 —e. The quantum query complezity
QY (f) is the minimum cost of a quantum query algorithm that computes f with
error €. For an excellent introduction to classical and quantum query complexity, we

refer the reader to [29] and [138], respectively.

6.5.2. The rorrelation problem. We now formally state the problem of in-
terest to us, Tal’s rorrelation [135], which was briefly reviewed in the introduction.
Let n and k be positive integers. For an orthogonal matrix U € R™*", consider the

multilinear polynomial ¢, r: ({—1,1}")F — R given by
1
Onpv(T1, 29, ... 28) = EITDmUDIQUDmU- -UDy,, 1, (6.5.2)

where 1 denotes the all-ones vector and D,,, denotes the diagonal matrix with vector
z; on the diagonal. In what follows, we treat the sets ({—1,1}")* and {—1,1}"*k

interchangeably, thereby interpreting the input to ¢, ;7 as an n x k sign matrix. Let
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| - [|]2 denote the Euclidean norm. Then for all 21, xs,...,2x € {—1,1}", we have

1
|¢n,k;,U($1,$2; o ,l‘k)l = E(LDleDzQUngU' .- Uka1>
1
< ﬁ”l\b D, UDg,UDy,U -+ UDy, 1]
1
= HH1H2 11]]2
—1, (6.5.3)

where the second step applies the Cauchy—Schwarz inequality, and the third step is
valid because each of the matrices involved preserves the Euclidean norm. In particu-
lar, the multivariate polynomial ¢, j, y ranges in [—1, 1] for all inputs. Generalizing the
forrelation problem of Aaronson and Ambainis [2], Tal [I35] considered the partial
Boolean function f, 5 r: {—1,1}"* — {0, 1, *} given by

(

1 if ¢ppo(z) > 275,
fn,k,U(‘r) =140 if ’¢n,k,U(x)| < 27’6717

% otherwise.

(
Aaronson and Ambainis [2] showed that there is a quantum algorithm with [k/2]
queries whose acceptance probability on input x € {—1,1}"* is (¢, r.u(z) + 1)/2,
where H is the Hadamard transform matrix. Their analysis generalizes to any or-

thogonal matrix in place of H, to the following effect.

Fact 6.39 (Tal [135, Claim 3.1]). Let n and k be positive integers, where n is a
power of 2. Let U be an arbitrary orthogonal matriz. Then there is a quantum query
algorithm with [k/2] queries whose acceptance probability on input x € {—1,1}"*F

equals (pnpv(x)+1)/2.
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COROLLARY 6.40. Let n and k be positive integers, where n is a power of 2. Let U

be an arbitrary orthogonal matrix. Then

Q%t_ 1 (faku) < [E-‘ : (6.5.4)

ok+4 2

In particular,

Qjs(fupv) < O(k4Y). (6.5.5)

Proof. On input x, the query algorithm for is as follows: with probability p,
run the algorithm of Fact and output the resulting answer; with complementary
probability 1 — p, output “no” regardless of z. By design, the proposed solution has
query cost at most [k/2| and accepts x with probability exactly

G v (T) +1
b=

We want this quantity to be at most % — 27k if Onruv(r) < 2751 and at least
T +277%if ¢ kv (2) > 27F. These requirements are both met for p = (14 52%)*. In

_ 2—k—4

summary, f, v has a query algorithm with error at most % and query cost

[k/2]. To reduce the error to 1/3, run this algorithm independently ©(4%) times and
output the majority answer; cf. (6.5.1)). O

Corollary shows that the rorrelation problem has small quantum query com-
plexity. By contrast, we will show that its randomized complexity is essentially the
maximum possible. Specifically, we will prove an optimal, near-linear lower bound on
the randomized query complexity of rorrelation by combining Tal’s work [135] with

our near-optimal bounds for the Fourier spectrum of decision trees.

In what follows, let U, ;. denote the uniform probability distribution on {—1, 1}"**.

Applying Parseval’s identity to the multilinear polynomial ¢, ;¢ gives:
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FACT 6.41 (Tal [I35, Claim 4.4]). B,y [6nr0(2)?] = 1/n.

The other result from [135] that we will need is as follows.

Fact 6.42 (Tal [I35 Lemmas 5.6, 5.7, and Claim 4.1]). Let n and k be positive inte-
gers. Let U € R™™ be a uniformly random orthogonal matrix. Then with probability

1 —o(1), there exists a probability distribution D,y on {—1,1}"** such that:

9\ k-1
> | — 0.
xwlgw Gngu(T) > <7T> ; (6.5.6)
E ][ =,;=0 1S|=1,2,...,k—1, (6.5.7)
x~Dp Uy
(i,5)€S
S|logn\ 2 %
E H Tij| < (c||—ogn) ., |S|=kk+1,...,nk, (6.5.8)
z~Dp, kU (i f)es n

where ¢ > 1 is an absolute constant independent of n, k,U.

6.5.3. The quantum-classical separation. In this section, we derive our lower
bound on the randomized query complexity of the rorrelation problem by combining
Tal’s Facts and with our main result on decision trees (Corollary [6.38)). The
technical centerpiece of this derivation is the following “indistinguishability” lemma,
which is a polynomial improvement on the analogous calculation by Tal [135], Theo-

rem 5.8] that used weaker Fourier bounds for decision trees.

LEMMA 6.43. Letn and k be positive integers. Let U € R™™ be a uniformly random
orthogonal matriz. Then with probability 1 — o(1), every function g: {—1,1}"* —
{0,1} obeys

Eg— E
un’kg 9

Dn,k,U

log> F(n + )\’
k
< (cd- M) : (6.5.9)
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where D, .y is as defined in Fact [6.42; d is the minimum depth of a decision tree

that computes g; and ¢ > 1 is an absolute constant independent of n, k,U, g.

Proof. Fact guarantees that with probability 1 — o(1), there is a probability
distribution D, on {—1,1}"** that obeys (6.5.6)—(6.5.8). Conditioned on this
event, we will prove (6.5.9). To start with, fix ¢ and write out the Fourier expansion

glx) = > S) [T s

SC{1,2,..n}x{1,2,...k } (i,§)€S
nk
SHWCEIES
=0 |S|=¢ (i,j)es
Then
nk
Eg-_E g SZZI@(S)I E Il =- B, IT =
ok kU =0 |S|=¢ (zy )ES (4,7)€S
nk
<2 2 aSNE ] wi— B ]I =
=1 |S|=¢ *(ig)es Pk es
nk
< 9| E ] =i,
1=k |S|=¢ Pk ives

where the first step uses the triangle inequality; the second step is justified by
Ey,,1 = Ep,,,1 = 1; and the third step is valid due to and the iden-
tity Ky, , H(Z’J)Es x;; = 0 for nonempty S. Let d be the minimum depth of a decision
tree that computes g. Applying then Corollary we conclude that

k—1

nk £ k=1
d (1 2k
<S5ty (1) e (212) T
l=k

Eg— E
Mn,kg 9

Dn,k,U
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where ¢; > 1 and ¢y > 1 are the absolute constants in Corollary [6.38 and Fact [6.42]

In view of (2.1.1), this gives

4
k-1 )
= ed -1 [collogn\ F
Eg-— E < 2. — . (1+Ilnnk .
Un,kg Dn,k,Ug - ZZI; (Cl g ( + nn ) ‘ ( n > >
£
) k—1\ 2
SZ(C?-ed-(l—l—lnnk‘)- (cglogn) ) )
=k "
‘
00 o1 2
< cd log= k(n+k)
2\T T )
=k

where ¢ > 1 in the last step is a sufficiently large absolute constant. This settles (6.5.9)
in the case when cd log(%_l)/k(n + k) < n=D/k In the complementary case, (6.5.9)
follows from the trivial bound |Ey, , g — Ep,, , 9] < 1. O

We have reached the main result of this section, an essentially tight lower bound on

the randomized query complexity of the k-fold rorrelation problem.

THEOREM 6.44. Let n and k be positive integers, with k < %logn —1. Let U € R

be a uniformly random orthogonal matriz. Then with probability 1 — o(1),

1}
R (F, -0 n . 6.5.10
S k) ( o Wk) (6:5.10)
and in particular
2 1—% 1
RY (fooo)=0L. 2% 0<~<-= 6.5.11
%—“/<f JU) ( k (log n)Z—% ’ =7=3 ( )

Proof. We will prove the lower bound for every U that satisfies (6.5.6) and (6.5.9),
which happens with probability 1 — o(1) by Fact and Lemma [6.43] To begin

331



with,

Z/{P [fn,k,U(x> 7£ O] = ulzqubn,k,U(x” > 2_k_1]

n,k
<A E [fpau(r)?]
un,k:

4k+1

n
1

< S (6.5.12)

where the last three steps use Markov’s inequality, Fact , and k£ < %logn -1,

respectively. Also,

< 2_k P [¢n,k,U(x) < 2_k] + P [¢n,kz,U(x) Z 2_k]

Dnk,U Dy k,u

= 2_k(1 S [fn,k:,U(x) = 1]) + DP [fn,k,U(x) = ]']

Dn kU kU

=27+ (1-2%) P [furv(z)=1],

n,k,U

where the first and second steps are justified by and , respectively. The
last equation shows that
Pl =1z (2) 2
L =U=2{z —

> 27" (6.5.13)

Now fix arbitrary parameters d > 1 and 0 < & < 1/2, and consider a randomized query
algorithm of cost d that computes f, ;¢ with error at most €. Then the algorithm’s
acceptance probability on given input z is E, g,(x), where r denotes a random string

and each g,: {—1,1}"* — {0,1} is computable by a decision tree of depth at most
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d. Since the error is at most ¢, we have

]?[fn,k,U(x) =0, gr(v) =1] + lf[fn,k,U(x) =1,g(x)=0]<e (6.5.14)

for every x € {—1,1}"**. We thus obtain the two inequalities

E P [f,00(x) = 0, g,(x) = 1] < =, (6.5.15)
B P [fuv(®) =1, g.(x) =0 <e, (6.5.16)

by passing to expectations in (6.5.14) with respect to x ~ U, and = ~ D, v,
respectively. On the other hand, (6.5.9) and & = O(logn) imply

k
1 911\ 2
E < (¢q. toB) " (65.17)
1—1

T

E g.— E g
g Mn7k9

Dn,k,U n-"%

for some absolute constant ¢ > 1.

We now have all the ingredients to complete the proof. For each r, we have

E g.= P [g(x)=1]

Dy kU Dn,k,u
> P [fup(@) =1~ P [fusoe) =L gi(a) =0
n,k,U n,k,U
>27F - P [furv(@) =1, g.(x) = 0], (6.5.18)
Dn,k,U

where the last step uses (6.5.13]). Similarly,

E g = P loo(a) = 1

n,k

< ufk[fnkU(x> # 0] + Z}:k[fn,k,U<x) =0, gr(z) =1]

<254 P [fue) = 0. g(@) = 1], (65.19)
n,k
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where the last step uses ((6.5.12)). Passing to expectations in (6.5.18)) and (6.5.19)

with respect to r gives

E L)E gr — E g,} >27 1 B P [furv(r) =1, g.(v) =0

r n,k,U r Dnd’U

~E P [furo(e) =0, g,(x) = 1],

which in view of (6.5.15) and (6.5.16]) simplifies to

E[ E g — Egr} > 927kt _9¢,

r anU

Comparing this lower bound with (6.5.17)), we arrive at

k
lo A
(dd (gl#> > 9kl 9.
n-k

Taking ¢ = 27572 and solving for d, we find that

nl_%
R% n =Ql—F.
ger—s (frhe0r) (log n)> %
By the error reduction formula - this settles ) and m 0

Theorem settles Theorem from the introduction. Corollary now follows
from (6.5.5) and Theorem by taking k = [1/e] + 1 and v = 1/6. Similarly,
Corollary follows from (6.5.5) and Theorem by setting v = 1/6 and taking

k = k(n) to be a sufficiently slow-growing function.
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CHAPTER 7

Conclusion

In this dissertation, we studied communication with regard to the following questions:
1. how do we handle noise; 2. what is the communication complexity of certain
computational tasks; and 3. what is the relationship between quantum and classical
communication. We put these questions in concrete problems and were able to give

very satisfying answers to them. We review these results one by one.

Communication against noise. In Chapter 4] we studied the BGMO corrup-
tion model of substitutions, insertions and deletions. We showed that there is an
interactive coding scheme that uses a constant-size alphabet and achieves the optimal
noise tolerance rate, at the expense of a constant-factor overhead in communication

complexity compared to 7.

There are two notable features of our coding scheme. First, we use the combinatorial
structure of tree code. As discussed, the existence of a (1 — d)-tree code was shown
using probabilistic methods. Although we can always construct a (1 — §)-tree code of
depth n by exhaustive search, it is desirable to have a construction that is efficient.

Progress in this direction is reported in [23], [19), [61], 20} [60), 49].

OPEN PROBLEM 7.1. Is there an efficient way to construct a (1 — d)-tree code for

d€(0,1)?

Second, to tolerate the maximum noise rate we used a large alphabet. What if we

stick to a small-size alphabet? Assume the standard model, where every corruption
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is a substitution. When the size of the alphabet can be an arbitrary constant, every
protocol has a coding scheme with a linear rate that can tolerate a corruption rate of
1/4 — e for any € > 0. For the binary alphabet, however, the optimum rate is only

known to be between % — ¢ and ¢ [51}, 52].

OPEN PROBLEM 7.2. What is the maximum corruption rate that can be tolerated

using interactive coding with a constant code rate and a binary alphabet?

Sign-representations. In Chapter [5, we studied the sign-representations of
AC°. We proved essentially optimal threshold degree and sign-rank lower bounds
for AC®. These analytical lower bounds in turn imply our strong lower bounds of
the communication complexity. Moreover, the techniques here are strong and have

implications in other areas of theoretical computer science, like learning theory.

Our threshold degree result for AC? took advantage of large depth circuits. If we
turn to extremely shallow circuits, there are unsettled problems. Depth-1 circuits are
just the AND and OR functions, which we understand very well. But analyzing the
sign representation of depth-2 circuits is already very challenging. For example, an
important open problem is the quantum query complexity of triangle detection—to
decide if a graph contains a triangle. Contrary to the sophisticated quantum algo-
rithms we have, there is no nontrivial lower bound. Establishing a tight approximate
degree lower bound is currently the most promising approach to this fundamental
problem. Formally, for any graph with vertices labeled by 1,2,...,n, let e;; indicates

whether vertices i and j are connected. Then TRI, : {0,1}"=V/2 — {0, 1} is

TRIn(e) = \/ €ij N €ik N €.
1<i<j<k<n

OPEN PROBLEM 7.3. Determine the approximate degree of the triangle detection

problem.
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Quantum query/communication complexity. In Chapter @, we exhibited an
optimal separation between quantum and classical query complexity with respect to
partial functions. This separation then transfers to a near-optimal separation between

quantum and classical communication complexity.

Now, in the query world, our understanding is more or less complete. We know
that the quantum and randomized query complexity can be arbitrarily separated for
partial functions. For total functions we have this cubic separation, and Aaronson et
al. recently proved that the separation is at most quartic [4]. Closing this gap for

total functions is an important open problem.

OPEN PROBLEM 7.4. Prove or disprove that for any total function f,

RY(f) < (Q"(f))".

In communication world, things are more open, especially for total functions. It is a
major open problem to decide if quantum protocols (even with prior entanglement)
can be super-polynomially more efficient than randomized protocols for total func-
tions. The reason why this problem is so challenging is that we lack tools for such
a result. For example, the “lifting” technique will not help since quantum and ran-
domized query complexity are polynomially related. Moreover, many lower bound
techniques (e.g. approximate rank, discrepancy method) for randomized communica-

tion complexity also lower bound quantum communication complexity.

OPEN PROBLEM 7.5. Is there a (family of) total function f : {0,1}" — {0,1} such
that Q*(f) = (R(f))*"7
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